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Abstract—This paper deals with motion control systems
with induction motor, subject to severe requirements on
both dynamics and steady-state behavior. The proposed
control methodology could be viewed as an advancement
of the standard field oriented control. It consists of two
control loops, i.e., the rotor flux and the speed control
loops, designed using the active disturbance rejection con-
trol method, with the aim to cope with both exogenous and
endogenous disturbances, which are estimated by means
of two linear extended state observers and then compen-
sated. Moreover, with the aim of achieving total robustness,
a sliding-mode based component is designed, in order to
take into account disturbance estimation errors and uncer-
tainties in the knowledge of the control gains. The effec-
tiveness of this approach is shown by means of numeri-
cal simulations, and experiments carried out on a suitably
developed test set-up. Finally, experimental comparisons
between the proposed robust active disturbance rejection
control, and the basic active disturbance rejection control
are given.

Index Terms—Extended state observer (ESO), induction
motors (IMs), rejection of disturbances, sliding-mode (SM)
control, state feedback.
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I. INTRODUCTION

THIS paper deals with high-performance robust controllers
for motion control systems with induction motors (IMs).

Many standard controllers have been widely described in the
literature employing FOC methodology such as PID-type linear
controllers based on the cascade control method, in which
four control loops are designed independently of one another
aimed to force the rotor flux, speed, direct and quadrature
current components to track their references [1]. The control
theory, however, offers an important corpus of nonlinear control
methodologies for dealing with highly nonlinear systems.
Among these, one is the so-called feedback linearization (FL)
methodology [2]–[4]. The FL control method, as applied to
the IM, is based on the construction of two models expressing
the dynamics of the rotor flux and the speed. Starting from the
conventional model of the IM and by means of a nonlinear state
feedback, two new models, consisting of a chain of two inte-
grators supplied by a new auxiliary control variable and a total
disturbance, are obtained. The total disturbance contains linear
and nonlinear coupling terms, depending on the electromagnetic
and mechanical parameters of the motor and load torque. Then,
the control law is designed so as to compensate the above total
disturbance, computed for rated parameters, in order to obtain
the desired closed-loop dynamics. As a result, the control input
is the superposition of a nonlinear function of the state and the
auxiliary input. In absence of uncertainties, i.e., endogenous
disturbances, the above nonlinear function, describing the
disturbance, can be assumed known and, consequently, it can be
suitably compensated. In the FL, however, the state-feedback
computed analytically suffers from the problem arising from
the uncertainties on both the dynamic model and its parameters.
In some works, to overcome this problem, more complex
models have been adopted [5], [6], or some parameters have
been estimated online [7]–[9]. However, a way to overcome
such a limitation of the FL, independently from the plant to be
controlled, is the adoption of the so-called active disturbance
rejection control (ADRC) [10]–[13]. The control method based
on the active rejection of the disturbance can be viewed as an
evolution of the state FL. As a matter of fact, in this method, the
model of the system is led to an augmented model consisting of
a chain of integrators in which the last equation expresses the
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dynamics of the above-mentioned total disturbance. While in
the classic FL method, this function is assumed known, in the
ADRC method this function is estimated by means of an ex-
tended state observer (ESO), and then compensated. It follows
that ADRC could be considered as a “robust version” of the FL
control technique against parameter uncertainties, unmodeled
dynamics, and exogenous disturbances, since the state feedback
term is online estimated and then compensated. Recently, the
ADRC was successfully employed in some applications such
as sensorless control of permanent magnet synchronous motors
[14], control of DC motors [15], magnetic bearing systems [16],
and control of flywheel energy storage systems [17]. There are
also recent contributions in the area of robotics and underac-
tuated systems such as [18], [19]. Moreover, other application
of the ADRC can be found in particular fields such as the
suppression of the vibrations [20], or for tracking systems of
micro/nanopositioning [21].

Nevertheless, few applications of this control methods to IMs
have been provided by the scientific literature [22]–[25]. In par-
ticular, in [22], three control loops are designed according to the
ADRC method, i.e., the speed, the quadrature current compo-
nent, and the direct current component control loop. The actual
rotor flux is assumed equal to its reference value, while the
reference direct current component is obtained by dividing the
reference rotor flux by the magnetizing inductance of the ma-
chine, thus avoiding the design, and implementation, of the rotor
flux control loop. Obviously, this causes the loss of the robust-
ness against the electromagnetic parameters, together with an
uncertainty in the correct value of the reference quadrature cur-
rent component. In [23], three first-order ADRC are designed
for the speed and for the quadrature and direct current compo-
nents, whereas for the rotor flux control loop, a conventional PI
controller is employed. In [24], three ADRC controllers are de-
signed, separately, for rotor flux, speed, and quadrature current
component. The ADRC for rotor flux loop is designed starting
from a model describing the dynamics of the rotor flux and the
direct current component. The remaining two controllers are
designed starting from the equations representing the dynamics
of the speed and the quadrature current component. Differently
from these papers, where a proportional-derivative controller
is proposed, in [25] a linear controller is proposed in order to
assign the desired dynamics to the speed and rotor flux of the
linearized system.

However, two problems can deteriorate the performance of
the ADRC method. These problems are caused by the estima-
tion errors of the total disturbance and parameter variations that
cannot be included into the endogenous disturbances and can-
not be estimated by the ESO, such as the uncertainties in the
knowledge of the forcing coefficient through which the control
variable acts on the system. Such issues, to the best of the au-
thors’ knowledge, have never been addressed in the scientific
literature. With the aim of achieving total robustness, this pa-
per proposes an original solution to solve such critical aspects,
based on the development of an advanced ADRC controller by
adding a sliding-mode (SM) component to the control law de-
signed for the ideal case [26]. The gain of the SM component
is determined by imposing the sliding condition on the chosen
sliding surface consisting of a linear combination of the tracking

error and its derivative. The sliding condition is the same as the
reaching condition of the sliding surface, and it is imposed by
using the Lyapunov direct method. A rigorous Lyapunov-based
analysis is proposed in order to give more intuitive guarantees
of the convergence of the estimation error.

The proposed methodology has been tested by means of
numerical simulations and experimental tests. In particular,
it is shown that the basic ADRC fails when control gains
uncertainties overcome certain bounds. In particular, it is shown
that the basic ADRC is sensitive to the variation of inertia
coefficient of the motor-load system, and this is a very common
situation when a load is connected or disconnected. It is also
shown that the proposed technique is robust against these
situations, exhibiting a very good static and dynamic behaviors.
Experimental comparisons between the basic ADRC and the
proposed one are given in Section VII, to show the improve-
ments achievable with the proposed ADRC upgrade. Moreover,
experimental tests are carried out in very challenging operating
conditions, such as contemporary variations of the speed and
flux reference signals, and flux reference signal and load torque.

II. DYNAMIC MODEL OF THE IM

If the iron losses, the saturation of the electromagnetic circuit
and the anisotropy of the geometric structure are neglected, the
continuous-time mathematical model of the IM in the rotating
rotor flux reference frame, in terms of the scaled rotor flux, is
given by

i̇d = −a11 id +
(
ω + a21

iq
ψd

)
iq + a12 ψd + c1 ud (1)

i̇q = −a11 iq −
(
ω + a21

iq
ψd

)
id − c1 ω ψd + c1 uq (2)

ψ̇d = a21 id − a22 ψd (3)

ω̇ = −am ω + bm
(
b3 iq ψd − tl

)
(4)

ρ̇ = ω + a21
iq
ψd

(5)

where

a11 = 1
Le

(
Rs + Ls−Le

τr

)
, a12 = 1

τr Le
, a21 = Ls−Le

τr

a22 = 1
τr
, c1 = 1

Le
, am = F

Jm
, b3 = 2

3 p, bm = p
Jm

and the symbols are defined in Table I.
Model (1)–(5) is useful for the field-oriented control method,

because the control of the rotor flux appears decoupled from
that of the speed; the first one is carried out by acting on the
current id and the second by acting on the current iq . However,
the decoupling is only approximate, due to the high coupling
of the dynamics of the two currents. This drawback can be
overcome using the FL approach [2]–[8]. However, this kind
of approach requires an exact knowledge of the model, and
when there are uncertainties on the parameters, or unmodeled
dynamics, the exact decoupling cannot be achieved. For this
reason in this paper, a control law based on the ADRC method
has been proposed, where the state-dependent feedback, which
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TABLE I
LIST OF SYMBOLS

SYMBOLS

id (iq ) stator current component along d-axis (q -axis) of the rotor flux
reference frame, A

νd (νq ) stator voltage component along d-axis (q -axis) of the rotor flux
reference frame, V

ψd (ψq ) rotor flux along d-axis (q -axis) of the rotor flux reference frame, Wb
ω rotor speed, rad/s
ρ angle of the rotor flux space vector, rad
Rs (Rr ) stator [rotor] resistance, Ω
Lm (Lr ) [Ls ] mutual (rotor) [stator] inductance, H

τr

(
= L r

R r

)
rotor time constant, s

Le

(
= Ls − L 2

m
L r

)
stator transient inductance H

F viscous friction coefficient, N· ms
tm (tl ) motor (load) torque, N· m
Jm inertia coefficient, N· ms2

p pole pairs

allows thus to be linearized the model, is suitably estimated
by means of an ESO, avoiding problems originated from the
inaccurate knowledge of the model itself.

III. ADRC CONTROL LAW

The ADRC approach is based on the construction of an
extended model, of order n+ 1, where n is the order of the
controlled system, by defining an additional state variable
representing the total disturbance consisting of endogenous
disturbances, external disturbances, and nonlinearities. The
second step is the design of an ESO able to estimate the total
disturbance. Finally, a control law is determined consisting of
two components, the first compensates the total disturbance
and the second assigns the desired behaviors.

A. Extended Models

Two distinct extended models are obtained starting from (1)
to (5), i.e., the flux and the speed extended models. The first
describes the dynamics of the rotor flux, and the other describes
the dynamics of the speed.

1) Flux Extended Model: By defining xψ 1 = ψd , and
xψ 2 = ψ̇d , it can be written that

ẋψ 1 = xψ 2 (6)

ẋψ 2 = f + bψud (7)

where the total disturbance f is given by

f =
(
a2

22 + a21a12
)
ψd − a21

(
a22 + a11

)
id

+a21

(
ω + a21

iq
ψd

)
iq

and bψ = a21c1 . By defining an extra state variable xψ 3 = f ,
the flux extended model becomes

ẋψ 1 = xψ 2 (8)

ẋψ 2 = xψ 3 + bψud (9)

ẋψ 3 = ḟ . (10)

2) Speed Extended Model: The procedure used for ob-
taining the speed extended model is the same as the one used
for the flux model. First of all, it is convenient to compute the
derivative of the mechanical equation (4), obtaining

ω̈ = − am ω̇ − bm b3

(
(a11 + a22) iq + ω (id + c1ψd)

)
ψd

− bm ṫl + c1bm b3ψduq . (11)

By defining xω 1 = ω and xω 2 = ω̇, the previous equation yields

ẋω 1 = xω 2 (12)

ẋω 2 = ξ + bωuq (13)

where bω = c1bm b3ψd , and ξ is the total disturbance defined as

ξ = − am ω̇ − bm b3

(
(a11 + a22) iq + ω (id + c1ψd)

)
ψd

− bm ṫl .

Finally, defining a new state variable xω 3 = ξ, the following
speed extended model is obtained:

ẋω 1 = xω 2 (14)

ẋω 2 = xω 3 + bωuq (15)

ẋω 3 = ξ̇. (16)

Models (8)–(10) and (14)–(16) show that the flux and speed
extended models have the same structure. Moreover, choosing
the control variables as follows:

ud =
1
bψ

(−x̂ψ 3 + uψ
)

(17)

uq =
1
bω

(−x̂ω 3 + uω ) (18)

where x̂ψ 3 and x̂ω 3 are the estimates of xψ 3 and xω 3 , respec-
tively, the auxiliary control variables uψ and uω can be designed
so that the speed and rotor flux can evolve according to the de-
sired dynamics. The estimates of the total disturbances f and
ξ (namely, x̂ψ 3 and x̂ω 3) are made by means of two ESOs de-
signed in order to estimate the state of the rotor flux and speed
extended models.

Since the flux and speed models have the same structure,
given by

ẋ1 = x2 (19)

ẋ2 = h+ bu (20)

then the extended models also have the same structure given by

ẋ1 = x2 (21)

ẋ2 = x3 + bu (22)

ẋ3 = ḣ (23)

where h and x1 are the total disturbance and the output. Thus, it
is convenient to focus on the general models (19) and (20) and
(21)–(23).

Remark 1: Model (21)–(23) is an extended dynamic model,
designed to estimate the equivalent disturbance h. Models (6)
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and (7) and (12) and (13) represent a different way to describe
the model (1)–(4), as two decoupled models making a different
choice of the state variables. This transformation is needed in
order to linearize exactly the model of the IM by means of a
nonlinear state feedback (cf., [2]–[4]). This last nonlinear state
feedback comes directly from the theory of the FL for nonlin-
ear system, which allows, under certain conditions, a generic
nonlinear model to be transformed into a chain of integrators by
means of a diffeomorphic mapping. This technique is sensitive
to the parameter variations, which represents its real limita-
tion. What the authors want to achieve, as the main contribution
of this paper, is exactly to make the controller robust against
parameter uncertainties and load torque disturbances. The pro-
posed ADRC with the addition of the SM action has the target
to overcome this drawback. �

B. ESO for a Third-Order Extended Model

The ESO chosen for the state estimation of model (21)–(23)
is given by

˙̂x1 = x̂2 − εg1

(
x̂1 − x1

ε2

)
(24)

˙̂x2 = x̂3 − g2

(
x̂1 − x1

ε2

)
+ bu (25)

˙̂x3 = −ε−1g3

(
x̂1 − x1

ε2

)
(26)

where ε is a suitable positive parameter, and the functions
gi(·), i = 1, 2, 3, can be chosen as either linear or nonlinear
functions.

Defining the estimation errors

ei = x̂i − xi, i = 1, 2, 3 (27)

and putting

ηi =
ei
ε3−i

, i = 1, 2, 3 (28)

the dynamics of variables ηi are described by the following
equations:

εη̇1 = η2 − g1(η1) (29)

εη̇2 = η3 − g2(η1) (30)

εη̇3 = −εḣ− g3(η1). (31)

The structure of gi(η1), i = 1, 2, 3, characterizes the struc-
ture of the ESO. In this paper, a linear ESO (LESO) has been em-
ployed. With this last choice, fixing gi(η1) = βiη1 , i = 1, 2, 3,
with βi positive constants, (29)–(31) can be written as follows:

εη̇ = Aη + εbḣ (32)

where η =
[
η1 η2 η3

]T
, and

A =

⎡
⎢⎣
−β1 1 0
−β2 0 1
−β3 0 0

⎤
⎥⎦, b =

⎡
⎣ 0

0
−1

⎤
⎦.

Now, the following theorem can be proven in order to show
the stability of model (32). This fact is particularly important
since the stability of model (32) implies the convergence of the
estimation error as can be seen from (27) and (28).

Theorem 1: For ε > 0, the state η of (32) converges into a
ball centered in the origin, if matrix A is Hurwitz and if there
exists a constant M > 0 such that |ḣ| ≤M .

Proof: The proof is given in the appendix. �
The proof shown in the appendix follows the method shown

[13], but with slightly different approach with respect of it. In-
deed, it has been particularized to the case under study, involving
directly the eigenvalues of A. It should be highlighted that the
stability of the ESO (29)–(31) for a generic Lipschitz nonlinear
plant is proven also in [27].

Remark 2: A direct consequence of Theorem 1 is that the
estimation errors also converge into ball centered in the origin,
since from (27), (28), and (A-10) (see the proof of theorem given
in the appendix), it holds

|ei | ≤ νε3−i ∀t ≥ t̄(γ), i = 1, 2, 3. (33)

�
Remark 3: Equation (33) shows that |ei | and t̄(γ) diminish

while ε decreases, maintaining the same value of γ. It follows
that the structure chosen for the LESO has a good performance,
and ε is an important design parameter. The parameter ε has
to be chosen as low as possible, considering that the lower ε,
the lower the convergence time, the higher the bandwidth of the
observer, and the lower the steady-state estimation errors. �

The parameters βi are computed so that the eigenvalues of
the matrix A have a negative real part. In order to simplify the
design, the three eigenvalues can be chosen real and coincident,
considering the following characteristic polynomial of A:

Δ(λ) = λ3 + β1λ
2 + β2λ + β3 = (λ + ω̄)3 (34)

where ω̄ is the bandwidth of the LESO.

C. Design of Flux and Speed Controllers

As already said, the flux and speed controllers present the
same structure and can be designed using the same approach.
With reference to (19) and (20), if x̂3 ≈ h, the control law

u =
1
b

(−x̂3 + u0) (35)

leads to the model

ẋ1 = x2 (36)

ẋ2 = u0 (37)

which corresponds to a double integrator. This model is reach-
able and observable; consequently, a state feedback control law
based on the assignment of the eigenvalues can be derived, but
as it is well known, it does not allow us to obtain steady-state
null errors. Consequently, in order to have perfect tracking of the
constant reference, the state of model (36), (37) is augmented
by a third variable z, whose dynamics is described as follows:

ż = x1 ref − x1 (38)
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where x1 ref is the desired value of x1 . As it is easy to verify,
model (36)–(38) is reachable and the control law

u0 = −kT x (39)

with k =
[
k1 k2 k3

]T
and x =

[
x1 x2 z

]T
, allows to assign

the eigenvalues of the dynamic matrix of the model. The char-
acteristic polynomial of this matrix is given by

Δ(λ) = λ3 + k1λ
2 + k2λ + k3 (40)

where the parameters k1 , k2 , and k3 can be determined assuming
that the desired eigenvalues are λ1 = −ζωn + jωn

√
1 − ζ2 ,

λ2 = −ζωn − jωn
√

1 − ζ2 , and λ3 = σ, where ωn and ζ are
the natural frequency and the damping factor, respectively, while
σ is a negative real number. Obviously, the implementation of the
above control law can be carried out using the state estimated by
the ESO. More precisely, the implementation of the control law
requires the knowledge of x1 and x2 , whereas the knowledge of
x3 allows the total disturbance h to be compensated.

IV. ROBUST ADRC CONTROL LAW

The ADRC law is a good idea for the controller design of both
linear and nonlinear uncertain systems. However, two intrinsic
limits have to be addressed. Such limits are: 1) the deterioration
of the performance of the ADRC control due to the estimation
error of the total disturbance h; and 2) the uncertainty in the
knowledge of the control gains b. Such issues have not been
addressed explicitly in the scientific literature, to the best of the
authors’ knowledge.

With regard to the first problem, the estimation errors on h can
occur for two reasons. The first is due to the fact that also in the
ESOs the control u acts through the control gain b. The second
is due to the fact that the estimate of the total disturbances is
based on the signals ω and ψr , and both of these last two signals
are unavoidably affected by uncertainties: the measurement of
speed is corrupted by noise, and theψr , which is estimated by an
observer, strongly depends on the correctness of the adopted flux
model (by including or not magnetic saturation, by including
or not iron losses) as well as on the correct knowledge of its
parameters (tuning of the flux model). Thus, if these two signals
are affected by errors, the estimate of the ESOs will also be
affected by errors. Looking at the ESO dynamics (24)–(26), it
is apparent that x̂1 converges to x1 independently of the model
parameters, so from this point of view the ESO is very robust.
However, x1 represents the measured signal (in this case ω and
ψr ), and if x1 is affected by errors, also x̂1 will converge to a
wrong value. Consequently, x2 and x3 will also be affected by
errors because derived from x1 and x̂1 . The approach shown
in the following allows robustness to be gained also against the
estimation errors of the disturbance given by the ESOs.

The second problem is connected to the fact that the control
variable appears premultiplied by a parameter b, which depends
on some parameters of the system together with the state vari-
ables. Obviously, in this case, the robustness against the param-
eter variations cannot be guaranteed, because the uncertainties
on this term cannot be included into the endogenous distur-
bances and consequently cannot be estimated by means of the

two ESOs. In [11], the case is considered in which the parame-
ter b could be affected by uncertainties. More precisely, in [11,
Sec. IV], it is assumed for b the rated value b0 and its variations
are considered in the range of ±50%. However, this is not the
case for the application under study, since here large variations,
up to five times lower/higher than the rated (nominal) one, have
been considered. This occurs particularly for speed control be-
cause bω depends on the moment of inertia, which can vary
considerably when either a load is connected or disconnected,
or during the conventional operations of the motor-load system
(loading or discharging of conveyor belt, rolling mills, etc.).
Note that this is a very common situation in practical applica-
tions. In such cases, an ad hoc procedure has to be considered,
otherwise the control system will not be able to work correctly.
In this paper, the robustness requirement is explicitly taken into
account, and a procedure is described and justified from the
theoretical point of view.

Moreover, in order to prove that the uncertainties on the pa-
rameter b cannot be compensated by means of the standard
ADRC, the following considerations can be given. Let us con-
sider the extended model (21)–(23). By means of the ESO
(24)–(26), it is possible to estimate the variable x3 , namely,
the equivalent disturbance h. Now, if the input u is chosen as
in (35), while parameter b is uncertain (b ∈ [bm , bM ]), then by
defining the rated value of b, b̂ =

√
bm bM , the controlled model

becomes

ẋ1 = x2 (41)

ẋ2 = h− b

b̂
x̂3 +

b

b̂
u0 (42)

where x̂3 is an estimation of h given by ESO. If b̂ = b, then the
above closed-loop system becomes the same as (36) and (37),
but if b̂ �= b, the following model is obtained:

ẋ1 = x2 (43)

ẋ2 = h

(
1 − b

b̂

)
+
b

b̂
u0 (44)

corresponding to the model

ẋ1 = x2 (45)

ẋ2 = ζ +
b

b̂
u0 (46)

where ζ = h
(
1 − b

b̂

)
. Now, for this kind of model, the distur-

bance ζ cannot be compensated, because in order to estimate ζ
by an ESO the knowledge of b

b̂
is needed, while the knowledge

is only on b̂. In other words, an ESO that estimates ζ cannot be
implemented because b/b̂ is unknown.

Moreover, in order to enforce this analysis, let us consider ζ
as an extra disturbance input. If the superposition principle is
applied, it is possible to investigate on the effects that ζ and u0
produce when they act separately on the system. In particular,
we are interested in the effects produced by u0 when b/b̂ varies
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Fig. 1. Poles distribution of the closed-loop transfer function (49) when
b/b̂ ∈ [0, 1].

on a certain range. For this reason, let us consider the system

ẋ1 = x2 (47)

ẋ2 =
b

b̂
u0 . (48)

The transfer function of the closed-loop system (47), (48), with
u0 designed as in (39), is

W (s) =
−k3

b̂
b

s3 + k2
b̂
b s

2 + k1
b̂
b s− k3

b̂
b

(49)

where k3 is negative.
Note that (49) represents the transfer function of the closed-

loop system when the classic ADRC with pole assignment is
used. The poles distribution of (49) are the roots of the equation

1 +
b

b̂

k2s
2 + k1s− k3

s3 = 0. (50)

Fig. 1 represents the root locus of (50) as a function of b

b̂
, with

b/b̂ ∈ [0, 1] and parameters k1 , k2 , and k3 considered as in
Section V (note that b/b̂ ∈ [0, 1] represents the situation when
the inertia moment increases).

Note that the form and the graduation in b/b̂ of the locus
strongly depends on the parameters of the controller, i.e., k1 ,
k2 , and k3 , which depends on the poles assigned to the closed-
loop system.

Looking at Fig. 1, it can be clearly noted that there exist
some values of b/b̂ for which the poles of the closed-loop sys-
tem present a positive real part, that is in working conditions in
which the system becomes unstable. Moreover, also if the poles
of the closed-loop system are with negative real part, it is possi-
ble to see that the damping factor becomes very low when b/b̂
becomes less than 0.3–0.4. Fig. 1 shows the case of b/b̂ = 0.2,
corresponding to an increment as much as five times the inertia
moment with respect to its rated value. In this case, the damping

factor of the two complex conjugate poles becomes 0.23, which
cannot be tolerated in many industrial applications. The distri-
bution for b/b̂ > 1 is not shown because all the poles are with
negative real part, and the damping factor is greater than 0.8, so
no problems occur when b > b̂. This analysis confirms that, for
very large uncertainties of coefficient b, stability problems can
occur in the real system, and it better explains the simulation
results given in Section V.

Starting from the above considerations, the basic ADRC has
been upgraded adding an SM control component to the already
designed control law (39), to overcome the two above cited
limits.

Assumption 1: It is assumed that the maximum error be-
tween h and its estimate ĥ is∣∣∣h̃

∣∣∣ =
∣∣∣h− ĥ

∣∣∣ ≤ εh

∣∣∣ĥ
∣∣∣. (51)

Moreover, it is assumed that b ∈ [bm , bM ], where bm and bM
are the minimum and the maximum value, respectively, of the
parameter b. Assuming b̂ =

√
bm bM and β =

√
bM /bm , it fol-

lows that

b

b̂
∈ [β−1 , β]. (52)

See [26] for further details. �
Now the following theorem, developed in this paper for the

case under study, can be given.
Theorem 2: For the system (19), (20), let us define the input

u as follows:

u =
1

b̂

(− ĥ+ u0 + uSM
)

(53)

uSM = −κ sign(s) (54)

s = ė+ χe (55)

where χ > 0 is a suitably chosen constant, s is the sliding sur-
face, e = x1 − x1,ref , and u0 is the control input (39) designed
in the ideal case of perfect knowledge of h and b. If the gain κ
is designed as follows:

κ =
∣∣u0 − ĥ

∣∣+ βεh
∣∣ĥ∣∣+ β

∣∣ĥ+ χ(x2 − ẋ1,ref ) − ẍ1,ref
∣∣

(56)

then the sliding condition is verified and the system slides on
the surface s = 0, for each values of the uncertainties satisfying
Assumption 1.

Proof: Substituting (53) into (20), we have

ẋ2 =
(
h− b

b̂
ĥ

)
+
b

b̂

(
u0 − κ sign(s)

)
. (57)

Now, let us define the Lyapunov candidate function as
follows:

V (s) =
1
2
s2 . (58)

Computing the derivative of (58), we obtain V̇ (s) = sṡ and,
consequently, for obtaining V̇ (s) < 0, the following sliding
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conditions have to be satisfied:{
ṡ > 0, for s < 0
ṡ < 0, for s > 0.

(59)

From (54) and (55), we have

ṡ = ẋ2 − ẍ1,ref + χ(x2 − ẋ1,ref )

= h̃+
(

1 − b

b̂

)
ĥ+

b

b̂

(
u0 − κ sign(s)

)

+ χ(x2 − ẋ1,ref ) − ẍ1,ref . (60)

Then, from (59), it is obtained that

h̃+
(

1 − b

b̂

)
ĥ+

b

b̂

(
u0 − κ

)
+ χ(x2 − ẋ1,ref ) − ẍ1,ref < 0,

for s > 0 (61)

h̃+
(

1 − b

b̂

)
ĥ+

b

b̂

(
u0 + κ

)
+ χ(x2 − ẋ1,ref ) − ẍ1,ref > 0,

for s < 0 (62)

both of which are satisfied for

κ > max
h̃ ,b

∣∣∣∣∣u0 − ĥ+
b̂

b

(
h̃+ ĥ+ χ(x2 − ẋ1,ref ) − ẍ1,ref

)∣∣∣∣∣. (63)

Using the conditions given in Assumption 1, (63) can be maxi-
mized as follows:∣∣∣∣∣u0 − ĥ+

b̂

b

(
h̃+ ĥ+ χ(x2 − ẋ1,ref ) − ẍ1,ref

)∣∣∣∣∣
≤
∣∣∣u0 − ĥ

∣∣∣+ b̂

b

∣∣∣h̃
∣∣∣+ b̂

b

∣∣∣ĥ+ χ(x2 − ẋ1,ref ) − ẍ1,ref

∣∣∣
≤
∣∣∣u0 − ĥ

∣∣∣+ βεh

∣∣∣ĥ
∣∣∣+ β

∣∣∣ĥ+ χ(x2 − ẋ1,ref ) − ẍ1,ref

∣∣∣.
(64)

From (64), it follows that (59) is satisfied if

κ =
∣∣∣u0 − ĥ

∣∣∣+ βεh

∣∣∣ĥ
∣∣∣+ β

∣∣∣ĥ+ χ(x2 − ẋ1,ref ) − ẍ1,ref

∣∣∣.
(65)

QED. �
Theorem 2 is particularly important since it gives a rigorous

procedure in order to design a robust control input address-
ing the problems introduced to the beginning of this section,
when parameter b/b̂ varies in the range (52), and the maximum
error |h̃| of h satisfies (51). Moreover, the presented condi-
tions are suitably developed in this paper, for the considered
application.

Remark 4: From the proof of Theorem 2, it is evident that
two procedures can be followed in order to satisfy condition
(63). The first consists of the estimation of a upper bound of κ,
which satisfies the sliding condition in all the possible operating
situations, and the second consists of the choice of a time-
varying value of κ considering the maximum variation of the
parameters, and the actual values of the state variables, estimated

TABLE II
PARAMETERS AND RATED DATA OF THE MOTOR

Ls 0.2030 H τr 0.135 s Rated power 2.2 kW
Le 0.01798 H Jm 0.0088 N · ms2 Rated torque 14.9 N · m
Rs 2.9 Ω F 0.0023 N · ms Pole pairs 2

or measured, in a particular working condition. The first choice
is too conservative and results in increasing of the chattering.
The second choice has been adopted in this paper. Moreover,
it is useful to note that even if the gain is time varying, it
does not depend on the particular values of b or h which are
unknown, but it considers only the estimate ĥ, the maximum
error between h and ĥ, and the maximum value of b/b̂ given in
Assumption 1. �

Remark 5: The control gains bψ and bω depend on the pa-
rameters of the IM model. In particular, bψ depends on the
electromagnetic parameters, whereas bω depends on the mag-
netic and mechanical parameters, and on the rotor flux ψd and,
consequently, it is a function of a state variable. They do not
depend on the total disturbances ξ and f , which include endoge-
nous and exogenous disturbances. Consequently, the effects of
the total disturbances and those due to the uncertainties in the
knowledge of bψ and bω can be addressed separately. This has
been exactly the approach in this paper. More precisely, the to-
tal disturbances, assumed as absolutely uniformly bounded, are
estimated by two ESOs and then compensated by means of (17)
and (18), assuming a perfect knowledge of bψ and bω . Then, in
order to improve robustness, it is assumed that estimation errors
of the two total disturbances occur, together with uncertainties
in the knowledge of the two control gains. These uncertainties
are also assumed bounded. The robustness is achieved by adding
to both the rotor flux and the speed loops two SM components.
Each of them is designed in a simple way because, as already
said, total disturbances and uncertainties in the control gains can
be treated separately, and only the upper bounds of the errors
have been considered. An alternative way, with respect to the
sliding component, could be to estimate adaptively the control
gains bψ and bω . However, in this case, a special approach (much
more difficult to prove, and with a consequent increase of the
computational burden) has to be devised. This last option has
not been addressed in this paper, since it is out of its current
scope, while it can be followed as a future development of this
paper. �

V. SIMULATION RESULTS

The proposed control techniques have been tested by means
of numerical simulations in MATLAB-Simulink environment.
The Simulink model includes the ADRC control law, the two
ESOs, and the IM model. The IM model used for the simulation
tests is the same as the one used in the experimental tests, whose
parameters and rated data are shown in Table II.

The parameters of the ESOs and controllers are given
below.
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A. Flux Model

The ESO for flux is designed with ε = 0.02 and with param-
eters βi = βψ i , for i = 1, 2, 3, chosen such that (34) is satisfied
with ω̄ = ωψ = 40 rad/s. The control law is given by (17) with
uψ = kTψxψ , where kψ is determined so that the zeros λ1 , λ2 ,
and λ3 of the polynomial (40) are chosen with ωn = 150 rad/s,
ζ = 0.9, and σ = −400. The state is xψ =

[
xψ1 xψ 2 zψ

]T
in

which zψ is the output of an integrator supplied by the flux
tracking error

(
ψd ref − xψ 1

)
.

B. Speed Model

The ESO for speed is designed with ε = 0.02 and with param-
eters βi = βω i , for i = 1, 2, 3, chosen such that (34) is satisfied
with ω̄ = ωω = 40 rad/s. The control law is given by (18) with
uω = kTωxω , where kω is determined so that the zeros λ1 , λ2 ,
and λ3 of the polynomial (40) are chosen with ωn = 100 rad/s,
ζ = 0.9, and σ = −400. The state is xω =

[
xω1 xω 2 zω

]T
in

which zω is the output of an integrator supplied by the speed
tracking error (ωref − xω 1).

With regard to the SM component (54), it has been designed
assuming a slope of the sliding surface χ equal to χ = 0.2, and
condition (56) has been computed assuming εh = 0.2 for both
speed and rotor flux loops, while bm = 0.5 · b̂ and bM = 2 · b̂
for the rotor flux loop, and bm = 0.2 · b̂ and bM = 5 · b̂ for the
speed loop.

A further comment is that there is not a closed-loop control
of the stator currents. The absence of a closed-loop control of
the stator currents is typical of all state-feedback controllers, for
example, the input–output FL. As a matter of fact, the idea is
to control, with the best achievable dynamic performance, the
speed and the rotor flux of the IM, while the stator currents are
considered as internal dynamic and their values can be indirectly
bounded by means of a suitable choice of the controller param-
eters (i.e., by means of a suitable choice of the bandwidth of the
controller which has been fixed at 100 rad/s for the speed loop,
and at 150 rad/s for the flux loop in the case under study), in
order to avoid potential damages of the system. Alternatively, in
order to maintain the stator currents within the bounds allowed
by the data sheets of the motor, particular attention has been paid
to the choice of the speed and rotor flux reference waveforms,
avoiding step signals and considering acceleration/deceleration
ramps. In this context, convenient nonlinear differentiators can
be designed in order to generate smooth reference of speed and
rotor flux [24].

As simulation test, the machine is fluxed at zero reference
speed up to 1 s, and then, it is started with reference speed of
150 rad/s; finally, a load torque of 15 N· m is applied at 2 s. In
this test, the inertia is increased four times with respect to the
rated value in order to highlight the effectiveness of the followed
approach.

Fig. 2 shows the angular speed during the above described
test. It is evident that when the inertia is increased of four times
with respect to the rated value, the behavior of the overall control
system, controlled with the basic ADRC, is at the limit of the
stability, while when the proposed robust approach is used the

Fig. 2. Angular speed during a simulation test.

Fig. 3. Rotor flux amplitude during a simulation test.

system tracks its reference very well. Also, the rotor flux, shown
in Fig. 3, becomes oscillating when the speed is different from
zero and the basic ADRC is used, while it behaves well with
the proposed robust approach. These results not only show the
effectiveness of the followed approach, but also confirm the
analysis carried out on Section IV about the large variations of
the parameter b.

In order to better understand how much these oscillating be-
haviors are related with the controller or with the ESO, a differ-
ent simulation test has been carried out. In particular, the SM
components have been removed, and the ESOs have been also
excluded when computing analytically the total disturbance.
This test is performed with the aim of analyzing the behavior
of the system (47), (48), i.e., when only a variation of the con-
trol gain occurs, assuming that the total disturbance is perfectly
compensated (since it has been analytically computed). More-
over, the inertia is increased of four times as in the above test,
leading the system to the part of the locus with very low damping
factor (0.23). Figs. 4 and 5 show that both the angular speed and
the rotor flux exhibit an oscillatory behavior, also when the total
disturbance is perfectly compensated and the feedback occurs
on the computed state variables. Consequently, the oscillating
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Fig. 4. Angular speed during a simulation test with total disturbance
perfectly compensated and control gain increased of four times with
respect to the rated value.

Fig. 5. Rotor flux during a simulation test with total disturbance per-
fectly compensated and control gain increased of four times with respect
to the rated value.

behaviors are due to the controller, and to the fact that by in-
creasing the inertia moment, the instability region is approached
where the damping factor is very low. Obviously, in this case,
the oscillations are smaller than the previous test (see Figs. 2
and 3), because in the test shown in Figs. 2 and 3, the ESO was
considered in the loop, and these oscillating waveforms were
injected into the loop by the ESOs, amplifying the effects (note
the ESOs are sourced by the measured flux and speed signals).
Instead, including the SM components into the controller, both
the ripple in the speed and the ripple in the rotor flux disappear.

Obviously, due to the stability problems, these tests cannot
be reproduced experimentally. The other tests, under rated con-
ditions, will be shown experimentally in Section VI.

Remark 6: Note that the locus in Fig. 1 strongly depends
on the parameters of the controller, i.e., k1 , k2 , and k3 , which
depend on the poles assigned to the closed-loop system. So,
probably, increasing such parameters, i.e., the modulus of the
poles assigned to the speed and rotor flux loops, by the increase

of the bandwidth of the system, it could be possible to find
a set of parameters that limit the above oscillating behavior.
However, an increment of the bandwidth leads to an increment
of the effects of noise on the variables of the system, and also
an increment of the value of the stator current during transient
since, as already said, it is considered as internal dynamic and
its value is indirectly bounded by means of the suitable choice
of the bandwidth of the controller.

The drawback is a more complex algorithm from the compu-
tational point of view, because two additional SM components
must be computed, and the presence of chattering induced by
these control components in the variables of system, namely in
the stator voltages. However, the proposed method represents a
systematic procedure in order to take explicitly into account the
robustness requirements. �

VI. EXPERIMENTAL SETUP

A test setup has been suitably built to validate the proposed
control technique. The machine under test is a 2.2 kW IM
SEIMEC model HF 100LA 4 B5, equipped with an incremental
encoder. The employed test setup consists of:

1) a three-phase 2.2 kW IM; the parameters and the rated
data of the motor are shown in Table II;

2) a frequency converter that consists of a three-phase diode
rectifier and a 7.5 kVA three-phase VSI;

3) one electronic card with voltage sensors (model LEM LV
25-P) and current sensors (model LEM LA 55-P);

4) a dSPACE card (DS1103) with a PowerPC 604e at
400 MHz and a fixed-point DSP TMS320F240.

The test setup is equipped with a torque-controlled PMSM
model Emerson Unimotor FM mechanically coupled to the IM,
to implement an active load for the IM. The electromagnetic
torque is measured on the shaft by a torquemeter model Him-
melstein 59 003 V. The whole system, consisting of the two
controllers, the two ESOs, and the flux observer designed as in
[28], is processed at 12 kHz.

The parameters of the ESOs, of the controllers, and of the SM
components are designed as shown in Section V.

VII. EXPERIMENTAL RESULTS

Experimental results show the improvements achievable with
the described robust ADRC.

Figs. 6(a), 7(a), and 8(a) show the experimental waveforms of
angular speed, rotor flux, and id and iq stator current components
during a speed reversal test at no load. Fig. 6(a) shows that the
robust ADRC works better than the conventional one, especially
during transients. The robust ADRC gives lower rise and settling
times and overshoot. The higher rise time shown in Fig. 6(a) is
also justified by the waveform of the iq current, consequent to the
speed reversal command, shown in Fig. 8(a). Figs. 7(a) and 8(a)
show the waveforms of the rotor flux and id current. These
waveforms are coherent with the comments made above. The
id current corresponding to the robust ADRC displays a higher
dynamics, and this produces a more regular waveform of the
rotor flux, as it appears in Fig. 7(a). These results are confirmed
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Fig. 6. Angular speed during the (a) speed reversal test, during a (b) contemporary flux and speed variation test, and during a (c) contemporary
flux and torque variation test (experiment).

Fig. 7. Rotor flux amplitude during the (a) speed reversal test, during a (b) contemporary flux and speed variation test, and during a (c) contemporary
flux and torque variation test (experiment).

Fig. 8. id and iq stator current components during the (a) speed reversal test, during a (b) contemporary flux and speed variation test, and during
a (c) contemporary flux and torque variation test (experiment).
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TABLE III
PERFORMANCE INDEXES

Speed reversal test Flux and speed variation test Flux and torque variation test

ADRC SM-ADRC ADRC SM-ADRC ADRC SM-ADRC

Speed tracking error:
∫ T

0

∣∣∣ω (t) − ω r e f (t)
∣∣∣dt 21.26 10.6 8.324 3.599 1.820 0.509

Flux tracking error:
∫ T

0

∣∣∣ψd (t) − ψd r e f (t)
∣∣∣dt 0.00933 0.00834 0.0455 0.0215 0.0451 0.0164

Fig. 9. Measured load torque during a contemporary flux and torque
variation test (experiment).

in Table III, where the index integral absolute error (IAE) is
computed during the whole tests in the figures themselves.

Another meaningful test is that one illustrated in
Figs. 6(b), 7(b), and 8(b), consisting of simultaneous commands
of reference speed and rotor flux, starting from a steady-state
situation corresponding to a reference speed of 10 rad/s and a
rotor flux of 0.3 Wb. The responses of the speed and rotor flux
are faster than those relative to the conventional ADRC and,
moreover, the robust ADRC forces the motor–load system to
the new steady state rapidly and without any oscillations [cf.,
Figs. 6(b) and 7(b)]. These responses are justified by the wave-
forms of the id and iq currents [cf., Fig. 8(b)], where it is well
evident the effectiveness of the robust ADRC in both the fast
response and the reduction of the number of oscillations be-
fore reaching the steady state. Also, during this test, the IAE
indexes, shown in Table III, confirm the effectiveness of the
robust ADRC.

In Figs. 6(c), 7(c), 8(c), and 9, the behavior of the whole
control system consequent to simultaneous variation of both the
rotor flux from 0.3 to 0.8 Wb, as in the previously described
test, and the load torque from 0 N· m to the rated torque of 15 N·
m, at a speed of 60 rad/s. Fig. 6(c) shows clearly that the robust
ADRC forces the system to recover the steady-state operation in
a lower time and with maximum positive and negative variations
smaller than the conventional ADRC. It is useful to note that
although the noise of the red signal in Fig. 6 is bigger than
the blue signal, this effect is not due to the chattering since the
red signal refers to ADRC control, without the addiction of the

SM components, while the blue signal refers to ADRC control
with the addiction of the SM components. This reduction in the
oscillations of the controlled variables is due to a more accurate
and faster control action.

Fig. 7(c) shows the waveform of the rotor flux that confirms
the same considerations already formulated in the previously
described tests. Finally, Fig. 9 shows the waveform of the mea-
sured load torque, which is the maximum admissible (15 N· m)
for the machine under test.

Fig. 10 shows the supply voltage for the three above described
tests with the robust ADRC. From these figures, the presence
of the sliding components in the stator voltages is evident, es-
pecially in the low-frequency part of the test.

Finally, the sliding surfaces s and the product sṡ have been
shown in Fig. 11, and the waveforms of the gains (56) of the
SM components have been shown in Fig. 12. In particular, the
top plots show the waveforms of s in (55) for the three above
described tests with the robust ADRC. It is evident that the con-
dition s = 0 is satisfied at steady state, so the system slides on
the chosen surfaces and it correctly tracks the references. More-
over, in the bottom plots, it is shown that the sliding condition
sṡ < 0 is always satisfied.

An important remark should be done about the chattering.
Surely, the price of the proposed solution is the presence
of chattering induced in the control variables of system,
namely, in the stator voltages. There exist many possible
solutions to address this problem, such us the method based
on the boundary layer, or equivalent techniques that decrease
suitably the SM gain when the system approaches to the steady
state. However, in the application under study, none of these
techniques has been applied because the chattering in the
controlled variables is not observable for the following three
reasons.

1) With regard to the rotor flux amplitude control, its on-line
estimation has been performed by adopting a full-order
state observer designed as in [28], which filters the high-
frequency measurement noise and consequently reduce
the chattering; independently of it, the dynamics of the
rotor flux amplitude is governed by the rotor time constant
1/a22 , and thus, it introduces naturally a filtering action.
Obviously, the bandwidth of this natural filter action is
lower than the bandwidth of the flux observer, so that no
artificial limitations about the dynamic performance of
the machine are introduced.

2) With regards to the speed, the chattering is reduced due
to the inertia of the motor-load system, which inherently
behaves as a low-pass filter with a time constant 1/am .
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Fig. 10. Three-phase stator voltages with the SM-ADRC, during the (a) speed reversal test, during a (b) contemporary flux and speed variation
test, and during a (c) contemporary flux and torque variation test (experiment).

Fig. 11. Sliding surface s and sliding condition sṡ with the SM-ADRC, during the (a) speed reversal test, during a (b) contemporary flux and speed
variation test, and during a (c) contemporary flux and torque variation test (experiment).

Fig. 12. Gain of the SM components, during the (a) speed reversal test, during a (b) contemporary flux and speed variation test, and during a (c)
contemporary flux and torque variation test (experiment).

3) The commutation frequency is 12 kHz, as indicated in
Section VI, so the corresponding chattering appearing
in the stator voltages is also with a frequency of 12 kHz,
which is much higher than the time constants of the speed
and of the flux indicated at point 1) and 2), and conse-
quently the chattering is filtered in the output variables.

For these reasons, the control law can be implemented in
the form described in this paper. The experimental results car-
ried out on the 2.2 kW prototype show clearly that this is
possible. Looking at Figs. 6 and 7, it is possible to see that
the results obtained with the SM-ADRC controller produce a
better performance in terms of speed variation at steady state
than the ADRC controller. Moreover, the results show that the

chattering obtained with SM-ADRC is less than 1%, which is
widely tolerable in a lot of practical applications.

VIII. CONCLUSION

This paper proposed a robust version of the ADRC control
law. In particular, it proposed a solution for overcoming two
serious limits of the classic ADRC: 1) the uncertainty in the
knowledge of the control gains; and 2) the deterioration of the
performance of the ADRC control due to the non-null estimation
error of the total disturbance. In order to address these limits,
a SM component had been added to the control law obtained
for the basic ADRC. It is shown that the proposed procedure
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is crucial when high variations of the IM parameters are to be
expected, in particular as far as the inertia is concerned. The
proposed robust ADRC was tested in numerical simulation and
experimentally on a suitably devised test setup. The experi-
mental results show the improvements achievable by the robust
ADRC, especially in case of highly varying system parameters.
In fact, the proposed procedure allows us to reduce the rise time,
the overshoot, and the settling time of the controlled variables,
i.e., the speed and the rotor flux, keeping the stator currents
bounded.

APPENDIX

A. Proof of Theorem 1: If A is Hurwitz, there exist
two symmetric positive-definite matrices P and Q such that
AT P + PA = −Q. Let us define the scalar function V (η) =
ηT Pη ≥ 0, with V (η) = 0 only if η = 0. Then, using (32), we
have

V̇ (η) = 2ηT P η̇ =
1
ε

(
ηT
(
AT P + PA

)
η + 2εḣηT Pb

)

= −1
ε
ηT Qη + 2ḣηT Pb = −W (η)

ε
+ 2ḣηT Pb

(A-1)

where W (η) = ηT Qη ≥ 0. The functions W (η) and V (η)
satisfy the following conditions:

λm (P )||η||2 ≤ V (η) ≤ λM (P )||η||2 (A-2)

λm (Q)||η||2 ≤W (η) ≤ λM (Q)||η||2 (A-3)

where λm (·) and λM (·) indicate the minimum and the maximum
eigenvalue. Assuming |ḣ| ≤M and taking into account (A-2)
and (A-3), the following inequality can be obtained from (A-1):

V̇ (η) ≤ −λm (Q)
ε

||η||2 + β||η|| (A-4)

where β = 2M ||Pb||.
Now, considering (A-2), we can write

V̇ (η) ≤ − λm (Q)
ελM (P )

V (η) +
β√

λm (P )

√
V (η). (A-5)

Since
d

dt

√
V (η) =

V̇ (η)
2
√
V (η)

, we have

d

dt

√
V (η) ≤ − λm (Q)

2ελM (P )

√
V (η) +

β

2
√

λm (P )
(A-6)

which is a differential inequality, whose solution, according to
[29], is

√
V (η) ≤

(√
V (η(0)) − εβλM (P )√

λm (P )λm (Q)

)
e
−

λm (Q)
2ελM (P )

t

+
εβλM (P )√

λm (P )λm (Q)
. (A-7)

Equation (A-7) shows that

∀γ > 0,∃t̄(γ) :
√
V (η) − εβλM (P )√

λm (P )λm (Q)
≤ γ ∀t ≥ t̄, (γ)

(A-8)
which implies that

||η|| − εβλM (P )
λm (P )λm (Q)

≤ γ√
λm (P )

∀t ≥ t̄(γ). (A-9)

It follows that

||η|| ≤ ν =
εβλM (P )

λm (P )λm (Q)
+

γ√
λm (P )

∀t ≥ t̄(γ).

(A-10)
As to be proven. �

Remark 7: It is useful to highlight that (A-7) shows that for
t = 0, we have

√
V (η) =

√
V (η(0)), whereas at the increasing

of t,
√
V (η) is bounded from

√
V (η) ≤

√
V (η(0)) +

εβλM (P )√
λm (P )λm (Q)

(A-11)

in the worst case. Moreover, (A-7) shows that for t→ ∞,√
V (η) converges within a ball whose radius is εβλM (P )√

λm (P )λm (Q)

and, consequently, ‖η‖ is always bounded during transient and
converges asymptotically within a ball centered at the origin,
with radius given in (A-9). So it can be concluded that the error
is bounded from an exponential function also during transient,
and this bound depends from ε, which is a design parameter,
and from the eigenvalues of matrices P and Q. �
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