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Induction Motor Considering the Estimated

Magnetization Characteristic
Francesco Alonge, Member, IEEE, Maurizio Cirrincione, Senior Member, IEEE,

Marcello Pucci , Senior Member, IEEE, and Antonino Sferlazza, Member, IEEE

Abstract—This paper proposes a nonlinear observer for in-
duction machine drives based on space-vector dynamic model of
induction machine, expressed in state form, which presents the pe-
culiarity of taking into consideration the magnetic saturation of
the iron core. This observer is particularly suitable in order to ob-
tain high accuracy in rotor flux estimation, in both amplitude and
phase position, during working conditions characterized by vary-
ing flux, among which the most important are those during electri-
cal losses minimization. A Lyapunov-based convergence analysis
is proposed in order to suitably compute the numerical observer
gain guaranteeing the convergence of the estimation error. The pro-
posed nonlinear observer has been tested by means of simulations
and experiments carried out on a suitably developed test setup. Its
behavior has been compared with that obtained with a standard
full-order Luenberger observer that assumes the linearity of the
magnetization characteristic. The paper shows the capability of the
proposed nonlinear observer to correctly estimate amplitude and
phase of the rotor flux under flux varying conditions. Moreover, the
proposed observer exhibits a higher accuracy than that obtained
with the standard observer, which does not consider the estimated
magnetization characteristic.

Index Terms—Saturation, induction motor, magnetic,
minimum-losses/maximum-efficiency, nonlinear observer.

I. INTRODUCTION

CONTROL of induction machine (IM) has been a challeng-
ing research subject for many years. Starting from scalar

control solution based on the steady-state model of the IM, the
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industrial standard in terms of high performance control of IMs
it has been established as the so-called field oriented control
[1]–[3]. As is well known, direct field oriented control requires
the correct knowledge of the amplitude and phase of the flux
space-vector. This is generally performed adopting suitably de-
veloped observers based on the dynamic equations of the IM,
expressed in terms of the flux components. There are basically
two forms of implementation of an observer: open loop and
closed loop. The distinction between the two is whether or not
a correction term, involving an estimation error, is exploited
to adjust online the response of the observer [1]. In general,
closed-loop observers are preferable to open-loop ones, since
they permit the robustness against parameter variations and
model errors to be improved. If a deterministic plant for the
machine is considered, correspondingly the observer is a deter-
ministic observer, such as the full-order Luenberger observer
(FOLO) [4], [5] and the reduced order observer [6], [7]. On the
contrary, if a stochastic model for the machine is considered,
the Kalman filter (KF) can be used, respectively, in its linear
or nonlinear version [extended KF (EKF)] [8], [9]. Another ap-
proach for the analysis of the observer has been proposed in
[10], integrated with a detailed sensitivity analysis versus the
parameters variations [11]. Finally, in [12] and recently in [13],
analysis of flux observers are proposed from a perspective of the
control system theory. Apart from the EKF, whose complexity
and computational requirement is high besides the difficulty of
its tuning, all the above observers are linear time-varying (not
considering the speed as a state variable, but as a parameter).

There are, however, working conditions where contemporary
speed and rotor flux variations occur, as for example in case
of adoption of techniques for the online electric losses mini-
mization. In such conditions, the conventional IM state-space
model, which assumes a linear magnetic characteristic, does not
provide a good accuracy in the estimation of the amplitude and
phase position of the flux space-vector. In such working condi-
tions the dynamic model of the IM vary consistently, with the
inductance and leakage factors that vary with the magnetization
level of the machine with nonlinear laws; new nonlinear terms
arise. To properly deal with the nonlinearity of iron core, a spe-
cific model must be developed. Such model, to be suitably used
for designing a flux observer, must be then expressed in state
form. Some dynamic models of IM taking into consideration the
magnetization characteristic have been developed in the scien-
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tific literature [14]–[17], each of which presents its peculiarity
in representing the magnetizing characteristics.

As for the state observers, traditional observers are widely
adopted for flux estimation of IMs and they work well in tradi-
tional constant flux working conditions. For such applications,
observers are tuned assuming the values of the electrical pa-
rameters, in particular inductances and leakage factors, corre-
sponding to unique working point on the knee of the magnetic
characteristic. When the drive is required, however, to work in
variable flux working conditions, as it is the case of adoption of
any electrical losses minimization technique, the working point
changes on the magnetic characteristic according to the speed
and the load, and correspondingly also the electrical parameters
of the machine vary and even its dynamics is modified. In vari-
able working conditions, it is still possible to adopt traditional
observers to estimate the flux, but the accuracy in the estimation
of the magnitude and phase positions is expected to deterio-
rate. An observer accounting for the nonlinearities arising from
considering the magnetic saturation of the iron core permits,
on the contrary, a far better accuracy in flux estimation. The
design of such a nonlinear observer with gains ensuring theo-
retically the stability is not, however, a trivial and well-defined
problem. Moreover the use of an accurate flux estimation is nec-
essary when high performance model-based control techniques
are used [18], [19], since an inaccurate flux estimation of the ma-
chine under control can make the performance of the system be
even worse than those achievable with other less sophisticated
techniques.

The scientific literature offers several methods for designing
and tuning nonlinear observers, all which present the hypothe-
sis of a guaranteed convergence of the observer (convergence to
zero of the estimation error) [20]–[22]. If nonlinear systems are
considered, neither the observer structure nor the gain choice
is straightforward as is typically in the case of linear systems:
Very interesting design tools have been presented for the cor-
rect design of nonlinear observers. To the best knowledge of
the authors, none of these observers have been applied to the
IM flux estimation taking into consideration the magnetization
characteristic.

Starting from the above considerations, this paper proposes
a nonlinear observer for IM drives that takes into consideration
the nonlinearity of the iron core as in [23], which is a prelimi-
nary version of this paper. The nonlinear observer is based on an
original formulation of the dynamic model of the IM including
the magnetization characteristic, which is inspired to [1, Ch.
6], but entirely reformulated, rearranging it in state-space form,
after assuming as state variables, the stator current, and the rotor
magnetizing current space-vectors. Moreover, the dynamic
model of the IM has been expressed in the stator reference
frame differently from [1]. Obviously, the magnetization char-
acteristic is unknown and consequently it has been previously
offline estimated starting from input–output experimental data.
Moreover, it is also shown a way to express analytically the pa-
rameters of the model together with the magnetic characteristic,
allowing to prove the above illustrated results; finally, it permits
the gains of the observer to be expressed in a closed form with
a direct and simple setup and implementation of the observer.

The convergence of the estimation error has been proved by
means of a Lyapunov approach, and arbitrary global uniform
exponential bounds have been imposed on the estimation er-
ror, regardless of the rotor speed. Moreover, it is shown that
no bound neither on the rotor speed nor on the magnetizing
current is required for the convergence of the estimation error.
This aspect is particular important during the design phase of
an observer, because the designer, besides ensuring the conver-
gence of the estimated variables in each operating condition, can
choose the speed of convergence, and can find, a priori, the cor-
rect tradeoff between filtering action and speed of convergence
in a systematic way.

The proposed nonlinear observer has been tested in numeri-
cal simulations and experimentally on a suitably developed test
setup. Its behavior has been compared to that of a classic FOLO,
not taking into consideration the nonlinear magnetization char-
acteristic, in variable flux working conditions.

Notation:
1) A⊗B denotes the Kronecker product betweenA andB.
2) Given a square matrix A with real elements, it is defined

He{A} = A+AT .

3) I2 =

[
1 0
0 1

]
, J2 =

[
0 −1
1 0

]
.

II. SPACE-VECTOR DYNAMIC MODEL OF IM CONSIDERING

THE MAGNETIC SATURATION

Among the different dynamic models of the IM taking into
consideration the saturation of the iron core, as proposed in the
scientific literature, the most of them are expressed in the field
oriented reference frame [1] and [17]. A different approach has
been followed in this paper, where the adopted model has been
expressed in the stator reference frame. Such a choice implies
that the knowledge of the angular position of the rotor magnetiz-
ing current space-vector is not needed. Such model, expressed in
this form, reveals quite complex since it contains, with respect to
the classic dynamic model of the IM, additional nonlinear terms
as well as the nonlinear mapping representing the variations of
both the inductance and leakage factor terms with respect to the
amplitude of the rotor magnetizing current. On the contrary, it
reveals particularly suitable for the development of a full-order
nonlinear observer. One of the simplifying assumption of the
proposed model is that the leakage inductances Lσr and Lσs
are assumed to be constant and, therefore, not depending on
the magnetizing flux. This is the common assumption of the
model proposed in [1], reformulated here in state form to be
adopted for designing the nonlinear state observer. Such an as-
sumption corresponds to neglect the effect of the load on the
saturation, which is a peculiarity of this model and represents a
secondary aspect to be modeled as far as the magnetic saturation
is concerned. Recently developed models, [24], [25], are able
to consider the effect of the load on the magnetic saturation;
such models, however, besides the much higher complexity and
computational demand, are very hardly writable in state-space
form as required for designing a state observer. On the basis
of the above considerations, the dynamic model provided in
[1, Sec. 6.1.1.1] can be elaborated in order to obtain a full-state
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TABLE I
LIST OF SYMBOLS

SYMBOLS

usD , usQ Stator voltages in stator reference frame.
is D , is Q Stator currents in stator reference frame.
is x , is y Stator currents in rotor flux reference frame.
im rd , im rq Rotor magnetizing currents in stator reference frame.
|Ψ r | = Lm |imr |. Rotor flux amplitude.
Ls (Lr ) Stator (rotor) inductance.
Lm Three-phase magnetizing inductance.
Rs (Rr ) Stator (rotor) resistance.
Ls σ (Lr σ ) Stator (rotor) leakage inductance.

σ = 1 − L 2
m

L s L r
. Global leakage factor.

Tr = L r
R r

. Rotor time constant.
ωr Angular speed of the rotor (in electrical angles).
p Number of pole pairs.

representation expressed in the stator reference frame{
ẋ = A(|imr |, ωr )x+ f(x) +Gu
y = Cx

(1)

where x is the state vector, u is the input vector, and y is output
vector, defined as

x =
[
isD isQ imrd imrq

]T
, u =

[
usD usQ

]T
y =

[
isD isQ

]T
(2)

A(|imr |, ωr ) =

⎡
⎢⎢⎢⎣
−c1 0 c3 a21Trf1ωr

0 −c1 −a21Trf1ωr c3

a∗22 0 −a∗22 −ωr
0 a∗22 ωr −a∗22

⎤
⎥⎥⎥⎦ ,

G =

⎡
⎢⎢⎢⎣
f1 0
0 f1

0 0
0 0

⎤
⎥⎥⎥⎦ , C =

[
1 0 0 0
0 1 0 0

]

f(x) =⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

c2
i2mrd + i2mrq

(
2i2sQ imrd − i2sD imrd − 3isD isQ imrq

)
+

c3 − a21f1

i2mrd + i2mrq

(
isD i

2
mrq − isQ imrdimrq

)
c2

i2mrd + i2mrq

(
2i2sD imrq − i2sQ imrq − 3isD isQ imrd

)
+

c3 − a21f1

i2mrd + i2mrq

(
isQ i

2
mrd − isD imrdimrq

)
c2

i2mrd + i2mrq

(
isD i

2
mrq − isQ imrd

)
c2

i2mrd + i2mrq

(
isQ i

2
mrd − isD imrq

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(3)

For the list of symbols, the reader can refer to Table I.
A(|imr |, ωr ), f(x), G, and C are defined in (3) and

coefficients a∗11 , a∗12 , a∗21 , a∗22 , and f1 inA are defined as

a∗11 =
Rs

σLs
+

1 − σ

σT ∗
r

a∗12 =
1

σLsT ∗
r

a∗21 = Ls
1 − σ

T ∗
r

a∗22 =
1
T ∗
r

f1 =
1
σLs

(4)

while coefficients c1 , c2 , and c3 in f are defined as

c1 = a∗11 + a∗12(ΔL− 2ΔL∗) c2 = a∗12ΔL
∗

c3 = a∗21f1 + a∗12(ΔL− ΔL∗) (5)

with

ΔL = L− Lm , ΔL∗ =
L2
σr

L2
r

ΔL. (6)

T ∗
r and L are called modified rotor time constant and dynamic

magnetizing inductance, respectively, and are defined as in [1]

T ∗
r = Tr

L

Lm
(7)

L =
d|Ψr |
d|imr | = Lm + |imr | dLm

d|imr | . (8)

For the Nomenclature, please refer to Table I.
It is to be highlighted that the matrix A of the state rep-

resentation presents an indirect dependence from |imr |; such
dependence is due to the fact that the coefficients of such a ma-
trix depend on the inductance and leakage factor terms, which
are assumed variable with |imr |. Furthermore, the highly non-
linear term f(x), depends on |imr | as well. It is to be observed
that, under the hypothesis of linear behavior of the machine from
the magnetic point of view, the static and dynamic inductances
become equal, L = Lm , and both of them are assumed constant
and independent from |imr |. This last consideration implies that
T ∗
r = Tr and ΔL = ΔL∗ = 0, therefore, c1 = a11 , c2 = 0, and
c3 = a21f1 . Consequently matrixA becomes time-variant only
with respect to the variations of the rotor speed ωr and becomes
equal to the corresponding one of the classic dynamic model of
the IM. Finally, under the assumption of linear magnetic behav-
ior f(x) = 0 since c2 = 0 and c3 − a21f1 = 0. Consequently,
the model assumes the form of that in [4], adopted for deriving
a full order observer.

However, the proposed model takes into account only the
saturation of the main flux, considering the first spatial har-
monic of the magnetomotive force. It neglects any other
magnetic saliency, such as the rotor slotting effect [26], and
particularly it neglects the modification of such kind of saliency
with the presence of the high-frequency signal injection [27].

The variation of the magnetic parameters of the IM, mean-
ing the inductance and the leakage factor terms as well as the
magnetizing curve, has been analyzed in details. In particular,
the approach described in the following lies on an identification
procedure based on experimental input–output data.
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TABLE II
RATED DATA OF THE MOTOR

Rated power 2.2 kW Rated speed 1425 r/min
Rated voltage 380 V Rated torque 14.9 N·m
Rated frequency 50 Hz Pole pairs 2
cos φ 0.75 Inertia moment 0.0067 kg· m2

Fig. 1. Magnetizing curve of the IM.

A. Dependence of the Magnetic Parameters from the Rotor
Magnetizing Current

Several important considerations must be made regarding the
variation of the magnetic parameters of the IM from |imr |,
defining the magnetic working point on the IM magnetic char-
acteristic. Since, as already pointed out above, the proposed
nonlinear observer is based on the dynamic model of the IM
including the magnetic saturation, implying the variation of its
magnetic parameters with |imr |, a suitable parameter estimation
(identification) technique is to adopted [28].

As for the identification technique, the proposed in [28] has
been used here, where, however, a completely different interpo-
lation method has been considered.

As a matter of fact it is easily observable that, if the
polynomial interpolation were adopted, above certain values of
|imr |, the amplitude of some parameters of machine (i.e., |Ψr |,
Lm , Ls , etc.) would assume an infinite value, with consequent
incorrect working of the observer. To come up with this prob-
lem, specific analytical functions have been chosen to describe
the variation of the inductances and leakage factor with the rotor
magnetizing current. Consequently, a specific identification
technique based on function interpolation has been derived,
in order to overcome any numerical problem occurring above
certain values of |imr |. As a result, the experimental data can
be better fitted with respect to [28]. As for the IM under test
in this paper, (rated data are provided in Table II), Fig. 1 shows
the magnetizing curve, expressing the relationship between the
amplitude of the rotor flux linkage |Ψr | and the amplitude of

the rotor magnetizing current |imr |. The shape of the curve
represented in Fig. 1 have suggested its representation as the
sum of an exponential function with a linear one, as follows:

|Ψr | = α
(
1 − e−β |im r |

)
+ γ|imr |. (9)

The nonlinear function in (9) presents a dependence on three
parameters, α, β, and γ whose values for the IM under test have
been computed on the basis of an optimization technique based
on the nonlinear least-squares. In particular the starting point for
determining the parametersα,β, and γ is the experimental deter-
mination of a set of points of the magnetic characteristic, i.e., the
set of couples

(|imr |j , |Ψr |j
)
, j = 1, . . . , N , of the magnetic

characteristics, obtained as described in [28]. In Fig. 1, the cir-
cles represent these points. Then, the determination of the above
parameters is carried out using a curve fitting procedure, i.e., by
means of formulation of a minimization problem whose perfor-
mance index is the sum of the square differences between the ex-
perimental rotor flux and that computed using (9), for each value
of magnetizing current belonging to the set of experimental data.
The solution of the above problem is obtained by means of an op-
timization technique based on the nonlinear least-squares [29].

Such a nonlinear regression provided the following values:
α = 0.98, β = 0.47, and γ = 0.01. The correspondent interpo-
lating curve is shown in dashed red in Fig. 1.

It is interesting to note that the coefficientsα, β, and γ besides
parameterizing the function describing the magnetizing curve
of the IM, present a precise physical meaning. Such a physical
meaning even permits to have a good feeling of their correct
values, as obtained from the identification process. As a matter
of fact, it must be considered that lim|im r |→0 Lm = αβ + γ
and lim|im r |→∞ Lm = γ; as a result γ can be interpreted as the
magnetizing inductance when the IM is fully saturated, and the
relation αβ + γ as the tangent of the magnetizing curve for
|imr | = 0, representing the residual magnetization of the iron
core. Looking at (9), it is absolutely reasonable above choosing
α equal to the rated rotor flux amplitude. All the considerations
provide a procedure that is alternative to the optimization one
for obtaining the interpolating curve.

On the basis of (9), the analytical expression of Lm is
obtained as

Lm =
|Ψr |
|imr | = α

(
1 − e−β |im r |)

|imr | + γ. (10)

After substituting the expression of Lm in (10) in (8), the ex-
pression L can be analytically inferred

L = αβe−β |im r | + γ. (11)

On the basis of such an approach, the analytical functions
expressing the relationships with |imr | of all inductance and
leakage factor terms can be deduced. As stated above, the only
underlined simplifying assumption in the adopted model is
that the stator, the rotor, and the global leakage inductances
are assumed constant and, thus, independent from the magnetic
saturation of the iron core (no dependence from |imr |). Once
the expression of Lm is assumed known from (10) and once
the global leakage inductance is assumed known, as constant,
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Fig. 2. (a) Magnetizing inductance Lm and dynamic magnetizing inductance L curves. (b) Curves of ΔL and ΔL∗. (c) Curves of the coefficients of the model
c1 , c2 , and c3 .

measured on the basis of the locked rotor test, the expressions
of all leakage factor with |imr | can be obtained.

Fig. 2(a) exhibits the relationships between Lm and L with
|imr |, respectively, whereas in Fig. 2(b) and (c), the waveforms
of ΔL, ΔL∗, c1 , c2 , and c3 are plotted.

It can be noted that only the variation of the three-phase
magnetizing inductance Lm with the rotor magnetizing current
|imr | has been considered, by means of (10). Then using the
estimated magnetizing characteristic, and the Lm (imr ), the ex-
pression of L, ΔL, and ΔL∗ are obtained using (11) and (6).
All the other parameters have been derived, together with the
waveforms of the coefficients c1 , c2 , and c3 , by means of (4),
(5), and (7). Note that the waveforms of the coefficients L, ΔL,
ΔL∗, c1 , c2 , and c3 shown in Fig. 2 are not imposed, but they are
derived by their analytical expressions, starting from the varia-
tion of the Lm with main flux. So only the main magnetizing
characteristic of the IM, providing the relationship between the
rotor magnetizing current and the rotor flux amplitude, has been
experimentally retrieved. All the other related variations of the
parameters have been analytically inferred.

III. NONLINEAR OBSERVER

A first manner to obtain a nonlinear observer is to reproduce
the approach adopted in case linear observers, whose starting
point is the construction of a suitable model of the plant (1) and
drive it with the “residual”

ey = y − ŷ = y −Cx̂. (12)

In all the equations, the symbol “ ˆ ” connotes the estimated
variables. The observer’s equation, therefore, becomes

˙̂x = A(|imr |, ωr )x̂+ f(x̂) +Gu+Key (13)

whereK is a suitably chosen matrix.
Note that in the matrix A(|imr |, ωr ) the variation laws of

the parameters with |imr | is intrinsically incorporated, due to
the knowledge of these laws thanks to the analysis given in
Section II; moreover, the speed is assumed as a known parameter
because it is measured.

Taking inspiration from [20], the choice of K can be done
through the use of Lyapunov’s second method. Using this
method, Thau [20] shows the following result:

Theorem 1: If f(x) satisfies the Lipschitz condition, i.e., if
∀x1 ,x2 in the state space there exists a positive constant l such
that

||f(x1) − f(x2)|| ≤ l||x1 − x2 || (14)

and if there exist two positive definite matrices P andQ, and a
positive constant λ0 such that the following inequality is satis-
fied:

He
{
P (Â−KC)

}
= −Q ≤ −λ0I (15)

the convergence of the estimation error is assured for

λ0

2l||P || > 1 (16)

where l is the Lipschitz constant in (14).
Proof: This analysis is summarized in [30, Sec. II], for a

general case. However, for the sake of completeness, the analysis
for the specific case under study has been carried out.

In the case under study, it is easy to verify that f(x) sat-
isfies the locally Lipschitz condition. Indeed, f(x) is always
derivable and its Jacobian is always bounded for bounded state
variables in the normal operation conditions: i.e., for magneti-
zation current greater than zero. So f(x) is locally Lipschitz for
all x such that i2mrd + i2mrq > ε, where ε is an arbitrary positive
constant. However, this constraint is coherent with the physical
requirement that the machine can correctly work only if it is
magnetized and, consequently, (14) is always satisfied for any
proper working condition.

The observer associated to model (1) is the closed-loop model
(13). The dynamics of the state observation error e = x− x̂, is
given by

ė = (A−KC)e+ f(x) − f(x̂) (17)

where A ≡ A(|imr |, ωr ). Assuming that f(x) is Lipschitz in
a region of the state space M , which includes all the possible
admissible states and their estimates, we have

||f(x) − f(x̂)|| ≤ l||x− x̂|| ∀x, x̂ ∈ M . (18)

By choosing as candidate Lyapunov function

V (e) = eT Pe (19)
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with P symmetric and positive definite, and computing its
derivative V̇ (e), it is obtained

V̇ (e) = eT
(
(A−KC)T P + P (A−KC)

)
e

+ 2eT P (f(x) − f(x̂)) . (20)

If conditions (14) and (15) hold, (20) becomes

V̇ (e) ≤ − (λ0 − 2l||P ||) ||e||2 (21)

which implies that V̇ (e) < 0 if λ0 > 2l||P ||, i.e., if (16) holds.
With reference to the dynamics of the observation error, the

previous analysis allows to conclude that the observation error
converges to zero exponentially, with a rate which can be a
priori fixed. In fact, (21) can be written as

V̇ (e) ≤ − (λ0 − 2l||P ||)V (e) (22)

which is a differential inequality whose solution is

V (t) ≤ e−(λ0 −2l||P ||)tV (e(0)). (23)

So from (23) is evident that the observation error converges to
zero exponentially with a rate greater than to λ0 − 2l||P ||.

In order to obtain the gain matrixK such that conditions (15)
and (16) are satisfied, the following theorem can be considered.

Theorem 2: Consider a matrix

P =
[
p11 p12
p21 p22

]
⊗ I2

=

⎡
⎣ 1 c3

(1+χ)a∗
2 2

c3
(1+χ)a∗

2 2

c2
3

(1+χ)a∗
2 2

2 + χ

⎤
⎦⊗ I2 = P̄ ⊗ I2 (24)

where χ is a positive constant, and consider a gainK as

K =
[
k1 k2

]T ⊗ I2 +
[
0 kω

]T ⊗ J2 (25)

with

k1 = χa∗22 − c1

k2 = a∗22 (26)

kω =
a21Trf1p11 − p12

p22
ωr

then conditions (15) and (16) are satisfied with λ0 = 2χa∗22 , for
any value of the rotor speed and of the magnetizing current.

Proof: Matrix P is symmetric and positive definite, indeed,
it is easy to verify that c3 > 0 [as also confirmed from Fig. 2(c)]
and a∗22 > 0 for all values of the magnetizing current, so the co-
efficient p22 > 0 ifχ > 0; moreover, for the property of the Kro-
necker product (i.e., det (En ⊗ F q ) = (det(E))q (det(F ))n ),
we have

det (P ) =
(
det(P̄ )

)2 (det(I2))
2 > 0 ∀χ. (27)

Noting that matrixA can be written as

A =

[
−c1 c3

a∗22 −a∗22

]
⊗ I2 +

[
0 −a21Trf1ωr

0 ωr

]
⊗ J2 (28)

fixing K as in (25), we can take advantage from the mixed-
product property of the Kronecker product (i.e., (E ⊗ F )(M ⊗

N) = EM ⊗ FN ) in order to compute He{P (Â−KC)}.
Indeed, we have that

He
{
P (Â−KC)

}
= He

{(
P̄

[
−c1 − k1 c3

a∗22 − k2 −a∗22

])
⊗ I2

+

(
P̄

[
0 −a21Trf1ωr

− a2 1 Tr f1 p1 1 −p1 2
p2 2

ωr ωr

])
⊗ J2

}
.

(29)

In (29), it is easy to verify that the product

P̄

[
0 −a21Trf1ωr

− a2 1 Tr f1 p1 1 −p1 2
p2 2

ωr ωr

]

is a symmetric matrix for each value of the parameters and of
the speed ωr . This means, for the property of the Kronecker
product, that(

P̄

[
0 −a21Trf1ωr

− a2 1 Tr f1 p1 1 −p1 2
p2 2

ωr ωr

])
⊗ J2

is skew-symmetric since J2 is skew-symmetric. Consequently,

He

{(
P̄

[
0 −a21Trf1ωr

− a2 1 Tr f1 p1 1 −p1 2
p2 2

ωr ωr

])
⊗ J2

}
= 0.

(30)
Note that (30) holds for each value of the parameters and of the
speed ωr . Now computing (29) under condition (30), we obtain

He
{
P (Â−KC)

}

=

([
1 c3

(1+χ)a∗
2 2

c3
(1+χ)a∗

2 2

c2
3

(1+χ)a∗
2 2

2 + χ

][
−c1 − k1 c3

a∗22 − k2 −a∗22

]

+

[
−c1 − k1 c3

a∗22 − k2 −a∗22

]T [ 1 c3
(1+χ)a∗

2 2

c3
(1+χ)a∗

2 2

c2
3

(1+χ)a∗
2 2

2 + χ

]⎞
⎠⊗ I2

=

⎡
⎢⎢⎣
−2
(
c1 + k1 − (a∗

2 2 −k2 )c3
(1+χ)a∗

2 2

)
(·)(

1+χ
a∗

2 2
+ c3

)
(a∗22 − k2) − c3a

∗
22(c1 + k1 − a∗22χ)

− 2χa∗22

⎤
⎥⎥⎦⊗I2 .

(31)

Choosing k2 = a∗22 and k1 = χa∗22 − c1 , (31) simplifies in

He
{
P (Â−KC)

}
=

[
−2χa∗22 0

0 −2χa∗22

]
⊗I2 =−2χa∗22I4 .

(32)
At the end, if the gain matrix is chosen such that

[
k1 k2

]T =[
χa∗22 − c1 a

∗
22
]T

, then, for any χ > 0, condition (15) is satis-
fied for λ0 = 2χa∗22 .

Note that λ0 can be chosen arbitrarily, since χ is arbitrary. It
implies that there always exists χ such that (16) is satisfied.

Summarizing, in order to compute the gainK of the proposed
observer, the value of χ have to be chosen; then, the value
P in (24) is computed. By using the computed P , the gain
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components k1 , k2 , and kω are obtained by (26) and finally
the gain K is computed as in (25). The corresponding speed
of convergence of the observer can be evaluated using (23)
considering that λ0 = 2χa∗22 as it is evident from the proof of
Theorem 2.

Remark 1: The presented analysis shows that arbitrary
global uniform exponential bounds can be imposed on the esti-
mation error, regardless of the rotor speed. Moreover, it is shown
that no bound neither on the rotor speed nor on the magnetizing
current is required for the convergence of the estimation error.
This bound on the estimation error is given in (23), and it is an
arbitrary bound because it is related to the arbitrary choice of
λ0 as shown in the end of the proof of Theorem II. This aspect
is particular important during the design phase of an observer,
because the designer, beside to guarantee the convergence of
the estimated variables in each operating condition, can choose
the speed of convergence, and he can find, a priori, the correct
tradeoff between filtering action and speed of convergence and
in a systematic way. �

Remark 2: It is useful to note that the observer gain K in
(25) is composed of two parts, a symmetric part and a skew-
symmetric part. Once the value of χ is chosen, the first part
depends only on the magnetizing current, as it is evident from
(26). The second skew-symmetric part, depends also from the
speed, and from the choice of the Lyapunov matrix. In fact,
once the value of χ is chosen, then, the matrix P is computed
as in (24), and finally the value of kω is computed as in (26)
by means of the speed. Beside the rigorous analysis presented
in Theorem 2, this structure have an intuitive interpretation,
indeed, the second part is necessary in order to remove the
dependence of the dynamics from the speed, and then by means
of the first part a suitably dynamics can be assigned, inducing a
quadratically stable error dynamics with well-defined Lyapunov
certificates. In fact, the observer gain given in (25) allows to have
arbitrary global uniform exponential bounds on the estimation
error, regardless of the rotor speed. Clearly, the error variables
depend on ωr and exhibit a peculiar time-varying transient, but
the upper bound on their norm is a time-invariant function. A
similar approach is shown in the recent work [13], but for a linear
observer without takes into consideration the real magnetization
characteristic of the machine. �

Remark 3: A further important comment about the compar-
ison between the presented approach and that one based on
look-up tables needs to be given. In particular, the main dif-
ference between the proposed approach and that one based on
look-up tables is not in the performance achieved, but it is in the
design phase and the convergence guarantees that can be theo-
retically formalized with the presented approach. As it occurs
for all the control/observation design based on gain scheduling
methods (such as look-up tables), the stability of the overall
control systems is not guaranteed or difficult to prove. Alterna-
tively, the approach proposed in the paper gives, directly and in
a closed form, the gains of the nonlinear observer, obtained so
that the observation error not only converges to zero, but with
an assigned convergence rate. Obviously, it is possible to use
a look-up table, obtained by discretizing the waveforms of the
observer gains versus the magnetizing current, in order to im-

Fig. 3. Block diagram of the proposed observer.

plement the proposed observer, and in particular, it is possible to
substitute (25) with its graphical waveform defining a suitable
look-up table. In this case, there are not differences and the same
dynamic performances can be obtained between the proposed
observer and an observer based on time varying gain defined
with a look-up table. But it should be noted that the look-up
table should be based on (25), and how to obtain the expression
(25) is one of the main contributions of this paper. �

With regard to the implementation of the proposed observer,
a block diagram is shown in Fig. 3.

So, Theorem 2 represents a rigorous useful tool for design-
ing the magnetizing current observer (13). Moreover, the shown
result is particularly important because no bound on the rotor
speed and on the magnetizing current is required, as far as the
convergence of the estimation error is considered. For this rea-
son, the proposed approach represents a general and useful tool
for practitioners on this field, which want to design quickly a
magnetizing current observer taking into account the magneti-
zation characteristic.

IV. EXPERIMENTAL SETUP

A laboratory setup has been constructed to experimentally
test the behavior of the proposed nonlinear observer. The IM
under study is a 2.2-kW IM SEIMEC model HF 100LA 4 B5,
equipped with an incremental encoder. The adopted test setup
is composed of the following:

1) a three-phase IM of rated power equal to 2.2 kW, whose
rated data are provided in Table II;

2) a power converter consisting of a diode rectifier cascaded
with a 7.5-kV· A three-phase IGBT voltage source in-
verter;

3) an electronic card with voltage sensors (model LEM LV
25-P) and current sensors (model LEM LA 55-P) for mon-
itoring the stator phase voltages and currents and one volt-
age sensor (Model LEM CV3-1000) for monitoring the
dc-link voltage;

4) a dSPACE card (DS1103) with a PowerPC 604e processor
for fast floating-point calculation at 400 MHz, and a fixed-
point DSP TMS320F240.
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Fig. 4. Photo of the experimental setup.

The test setup is equipped also with a torque controlled
PMSM model Emerson Unimotor FM mechanically coupled
to the IM, to implement an active load for the IM. The torque
is measured on the shaft by a torquemeter model Himmelstein
59003V(4-2)-N-F-N-L-K.

A photo of the employed test setup is shown in Fig. 4.

V. SIMULATION AND EXPERIMENTAL RESULTS

Numerical simulations have been performed in MATLAB-
Simulink environment. With regard to simulations, as machine
under test the dynamic model of the IM taking into consider-
ation the magnetization characteristic has been adopted. It is
basically the same dynamic model adopted for implementing
the nonlinear observer. The simulated test has been performed
twice, adopting the proposed nonlinear observer taking into
consideration the magnetization characteristic, and adopting
the classic FOLO that considers a linear magnetization char-
acteristic. The classic FOLO has been tuned assuming con-
stant electrical parameters of the IM, corresponding to the
knee of the magnetization curve. With regard to the simula-
tion test, a contemporary step variation of the IM reference
speed, rotor flux amplitude, and load torque has been given, of
the type: ωr ref = 20 → 100 rad/s, |Ψr ref | = 0.2 → 0.7 Wb
tL = 2 → 10 N· m.

With such a test, the drive works at different speeds with
different load torques and rotor flux levels: such a working con-
dition emulates the behavior of the drive in optimal efficiency
conditions. To show the behavior of the observers, indepen-
dently from the control action, both the nonlinear observer and
the FOLO have been tested in parallel with respect to the con-
trol system, whereas the real flux has been feedback to close
the flux control loop. Fig. 5 shows the real rotor flux amplitude
and the estimated one as well as its phase position, obtained
with both the observers, as well as the corresponding estimation
errors. It can be seen that, approaching the rated flux of the IM,
in correspondence to which the parameters of the FOLO have
been tuned, both observers work correctly with the estimated
fluxes correctly tracking the real ones. On the contrary, at rotor
flux equal to 0.2 Wb, while the proposed nonlinear observer
is able to correctly estimate the real flux, the classic FOLO

Fig. 5. Estimated and real rotor flux during a contemporary speed, flux, and
torque step reference, ωr r ef = 20 → 100 rad/s, |Ψr r ef | = 0.2 → 0.7 Wb
tL = 2 → 10 (Simulation).

Fig. 6. Estimated and real isD -isQ stator current components with nonlinear
observer during a contemporary speed, flux, and torque step reference,ωr r ef =
20 → 100 rad/s, |Ψr r ef | = 0.2 → 0.7 Wb tL = 2 → 10 (Simulation).

presents a high-estimation error, equal to about 7% of the real
flux.

Figs. 6 and 7 show, respectively, the real and estimated stator
current components isD and isQ in the stator reference frame, as
well as the instantaneous estimation error of both the observers.
These figures clearly show that, while at the rated flux of the
IM, in correspondence to which the parameters of the FOLO
have been tuned, the observers tracking errors are very close to
each other (as expected), for the lower value of the reference
flux, the nonlinear observer significantly overcomes the FOLO
in terms of estimation accuracy. In particular, it can be observed
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Fig. 7. Estimated and real isD -isQ stator current components with FOLO
during a contemporary speed, flux, and torque step reference, ωr r ef = 20 →
100 rad/s, |Ψr r ef | = 0.2 → 0.7 Wb tL = 2 → 10 (Simulation).

that the stator current estimation error is of the order 10−3 for the
nonlinear observer, while it is of the order unity for the FOLO,
confirming the goodness of the proposed approach. This is to
be expected, since the nonlinear observer has embedded the
knowledge of the magnetic working condition of the IM.

With regard to the experimental test, a set of contemporary
step variation of the IM reference speed, rotor flux amplitude
and load torque has been given, of the type: ωr ref = 20 →
40 → 60 → 80 rad/s, |Ψr ref | = 0.2 → 0.4 → 0.6 → 0.8 Wb
tL = 2 → 4 → 6 → 8 N· m. Fig. 8(a) shows the reference and
measured speed under the above described test. Fig. 8(c) and (d)
shows, respectively, the isx , isy measured and estimated stator
current components in the rotor flux reference frame, as well as
the instantaneous estimation error of both the observers. Such
as in the numerical simulation case, the test has been performed
twice, adopting the proposed nonlinear observer, and the FOLO.
These figures confirm the simulation results and clearly show
that, while approaching the rated flux of the IM, in correspon-
dence to which the parameters of the FOLO have been tuned,
the observers tracking errors are very close to each other (as
expected), for low values of the reference flux (particularly 0.2
and 0.4 Wb), the nonlinear observer significantly overcomes
the FOLO in terms of estimation accuracy. Correspondingly,
Fig. 8(b) shows the waveform of the rotor magnetizing current
amplitude, as obtained with both the observers, which is pro-
portional to the rotor flux amplitude by Lm (|imr |). It can be
observed that, while approaching the rated flux of the IM, the
|imr | estimated by the two observers are very close to each other
(as expected), for low values of the reference flux (particularly
0.2 and 0.4 Wb) they become quite different. In particular, at
0.2 Wb, the |imr | estimated by the nonlinear observer is much
lower than that estimated with the FOLO, coherently with the
fact that in the linear region of the magnetizing curve the static
magnetizing inductance is much higher. Since there are no flux

sensors embedded in the IM, no direct comparison could be
made between the estimated and the measured value of the rotor
flux. Nevertheless, an indirect confirmation of the accuracy of
the flux estimation has been performed here comparing, with
both the observers, the measured torque on the IM shaft (with
the above described torque-meter) with the estimated torque.
The torque has been estimated, with both observers, on the ba-
sis of the torque equation. Since it depends on the estimated
rotor flux and the measured stator current, the verification of the
accuracy of the torque estimation is an indirect verification of
the accuracy of the flux estimation. It should be borne in mind
that, coherently with the adopted model of the two observers,
the torque estimation based on the nonlinear observer takes into
consideration the variable parameters, while that based on the
FOLO assumes constant parameters. Fig. 8(e) and (f) shows the
electromagnetic and load torques, respectively, estimated with
both the observers and measured. It can be observed that, while
approaching the rated flux of the IM, the torque errors are very
close to each other (as expected), for low values of the refer-
ence flux (particularly 0.2 and 0.4 Wb), the nonlinear observer
significantly overcomes the FOLO observer in terms of estima-
tion accuracy. In particular, at 0.2 Wb the torque error becomes
even about 25% with the FOLO, while it is almost null with the
proposed nonlinear observer. This is an indirect experimental
confirmation of the better accuracy achievable in the rotor flux
estimation with the proposed observer. Finally, also the time-
varying gain components of the proposed nonlinear observer are
shown in Fig. 9. In particular, the waveforms of k1 , k2 , and kω
in (26) are plotted, representing the components of the matrix
K in (25).

In order to better highlight the differences between FOLO
and the proposed observer, a further experimental test has been
carried out to evaluate the estimation accuracy in deep satura-
tion condition. Differently from the first test, in this second test,
the machine has been operated at constant speed of 50 rad/s,
and a contemporary step variation of the IM magnetizing cur-
rent amplitude and load torque has been given, of the type:
|imr ref | = 2 → 4 → 5 → 6 A, and tL = 0 → 4 → 8 → 12 N·
m. Figs. 10–13 show the waveform of the estimated rotor flux,
and the measured and estimated load torque, obtained with both
observers. The analysis of such figures permits to make the
following considerations. The flux curve clearly highlight that,
starting from the same values of measured stator currents, sta-
tor voltages (the reference signal are adopted) and speed, the
FOLO estimates much bigger values of the rotor flux ampli-
tude. In particular, the higher is the flux level, the higher is the
difference between the estimation with both observers. This is an
intrinsic characteristic of the nonlinear observer accounting for
the magnetic saturation. As a matter of fact, when the machine
works in deep magnetic saturation, the nonlinear observer esti-
mated the real flux amplitude, which is limited by the saturation
phenomenon, while the FOLO largely overestimates the flux
amplitude (1.3 Wb versus 1 Wb). The correctness of the better
flux estimation accuracy obtained with the proposed nonlinear
observer is indirectly verified by observing the electromagnetic
torque estimation. It can be seen that torque estimated on the
basis of the rotor flux estimated with the nonlinear observer is
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Fig. 8. Experimental results during a contemporary speed, torque, and flux step reference, ωr r ef = 20 → 40 → 60 → 80 rad/s, |Ψr r ef | = 0.2 → 0.4 →
0.6 → 0.8 Wb tL = 2 → 4 → 6 → 8 N· m: (a) rotor speed; (b) rotor magnetizing current; (c) estimated and measured isD , isQ stator current components with
nonlinear observer; (d) estimated and measured isD , isQ stator current components with FOLO; (e) estimated and measured electromagnetic torque with nonlinear
observer; and (f) estimated and measured electromagnetic torque with FOLO.
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Fig. 9. k1 , k2 , and kω matrix gain components (25), for the experimental test
in Fig. 8.

Fig. 10. Rotor flux estimates during an experimental test at constant speed of
50 rad/s, and with a contemporary step variation of the IM magnetizing current
amplitude and load torque, of the type: |im r r ef | = 2 → 4 → 5 → 6 A, and
tL = 0 → 4 → 8 → 12 N· m.

always much closer to the measured one than that estimated
with the FOLO.

In details, to provide a metric of the increase of accuracy
achievable in the rotor flux amplitude estimation, Figs. 14 and 15
show the percent flux estimation errors achieved experimentally
with the proposed nonlinear observer and with the FOLO. These
figures have been specifically inferred from the steady-state
values of the torque errors in Figs. 8(e) and (f), 11, and 12. In
particular, the flux error eψr

has been computed starting from
the torque error ete , on the basis of the well-known expression
of the IM electromagnetic torque te = 3

2 p
Lm

Lr
|ψr | isy . On this

basis, since isy is a measured quantity, which is not affected by
any estimation error, if the knowledge of the IM parameters is
assumed accurate, then, eψr

= 2
3p

Lr

Lm

1
is y
ete . Looking at Fig. 14,

it can be noted that, while adopting the FOLO, the flux error
increases from about 1% with the load torque of 8 N· m to

Fig. 11. Estimated and measured electromagnetic torque with nonlinear ob-
server during an experimental test at constant speed of 50 rad/s, and with a
contemporary step variation of the IM magnetizing current amplitude and load
torque, of the type: |im r r ef | = 2 → 4 → 5 → 6 A, and tL = 0 → 4 → 8 →
12 N· m.

Fig. 12. Estimated and measured electromagnetic torque with FOLO during
an experimental test at constant speed of 50 rad/s, and with a contemporary step
variation of the IM magnetizing current amplitude and load torque, of the type
|im r r ef | = 2 → 4 → 5 → 6 A, and tL = 0 → 4 → 8 → 12 N· m.

about 20% with the load torque of 2 N· m, the corresponding
flux error obtained with the proposed nonlinear observer ranges
from less than 0.5% with the load torque of 8 N· m to less than
5% with the load torque of 2 N· m. Analogous considerations
can be made with reference to Fig. 15, where the proposed
nonlinear observer permits a flux estimation error always lower
than 5%, whereas the FOLO presents an estimation error never
lower than 10% and becoming close to 35% with the load torque
of 2 N· m.

A. Sensitivity Analysis

With specific regard to the sensitivity analysis of the observer,
such analysis has been carried out in numerical simulation by
evaluating the rotor flux, and the stator current errors with re-
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Fig. 13. k1 , k2 , and kω matrix gain components (25), for the experimental
test in Figs. 10–12.

Fig. 14. Percent steady-state error of the flux estimation with the proposed
nonlinear observer and with the FOLO related to the test in Fig. 8(e) and (f).

Fig. 15. Percent steady-state error of the flux estimation with the proposed
nonlinear observer and with the FOLO related to the test in Fig. 11 and 12.

Fig. 16. Mean stator current errors computed as in (33) during a simulation
test that reproduces the experimental test in Fig. 8.

Fig. 17. Mean rotor flux errors computed as in (34) during a simulation test
that reproduces the experimental test in Fig. 8.

spect to the variations of the stator and rotor resistances, which
are the two main parameters that can change during the normal
operation (heating, load, etc.). The test has been carried out by
reproducing in simulation the experimental test shown in Fig. 8,
and evaluating the mean errors computed as

eis =

√(
isx − îsx

)2
+
(
isy − îsy

)2
(33)

eψr
=

√(
|Ψr | − |Ψ̂r |

)2
. (34)

The results are shown in Figs. 16 and 17. Both resistances have
been varied in the range between 20% and 200% of their rated
values. The analysis of these figures shows that a mismatch
of the stator resistance with respect to its rated value is less
significant, in terms of both state components’ estimations, than
a corresponding mismatch of the rotor resistance with respect to
its rated value. It is clearly visible that the error on both the stator
current and the rotor flux linkage estimation is approximately
independent from the stator resistance value, being strongly
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dependent on the rotor resistance value. This consideration is
particularly valid for the stator current estimation, while is less
valid for the rotor flux estimation. This different sensibility is
due to the fact that the stator resistance variation has a role on the
stator equations, and since the stator current is the measurable
part of the state given in input to the observer, the presence of
a non-null gain of the observer permits to cover errors due to
a wrong knowledge in the parameters that take place on these
equations. On the contrary, an error on the rotor resistance gives
a bigger contribute since it takes place on the rotor equations,
and since the rotor flux cannot be measured, its accuracy in
the estimation is related only on the accuracy of the model
and its parameters. Obviously, the null errors are obtained for
the nominal valuesRs = Rs,nom = 2.9Ω andRr = Rr,nom =
1.55Ω. Moreover, the errors remain very small for an increment
of the resistances with respect to their nominal values, while it
becomes very high for big decrements of them.

VI. CONCLUSION

This paper proposes a nonlinear observer for IM drives that
takes into consideration the saturation of the iron core. The
nonlinear observer is based on an original formulation of the
dynamic model of the IM taking into consideration the magne-
tization characteristic, suitably written in a state-space form and
expressed in the stationary reference frame. It belongs to the
category of the nonlinear observer characterized by a Lyapunov-
based convergence analysis. The proposed nonlinear observer
has been tested in numerical simulation and experimentally on a
suitably developed test setup. Its behavior has been compared to
that of a classic FOLO (which considers a linear magnetization
characteristic) in variable flux working conditions, as well as the
stator current components. Results clearly show the capability
of such a nonlinear observer to correctly estimate the rotor flux
amplitude and phase under flux varying conditions. Finally, a
sensitivity analysis of the proposed observer versus the vari-
ations of both the stator and rotor resistances has been carried
out.
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