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The author studies the global dimension, the (little) finitistic dimension, and the strong global
dimension of crossed products and separable ring extensions. In this review, we shall refer to these
three dimensions collectively as “homological dimensions”.

All rings are left Noetherian with identity elements. It is shown that if S ⊆ R are rings with
a common identity element such that SR is a finitely generated projective module, RS is a flat
module, and R is a separable extension of S in the sense of [J. Math. Soc. Japan 18(1966), 360-373.
MR0200309], then R and S have the same homological dimensions.

Now let AσαG be a crossed product of a finite group G over a ring A, where σ denotes the action
and α the twisting. (When the twisting is trivial, then we have a skew group ring AσG; on the
other hand when the action is trivial, then we end up with a twisted group ring AαG.) It is shown
that if H is a subgroup of G such that [G : H]−1 ∈ A, then AσαG is a separable extension of AσαH.
Consequently, if [G : H]−1 ∈ A then AσαG and AσαH have the same homological dimensions.

In general, it is shown that fin.dimAσαG = fin.dimA always, settling a question raised by the
author in [Glasgow Math. J. 57(3)(2015), 509-517. MR3395330]; while gl.dimAσαG = ∞, or
gl.dimAσαG = gl.dimA <∞. On the other hand, gl.dimAσG <∞ if and only if gl.dimA <∞ and
A is a projective left AσG-module. Further, if A is a projective left AσG-module then gl.dimAσH =
gl.dimA∀H ≤ G. If in addition A is commutative, then AσG and A have the same homological
dimensions since AσG is separable over A in that instance.

Sharper results are obtained when A is a finite dimensional algebra over an algebraically closed
field k. If p is the characteristic of k, let S be a Sylow p-subgroup of G (take S to be the trivial
group when p = 0). Let E be a complete set of primitive orthogonal idempotents in A closed under
the action of S. Then gl.dimAαG <∞ if and only if gl.dimA <∞ and |G|−1 ∈ A. Let AS be the
fixed algebra of S and assume that there is a central subring of AS which is a domain and contains

the elements
{
α(x, y), |S|

√∏
y∈S α(x, y) : x, y ∈ S

}
, e.g. when α(S, S) ⊆ k. Then gl.dimAσαG <∞

if and only if gl.dimA <∞ and S acts freely on E.
Reviewer’s comment: The definition of a semiprimary k-algebra given in this article, which re-

quires that the quotient modulo the Jacobson radical be finite dimensional over k, is more restrictive
than the one in standard usage. Some results in §5 should be viewed with this in mind.
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