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This paper develops a new method for incorporating uncertainty within a computable general equilibrium
(CGE) model. The method involves incorporating uncertainty into the model by formulating different states
of the world or paths that the economy may take. The risk then is that on one or more of the paths, there may
be an external demand shock, for example, an exogenous shock in tourism demand. The multi-sector
forward-looking CGE model with risk shows the impact of uncertainty on the economy and how households
and industry respond to the presence of uncertainty. The results show that, where there is an asymmetric
shock, the possibility of a future tourism demand shock creates a welfare loss. The welfare gains along the
non-shocked path are a result of household's risk aversion and their substituting resources away from the
shocked path. The difference in the monetary values of the welfare on the different paths can be interpreted
as the ‘price’ of the risk. It is the price households would pay to remove the possibility of the tourism shock.
Therefore, this research was able to quantify the monetary value of the risk. This method can be used in
scenario modelling for other adverse contingent events, such as the uncertainty of climate change impacts,
and agriculture production risks.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

The concept of risk has been examined from many different
disciplines: from an economic perspective (Anscombe & Aumann,
1963; Arrow, 1965; Kahneman & Tversky, 1979; Pratt, 1964; Rothschild
& Stiglitz, 1970, 1971; vonNeumann&Morgenstern, 1944), from a socio-
logical perspective (Finucane &Holup, 2005; Slovic, 1986, 1987; Slovic et
al., 1985), from a financial perspective (Bluhm et al., 2002) and from a
technical perspective (Kammen & Hassenzahl, 1962). Risk is a complex
construct. Risk has been defined in many different ways. One frequently
cited definition of risk is that of Knight (1921). He defines risk as
“measurable uncertainty”. Denenberg et al. (1974) simply define risk as
“uncertainty of loss”. There can be many types of losses as well.
Denenberg et al. take a very narrow view of risk defining loss as the
loss of wealth or profit. Loss could be a loss of satisfaction/happiness or
utility as in the economic meaning of utility. Thus, a loss of utility could
involve a financial loss or may involve dissatisfaction or simply just the
loss of happiness. This can be measured as a loss in economic welfare.

The CGE class of models is empirically estimated by Arrow and
Debreu (1954) using general equilibrium models with empirical
data. CGE models were developed in the early 1960s to solve for
both market prices and quantities simultaneously, thus simulating
the working of a competitive market economy. A CGEmodel attempts
to model the whole economy and the relationships between the eco-
nomic agents in it. The model solves for a set of prices, including
production prices, factor prices, and exchange rate and levels of pro-
duction that clear all markets. The result is that, following the neo-
classical assumption, producers maximise profits, which are the
difference between revenue earned and the cost of factors and inter-
mediate inputs. Commodity market demands depend on all prices
and satisfy Walras's law. That is, at any set of prices, the total value
of consumer expenditures equals consumer incomes. Technology is
described by constant returns to scale production functions. Pro-
ducers maximise profits. The zero homogeneity of demand functions
and the linear homogeneity of profits in prices (i.e. doubling all prices
double money profits) imply that only relative prices are of any sig-
nificance in such a model. The absolute price level has no impact on
the equilibrium outcome (Rutherford & Paltsev, 1999).

In conventional forward-looking dynamic CGE models, economic
agents are endowed with perfect foresight, so both consumers and
firms anticipate any exogenous shocks and adjust their maximising
behaviour from the first time period onwards. Perfect foresight then
would appear to negate any uncertain response to a shock. Taking a
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simple model with Ramsey economic growth dynamics, this paper il-
lustrates a frame work that incorporates uncertainty by allowing al-
ternative future time paths resulting in uncertainty in the model.
When an adverse shock occurs on one of the paths, this uncertainty
is realised as a risk.

The next section outlines the way risk is treated in standard CGE
model, whether they are comparative static modes, or dynamic
model (both dynamic recursive or forward-looking). Section 3 as-
sesses previous research that has attempted to incorporate risk and
uncertainty into CGE models. Section 4 in this paper conceptually
describes the explicit treatment of risk in a CGE model involving the
creation of multiple future paths for the model, where agents are
able to predict each path and make decisions, given an element of
risk aversion, in the presence of this uncertainty. Section 5 takes the
conceptualisation of the uncertainty explained in Section 4 and ap-
plies it to a stylised benchmark economy to show the impact of the
uncertainty on the economy. The implications the uncertainty has
for the behaviour of the different economic agents (households,
tourists, government, and industry) are highlighted. Section 6 con-
cludes and suggests areas for further research using this uncertainty
framework.

2. Risk in standard CGE models: behaviour of
microeconomic agents

The section outlines the basic characteristics of the different types
of CGE models: the static model, the dynamic recursive model, the
single sector dynamic forward-looking model and the multi-sector
dynamic forward-looking model. For each type of model, the implicit
assumptions of risk are outlined.

2.1. Risk in a comparative static CGE model

The comparative static (within period) CGE model follows the in-
teractions and relationships of a market economy and solves for a set
of prices including production prices, factor prices and exchange rate
and levels of production that clear all markets. Equilibrium in this
model is characterised by a set of prices and levels of production in
each industry such that the market demand equals supply for all com-
modities. Since producers are assumed to maximise profits, and pro-
duction exhibits constant returns to scale, this implies that no activity
(or cost-minimising technique for production functions) does any
better than break even at the equilibrium prices. Demand for and
supply of goods and services readjust until all excess demands and
excess supplies are eliminated through changes in prices. The
production function is specified into terms of labour and capital and
the amount of each type of these inputs employed by a producer in
a particular sector is based on the sector specific production technology
and input prices. Perfectly competitive markets operate to determine
these equilibrium prices. Additionally, in equilibrium, no sector earns
above-normal profits, markets clear for all factors and products, and, in
an open economy, the value of imports for intermediate use and final de-
mand equals the value of export earnings. Themicroeconomic underpin-
nings of economic agents in a CGE framework follow the traditional
neoclassical approach. Agents have rational preferences among out-
comes that can be identified and associated with a value. Individuals ex-
hibit maximising behaviour and act independently on the basis of full
and relevant information.

In terms of implicit risk, the return on capital captures all the in-
herent risk associated with the investment and owners of capital
are paid an appropriate return, given the level of risk. Elasticities cap-
ture the trade-off between the choice of various products and of the
inherent risk associated with the curvature of the utility functions.
In such models, risk or uncertainty is not explicitly factored into the
model.

2.2. Risk in a dynamic recursive CGE model

A dynamic recursive model is backward-looking by nature: what
happens in future periods does not affect the current year's equilibrium.
The model is solved year by year without having to solve the whole
study period at once. Agents in these models exhibit myopic behaviour.
These sequential dynamic models are basically a series of static CGE
models that are linked between periods by behavioural equations for
endogenous variables and by updating procedures for exogenous
variables. Capital stock is updated endogenously with a capital accumu-
lation equation, whereas exogenous variables such as total labour sup-
ply are updated between periods. This process can be seen in Fig. 2. The
intra-temporal model is represented by the circular flow diagramwith-
in the black ovals in Fig. 1. The updating of the exogenous variables flow
chronologically from left to right, that is, the with-in period model
solves and then advances to the next time period.

The models are linked together by the savings/investment rule.
However, other research has shown that the savings/investment
rule can determine to a large extent, the results of the model. The
concept of risk in the dynamic recursive model is the same as the
treatment of risk in a static model. The ‘new’ elements in the dynamic
recursive model are deterministic in nature and again, the risk is im-
plicitly modelled through the interest rate and in the elasticities.

2.3. Risk in a single-sector dynamic forward-looking CGE model

The dynamic forward-looking computable general equilibrium
model assumes that consumers' and producers' behaviour is derived
from both intra- and intertemporal optimization. These models incorpo-
rate some form of life-cycle behaviour. The household maximises an ad-
ditive separable time-invariant intertemporal utility function, while the
producer's optimal behaviour is determined by the maximisation of the
market value of the firm or by the maximisation of the present
discounted value of net cash flows. The market value of the firm is usu-
ally represented as the present discounted value of the future steam of
dividends. The model is based upon the perfect foresight hypothesis
and describes the transition path to the new equilibrium point. House-
holds and firms make optimal choices given their intertemporal budget
constraints. Householdsmaximise thepresent value of their lifetime util-
ity and firms maximise the value of their profits. In every period, prices
adjust to guarantee equilibrium in themodel so that demand equals sup-
ply. These types of model were first developed by Ramsey (1928), Cass
(1965) and Koopmans (1965) (see Barro and Sala-i-Martin, 1995).

As with the comparative static model, demand for and supply of
goods and services re-adjust until all excess demands and excess sup-
plies are eliminated through changes in prices. Perfectly competitive
markets operate to determine these equilibrium prices. Additionally,
in equilibrium, no sector earns above-normal profits, markets clear
for all factors and products. Equilibrium is met for each product in
each time period by allowing prices to clear markets. The CPI is
often adopted as the numeraire, as in this study. Hence all price
changes mentioned in the Results section should be interpreted as
changes relative to the price of consumer goods (Dixon et al., 2005).

In contrast to the dynamic recursive model, the dynamic forward-
looking model does not have a rule that links one time period to the
next but capital is accumulated in each future time period (represent-
ed by the orange links between the intra-temporal models in Fig. 3).
Further, firmsmaximise the net present value of their profits and con-
sumers maximise their net present value of their utility. They have
model-consistent rational expectations about future time periods.
Decisions made in period, t (and subsequent time periods) take into
consideration events that occur in future time periods. Economic
agents can adjust to shocks before they occur. As represented in
Fig. 3, the expectations are made for each time period considering
what has happened before and what will happen after the current
time period so in period t = 2, the representative consumer optimises

430 S. Pratt et al. / Economic Modelling 32 (2013) 429–439



Author's personal copy

their utility given what has happened in period t = 1 and given what
will happen in the future time periods.

Differing from the dynamic forward-looking infinite horizon model,
the finite horizon model is solved for a certain number of time periods
after which the terminal condition then is operationalized (Rutherford,
2004, 2005). This method gives the model tractability. Fig. 4 depicts
this graphically so that themodel solves up until t = n atwhich the ter-
minal condition is enacted.

For both the single-sector dynamic forward-looking model with
the infinite and finite horizon versions, risk is implicit as it is with
the static and dynamic recursive models.

2.4. Risk in a multi-sector dynamic forward-looking CGE model

This section explains the difference between the single-sector and
multiple-sector dynamic intertemporal model and the implications
this has for risk in the model. The change from homogeneous capital
to heterogeneous capital has more implications than just adding a
sector-specific subscript. In models of this type, heterogeneous capital
can introduce exogenous risk premia.

Themarket rental rate of capital is determined bymarket forces, the
supply of and demand for capital. Total investment demand equals the
use of investment goods from domestic and imported sources.
Economy-wide, a composite investment good is derived from the final
investment demand column from the input–output table. The compos-
ite investment good is allocated to sector-specific investment so that
the marginal productivity of capital is equal across sectors. Investment
opportunities are arbitraged when the net rate of return from each

sectorally differentiated investment does not exceed the rate of interest.
When investment is undertaken in that sector the net rate of return in
that sector will equal the rate of interest.

This arbitraging condition means that sectors with high gross re-
turn and lower depreciation rate generate more gross investment de-
mand. In the steady-state, investment will grow at the same rate in all
sectors, and the return to capital will be equalised across all sectors.
However, during the transitional phase, it is possible for the net re-
turn in one sector to fall below that of another. As a result, investment
can be shut down in the low return sector. Similar to the single-sector
model, assets depreciate. Gross sectoral investment increases the
capital stock as well as replaced depreciated capital.

Different from the other models, the multi-sector dynamic forward-
looking model can introduce a risk premia between the different rates
of return on sector-specific investment. Examples of applied models
where this has been introduced can be found in Section 3.2.1 of this
paper. Nevertheless, this neoclassical risk is exogenous.

Based on these limitations it might be argued that there is no
room for risk to be incorporated into a CGE model. The CGE method-
ology does not allow it. The next section reviews a selection of in-
stances where elements of risk have been incorporated into applied
models.

3. Review of CGE models incorporating risk

There have been several attempts in the literature to make explicit
allowance for risk and uncertainty in CGE models. We can categorise
these in two ways: first, in terms of the type or source of risk and

Fig. 1. Comparative static model depicted as a circular flow of income.

Fig. 2. Graphical representation of a dynamic recursive model.
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uncertainty; second, in terms of the method(s) by which risk is han-
dled within the CGE model.

3.1. Model uncertainty

Model uncertainty relates to the risk of reporting incorrect results,
the uncertainty about the true value of exogenous parameters used in
the model, and the model specification. For example, the modelling
process may involve uncertainty about true values of elasticities. A
CGE model relating to a particular region or a particular time period
may actually use elasticity estimates that were econometrically esti-
mate using data that relate to different regions or different time pe-
riods. In short, there is a mismatch between the data sample and
the source of variation used for econometric estimation, and the
policy experiment explored in the CGE model (Hertel et al., 2004). A
good way to account for this type of uncertainty in CGE models is
the systematic use of sensitivity analysis — specifically, Monte Carlo
analysis or the Guassian quadrature procedure (DeVuyst & Preckel,
1997). The model equations use the constant elasticity of substitution
(CES) family of equations. For example the Leontief production func-
tion occurs when the elasticity of substitution approaches negative
infinity and, using l'Hospital's rule, it can be shown that CES function
reduces to a Cobb–Douglas when, in the limit, the elasticity of substi-
tution is equal to zero.

Modellers may also face uncertainty about the reliability of results
obtained from their CGE model simulations. In general, there is a risk
of reporting inaccurate results. In particular, when the source data for
CGE models are input–output tables and Social Accounting Matrices
(SAMs) relating to a particular benchmark year, the assumed produc-
tion functions and consumer preference functions are determined by
a process of calibration, rather than being estimated econometrically.
As a result, the conventional econometric t-ratios and confidence in-
tervals that provide a measure of reliability do not exist, and hence
the modeller faces uncertainty about the accuracy of results and any
margin of error. Some studies attempt to validate results through
econometric techniques. For example, Valenzuela et al. (2005), at-
tempt to validate results from their global CGE model (GTAP), use
stochastic simulation to reflect random variability in wheat produc-
tion. Another study, by Gehlhar (1997), uses backcasting simulation
to evaluate the validity of GTAP model results as compared to ob-
served outcomes for East Asian economic growth in the 1980s. A fur-
ther study, by Liu et al. (2004) builds on Gehlhar's approach, and
develops an approximate likelihood function to assess the quality of
model performance over a 6 year period.

3.2. Economic risk

Uncertainty about the state and future of the economy can take sev-
eral forms. These include uncertainty about future events, uncertainty

Fig. 3. Graphical representation of a dynamic forward-looking model: infinite horizon.

Fig. 4. Graphical representation of a dynamic forward-looking model: finite horizon.
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about policy interventions, and country or technology risks — and these
different categories can overlap. Here we give a brief summary of some
studies that have considered these different forms of uncertainty.

3.2.1. Uncertainty about the future
Uncertainty can be treated as incomplete information, and hence

the implications of uncertainty can be treated as a form of market in-
efficiency. The lack of information regarding the future may give pro-
ducers an incentive to supply too much of some products and too
little of others. Alternatively, consumers may not purchase a product
even though they would benefit from doing so. One method of simu-
lating incomplete information has been to contrast static expectations
(incomplete information) with rational expectations (perfect infor-
mation). In the first case (static expectations), consumers and
producers have full information about the current time period but
know nothing of the future, while in the second case (rational expec-
tations) consumers and producers have perfect knowledge of both
current and future market conditions.

One studywhichmakes explicit allowance for uncertainty about the
future information within a CGE model is the work of Arndt and Bacou
(2000). Taking a relatively standard CGE model of Mozambique, these
authors explore the value of climate forecast information that operates
and interacts at a farm level, at a marketing system level and at a full
economy level.

Another such study is the work of Ianchovichina et al. (1999)
which focuses on international capital mobility. These authors devel-
op a disequilibrium approach for a dynamic multi-sector multi-region
general equilibrium model. A key feature of this model is that there
are errors in investors' assessment of potential returns to capital.
They argue that investors' expectations are sticky and that when the
observed rates of return change, investors are uncertain whether
this change is temporary or permanent. Investor expectations are
only adjusted with a lag. Initially, investors make small adjustments,
and if the change in the rate of return persists, they make further
changes in their expectations until the expected rate equals the ob-
served rate of return. These authors show that this feature was part
of the explanation for the Asian financial crisis of 1997.

The work of Ianchovichina et al. (1999) also makes use of exogenous
risk premia to reflect some of the uncertainties within their model. This
is a technique developed further by McKibbin and Wilcoxon (1998,
1999). In their G-Cubedmodel, McKibbin andWilcoxon (1999) incorpo-
rate exogenous exchange rate risk premia in their inter-temporal anddy-
namic multi-sector, multi-region CGE model. They do this through the
full integration of real andfinancialmarkets. Their assumption of perfect-
ly integrated asset markets across regions implies that the expected
returns on loans (interest rates plus risk premia), denominated in one
region (currency), is equal to the expected returns in another region
(currency) adjusted by the exchange rate. Within each economy, the
expected returns to each type of asset are equalised by arbitrage,
adjusting for adjustment costs of physical capital stock and exogenous
risk premia. In long run equilibrium, the return to capital is the same
across different sectors, but in the short run, simulations can allow for ar-
bitrage and hence risk premia across different capital assets.

3.2.2. Policy uncertainty
Along the same lines as Arndt and Bacou (2000), but in a different

context, Adams et al. (2001) make allowances for uncertainty about
the timing and announcement of policy changes within a dynamic
CGE model. They model two scenarios: first, the introduction of a
once-off quota for pig production in the Danish economy, without
any previous announcement; and second, a production quota that is
announced, and phased in gradually. Not surprisingly, the adjustment
path of the economy is smoother when the policy is announced that
when the policy is implemented as a surprise.

Boussard et al. (2002) examine the uncertainty around agricultur-
al trade liberalisation, while also making allowance for imperfect

expectations. They model this instability by endogenising risk
through lags in delivery, and making allowance for risk aversion. Un-
certainty is incorporated in the model through a production lag in the
agricultural sector. Building on the work of Ezekiel (1938), who de-
veloped the cobweb theorem, Boussard et al. assume a lag between
production and consumption decisions in the agricultural sector.
The market equilibrium is defined with reference to the previous
year's production and the current year's consumption. In contrast to
the classical perfect foresight model, where global gains are associat-
ed with trade liberalisation, Boussard et al. find that the model with
risk aversion, imperfect information and an agricultural production
lag produces negative changes in real income. Imperfect information
constrains the economy from reaching its optimum.

In the CGE literature, a common way to handle incomplete infor-
mation about the future is by using a dynamic recursive model. The
dynamic recursive model has some inherent problems, however.
The researchers cited above argue that a dynamic forward-looking
model does not permit imperfect information or errors in expecta-
tions. But, on the other hand, to argue that economic agents do not
base decisions on what they know about the future, nor do they
attempt smooth consumption or production, is surely to err in the op-
posite direction. In the next section, we outline an alternative method
that treats uncertainty and risk explicitly by considering multiple fu-
ture paths for the model. This approach assumes that agents can pre-
dict each path, and make decisions in the presence of this uncertainty.

Boussard et al. (2002), allowing for imperfect expectations, exam-
ine the issue of agricultural trade liberalisation, adding instability in
the model by endogenising risk through lags in delivery, and risk
aversion. Uncertainty is introduced into the model through a produc-
tion lag in the agricultural sector. Picking up the work done by Ezekiel
(1938), who developed cobweb theorem, the researchers specify a
lag between the production and consumption decision for the agri-
cultural sector. The market equilibrium occurs between the previous
year's production and the current year's consumption. They find, in
contrast to the classical perfect foresight model where global gains
are associated with trade liberalisation, the model with risk aversion,
imperfect information and a production lag in the agricultural sector
shows negative changes in real income. Imperfect information con-
strains the economy from reaching its optimum.

3.2.3. Country and technology risk
In a similar way, country risk can be modelled by using exogenous

risk premia in a dynamic CGE model (Malcolm, 1998). The standard
GTAP model assumes that the global bank equalises risk-adjusted
rates of return so that the risk-adjusted rates for all regions are
equal to a weighted average of returns around the world. Malcolm
(1998) defines these risk premia explicitly, and proceeds to examine
the effects of changes in these risk premia. It is worth stressing that, in
these multi-sector models, such risk premia are exogenous.

Another method of making risk endogenous with a CGE model
has been developed by Arndt and Tarp (2000). They employ a CGE
model to analyse the interactions between agricultural technology
improvement, risk, and gender roles within the agricultural sector
in Mozambique. They introduce a particular type of ‘technology risk’
into their model, by assuming that a safety first strategy is pursued.
That is, they assume that households aim to produce a given amount
of cassava (the crop of interest in their study) for risk reduction pur-
poses only. Arndt and Tarp conclude that there are considerable dif-
ferences in production and price movements for cassava between
the ‘risk’ and ‘no risk’ scenarios.

In terms of the type of uncertainty modelled in this paper and
described in the next section, the locus of uncertainty is within the
economy, the source of uncertainty is related to the uncertainty of
future events and hence expectations and the method of treatment in
CGE modelling is the contrast between static and rational expectations.
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4. Uncertainty regarding future paths of the economy:
conceptual framework

This section outlines how risk can be incorporated into a dynamic
forward-looking CGE model through the uncertainty of the future
path of the economy. The general equilibrium framework has been
developed to economic situations involving the exchange and alloca-
tion of resources under conditions of uncertainty (Mas-Colell et al.,
1995). In these theoretical models, the concept of uncertainty is
formalised bymeans of different states of theworld. That is, technologies,
endowments, and preferences depend on the state of world. A contin-
gent commodity is a commodity whose delivery is conditional on the
realised state of the world. This “state-preference” approach to uncer-
tainty, introduced by Arrow (1964) and further detailed by Debreu
(1959, Chapter 7) assumes that there is a market for every contingent
commodity. The introduction of contingent commodities then sees the
concept of a Walrasian equilibrium become an Arrow–Debreu equilibri-
um. Arrow–Debreu equilibrium results in a Pareto optimal allocation of
risk. The Arrow–Debreu framework then moves into the creation of
spot markets and forward markets, arriving at the Radner equilibrium
(1972)where economic agents form expectations of spot prices in future
states, purchase present goods and securities on the basis of those expec-
tations. Current and future spot prices of goods and assets adjust so that
all “markets” clear and these price expectations must be fulfilled. This is
now the foundation of finance theory (for an introduction see Duffie,
1992; Huang & Litzenberger, 1988).

Applied CGE models have also integrated financial flows and as-
sets with the neoclassical CGE model. Robinson surveys these
‘micro-macro’ CGE models that incorporate asset markets and prod-
uct and factor markets (Robinson, 1991). The distinguishing feature
of these models is “in their specification of the loanable funds mar-
kets, with a variety of different assets including currency, demand de-
posits, time deposits, government debt, domestic bonds, foreign bonds,
equity real capital, and working capital.” (Robinson, 1991 p.1517). Typ-
ically, the underlying SAM will disaggregate the capital account to in-
clude different types of assets from the different economic agents.

The model outlined in this thesis does not include a loanable funds
market but several features of the theoretical Arrow–Debreu frame-
work are implemented. Uncertainty in the model means different
states of the world or paths that the economy might take. Due to
the different states of the world, risk is created but the uncertainty
of which paths will occur — one or more paths will contain a shock
which may be realised. An exogenous variable, for example tourism
demand, can be simulated to vary on any or all of the possible paths
the economy might take. Economic agents have perfect sight across
all the possible paths the economy might take. The assumption of
model-consistent rational expectations will hold so that the repre-
sentative consumer, firms, and government are endowed with per-
fect foresight, and so anticipate any exogenous shocks and adjust
their maximising behaviour from the second time period (the pe-
riod in which the uncertainty, but not necessarily the shock, will
occur).

Given this uncertainty, how do consumers and firms change their
behaviour? For example, in the partial equilibrium literature, firms
will under-invest in sectors where there is uncertainty (Bernanke,
1983; Cuikerman, 1980; Hartman, 1972; Majd & Pindyck, 1987;
Marschak, 1949; Pindyck, 1982). Do these results hold in the general
equilibrium context? The economic impacts of the timing (when the
shock occurs and how long the shock lasts) as well as the magnitude
of the exogenous shocks will also be analysed in the next section.

A graphical representation of the conceptual model is shown in
Fig. 5. In this example, two paths are possible. One path follows the
baseline growth, while the other path experiences a policy shock.
These impacts are then followed through to the nth time period. Ex-
pectations are consistent throughout so that economic agents have
lower expectations under the negative shock path from the first

time period, even though the negative shock does not take place
until period t = 2. Further, the probability that a path may take is
set objectively, as an exogenous parameter. In the model above
(Fig. 5), the benchmark case (P1) is assumed to continue with a prob-
ability of 80% and the case with the negative policy shock is assumed
to occur with a probability of 20%. Policy makers can use the model to
investigate the economic impact of a shock to the economy with a
particular certainty.

In the initial time period, t = 0, the model solves and is calibrated
as if it were a comparative static model. In period t = 1, there is un-
certainty on which path the economymight follow. The next step is to
introduce a number of different paths that the economymight take as
well as the probability that each path might take along a certain path.
Let p be the number of possible path, thenΦ(p) is the probability that

a specific path is taken. It is a necessary condition that
XP
1

Φ pð Þ, that

is, that the probability of the sum of the paths sum to 1. To calibrate
the model: from the second time period onwards (t = 1), all the
sectors and benchmark quantities need to be multiplied by the prob-
ability that this particular path occurs. The standard economic rela-
tionships exist for the first time period and in each path, p. The
capital accumulation links the t = 0 no-uncertainty part of the
model to the dynamic uncertainty part of the model (t ≥ 1). Hence,
where K⁎ indicates the first time period and Kp,t indicates capital
in period t for path, p. The Ramsey economic growth dynamics
(Ramsey, 1928); the capital accumulation equation; now becomes:

Kp;t¼1 ¼ K� 1−δð Þ þ I� ð1Þ

Kp;tþ1 ¼ Kp;t 1−δð Þ þ Ip;t ð2Þ

where * in Eq. (1) denotes first-year values (t = 0) and Eq. (2) repre-
sents the capital accumulation equation from the second period on-
wards (t ≥ 1).

Production can be decomposed in this model for the time peri-
od t = 0 and for t ≥ 1. As in a standard CGE model, in the initial
period sectors i's production function is Yi = g(Di,Ei) = f(Ki,Li,Ai,j). For
the dynamic component of the model, sector i's production function
is dependent on time and the path the economy takes hence: Yi,t,p =
g(Di,t,p,Ei,t,p) = f(Ki,t,p,Li,t,p,Ai,j,t,p) where g is output transformation func-
tion and f is input transformation function. Specifically, the initial output
transformation takes the form of a constant elasticity of transformation

(CET): Yi ¼ Θ δei D
η−1
η

i þ 1−δei
� �

E
η−1
η

i

� � η
η−1

and the multi-path dynamic

output is expressed as Yi;t;p ¼ Θ δei;t;pD
η−1
η

i;t;p þ 1−δei;t;p
� �

E
η−1
η

i;t;p

� � η
η−1

where

Y = output; E = exports; D = domestic production; η = the elasticity
of transformation in total supply; δi,t,pe = the calibrated share of
exports; and Θ = the calibrated shift parameter in the transfor-
mation function.

Similarly, the Armington aggregate of domestic output and im-
ports in the initial time period is specified as a constant elasticity of
substitution (CES) function:

Ai ¼ Ω δmi D
γ−1
γ

i þ 1−δmi
� �

M
γ−1
γ

i

� � γ
γ−1

while the multi-path dynamic CES function of the Armington ag-

gregate is given by Ai;t;p ¼ Ω δmi;t;pD
γ−1
γ

i;t;p þ 1−δmi;t;p
� �

M
γ−1
γ

i;t;p

� � γ
γ−1

where

A = the Armington CES aggregate of domestic supplies, D and
imported supplies, M for each sector; γ = the elasticity of substi-
tution in the aggregate supply function; δi,t,pm is the share of
imported goods; and Ω = the calibrated shift parameter of the ag-
gregated supply function.
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As with other sections of the economy, the production of goods
follows a nested Leontief–Cobb Douglas production function with
the t = 0 intratemporal model and the multi-path dynamic part
of the model being a function of time and path. Hence, in the ini-
tial period, t = 0, output is allocated to the domestic and export
markets according to a constant-elasticity-of-transformation and
intermediate inputs are Leontief, while labour and capital enter
as a Cobb–Douglas value-added aggregate:

f Ki; Li;Ai;j

� �
¼ min BiL

αi
i K 1−αið Þ

i ; min
Ai;1

ai;1
;
Ai;2

ai;2
;…;

Ai;j

ai;j

( )( )
:

In the dynamic section of the model, from t ≥ 1, the production of
goods is denoted by a nested Leontief–Cobb Douglas production func-
tion in every time period and on every path:

f Ki;t;p; Li;t;p;Ai;j;t;p

� �
¼ min Bi;t;pL

αi
i;t;pK

1−αið Þ
i;t;p ; min

Ai;j;t;p

ai;j;t;p

( )( )
:

The representative household maximises the present value of their
lifetime utility across paths. Utility, now dependent on the time path
chosen, is represented by:

Up ¼
X∞
t¼1

1
1þ ρ

� �t

Cp;t : ð3Þ

Total utility across all paths is given by

U� ¼
XP
1

Φ pð ÞUσ−1
σ

p

" # σ
σ−1

ð4Þ

where

U⁎ is total utility
Ct,p is consumption in each time period and on each path
ρ is the discount factor or individual time-preference

parameter
Up is discounted utility on each path
Φ(p) is the probability of each path occurring, and
σ is the risk aversion parameter.

As shown in Fig. 6, utility is a nested function across paths and
across time. At the top level, total utility is a composition of utility
in each path with the elasticity of substitution between paths — the

risk aversion parameter denoted by σ, as in Eq. (4). At the next
level down, utility on path, p, is a composite of utility in each time pe-
riod with the elasticity of substitution between time periods denoted
by ρ.

Welfare is measured by the equivalent variation metric (EV). EV at
time period 0 is given by: C1−C0

C0
:C0 where C1 is consumption after the

counterfactual; C0 is consumption in the benchmark (normalised to
1) and; C0 is the benchmark level of consumption. EV in each path

is given by EV pð Þ ¼ UP1 pð Þ−UP0 pð Þ
UP0 pð Þ :∑

t
QRef tð Þ:PRef tð Þ:C0ð Þ where

UP1(p) is utility after the counterfactual; UP0(p) is utility in the
benchmark (normalised to 1); QRef(t) is the reference growth path
for the economy given by (1 + γ)t; PRef(t) is the reference growth

path for prices in the economy given by PREF tð Þ ¼ 1−R0ð Þ
1þR0−δð Þ

h it
and C0

is the benchmark level of consumption. Due to the initial time period
(t = 0), PRef(t) in the risk model is advanced one time period (raised
to the power t, rather than raised to the power t − 1). EV for the
whole model is given by EV ¼ U1−U0

U0
:∑

t
∑
p
Φ pð Þ:U�.

The demand shock is incorporated through exogenous tourism
demand. Tourism is modelled in the following way: a representative
tourism household demands tourism (a certain quantity of a compos-
ite good and service) at an aggregated tourism price level, PT. In the
benchmark, tourists are aggregated so there is a representative tourist ac-
counting for all tourists' consumption. Tourism demand is obtained by
maximising the utility function of the representative tourist subject to
their budget constraint. A constant elasticity of demand function is used
whereby demand varies according to the price of the appropriate bundle
of tourism goods and services; hence, Hawaii faces a downward sloping
demand curve for its tourism. Tourism consumption, TC, is related to a

Fig. 6. Multiple path utility schematic.

Fig. 5. Dynamic forward-looking model: with uncertainty.

435S. Pratt et al. / Economic Modelling 32 (2013) 429–439



Author's personal copy

composite tourism price (akin to a tourism CPI), PT, and the exchange
rate, PFX, in the following manner:

TCt ¼ TC
PTt

PFXt

� �ς
þ T�

whereTC is the base level of tourism consumption, ς is the price elasticity
of demand for foreign tourism (ζ b 0) (set at 0.5) and T* is an exogenous
parameter, set to zero in the benchmark, but can be set to different levels
tomodel changes in tourism demand. Tourists are endowedwith foreign
exchange. Tourism consumption is composed of the consumption of dif-
ferent commodities, with a Cobb–Douglas function determining how
tourists substitute between commodities. The utility of the representa-
tive tourist is a Cobb–Douglas function of consumption of the composite
goods

TC ¼ φ∏
n

i
tcσi;t

where TC = aggregate tourism consumption;φ = a shift parameter that
is calibrated to ensure the model replicates the benchmark; σ = the
share of commodity i in tourism consumption; tci = consumption by
sector;

tci ¼ X δtci TCD
y−1
y

i þ 1−δtci;t
� �

TCM
y−1
y

i;t

� � y
y−1

TCMi,t = imported production of a tourism consumption good; TCDi,
t = domestic production of tourism consumption good; γ = the elas-
ticity of substitution between domestic goods and services and
imported goods and services; δitc = the calibrated share of consumed
tourism domestic goods; and X = the calibrated shift parameter in
the substitution function.

The benchmark data used for this study comes from the 2002 Ha-
waii input-output table published by the State of Hawaii's Depart-
ment of Business, Economic Development and Tourism. The data set
was aggregated into a twenty sector model. For the year 2002, the
GDP of Hawaii was $US 43.48 billion and tourists to Hawaii were es-
timated to spend $US 9.47 billion. The modelling software used is
GAMS (Brooke et al., 1988) with an MPSGE subsystem (Rutherford,
1999) and solved using the PATH solver.

5. Uncertainty regarding future paths of the economy: results

The model time horizon will also be the same but by specifying
different paths the economy can take, the nomenclature will be dif-
ferent. In a standard dynamic forward-looking model across 50 time
periods, the model runs from t = 1 to t = 50. In a multi-path dynam-
ic forward-looking model, the ‘first’ period calibrates the model and
does not contain the option of multi-paths. This ‘first’ period is
modelled like a comparative static model. Like the standard dynamic
forward-looking version, the accumulation of capital links this ‘com-
parative static’ model to the ensuing multi-path dynamic model. For
comparability, the last time period, will be one period less than the
standard model. In the above example the dynamic part of the
multi-path model would be t = 49 time periods. As a check the stan-
dard t = 50 period model was benchmarked against the static t = 0,
multi-path dynamic t = 49 model and the benchmark values were
equivalent.

Operationalising this CGE model with risk, a natural counterfactu-
al would be to assume the economy continues on the business as
usual growth path with a probability of 50% (path 1) and to model a
10% decrease in tourism demand from the 9th time period onwards
with a probability of 50% (path 2). This counterfactual is shown
pictorially in Fig. 7. The value of the risk aversion parameter, σ,
has been set to 0.5. This specification (σ b 1) implies the represen-
tative household is risk averse. When σ = 1, the representative
household is risk neutral and when the σ > 1, the representative
household is risk seeking. The elasticity between time periods:
time preference elasticity, ρ has been set to 1, implying the repre-
sentative household's utility is a Cobb–Douglas function (fixed
proportions) across time.

In a model of this sort, welfare can be decomposed into welfare
from path 1, welfare from path 2 and welfare from the initial time pe-
riod (t = 0). The sum of these three components will not usually
equal total welfare across the model due to the non-linear nature of
the model. The result tables will display the decomposed welfare
changes as well as the overall change in welfare.

Table 1 shows the decomposition of several variables across the
three time dimensions: the initial period (t = 0), path 1 and path 2.
The rows in the table are equivalent variation (EV) in $US million,
the percentage change in EV, the terms of trade in $US million (this
shows the amount changed due to the change in prices), the amount

Fig. 7. Possibility of a negative 10% tourism demand shock from t = 9 onwards.
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in $US million of the tourism demand shift being simulated and the
percentage change in the tourism price.

The table shows some interesting results. Firstly, the consumers
start adjusting their behaviour from the period t = 0, that is, even be-
fore the model splits into the two paths. This observation is standard
in rational expectation models and should be expected but it is signif-
icant nonetheless as consumer behaviour of this kind marks a signif-
icant departure from the consumer behaviour in dynamic cursive
models. Secondly, in the path where there is no tourism demand
shock, travelling along this path increases welfare. Along this path,
welfare increases by $US 372.4 million across the model horizon,
equating to a slight increase in welfare of 0.13%. As expected, welfare
in path 2, where the simulated shock occurs decreases by 1.26%. In
total, welfare decreases by 0.48%. This stands in contrast to the defin-
itive case where tourism demand is simulated to fall 10% with cer-
tainty from t = 10 onwards (the equivalent of t = 9 in the risk
model), which reported a decrease of 1.63% in welfare.

Figs. 8 to 11 show the transition paths of investment, capital, res-
idents' consumption and tourism consumption respectively for the
no-risk model, and paths 1 and 2 for the risk model for a 10% decrease
in tourism demand starting from period t = 9 onwards.

Investment, capital and residents' consumption on path 1 (the path
with no counterfactual) grow at a positive rate above the baseline
benchmark growth rate. Path 2 investment does not fall as far as invest-
ment in the ‘no-riskmodel’. This is to be expected as there is only a 50%
probability of a tourism demand shock along path 2.

Further, with the counterfactual on path 2 being only likely to
occur with a probability of 50%, the percentage change in investment,
capital, resident's consumption and tourism consumption is only a
proportion of ‘no-risk’ model rate.

A second scenario of interest would be tomodel both a hypothetical
tourism boom and tourism bust with the same probability occurring in
the same time period. This scenario is shown pictorially in Fig. 12.

Table 2 shows that the absolute value of the equivalent variation
from path 1 is greater than the absolute value of the equivalent varia-
tion from path 2. This is because the tourism price in path 1 increases
more than the tourism price in path 2 decreases. This is due to the
risk aversion of the representative consumer. The increase in EV for
the totalmodel is $US 2.7 million, again reflecting the non-linear nature

of the model – the negative shock is not the equivalent of the opposite
of a positive shock. The difference in the absolute value of path 1 and
path 2's equivalent variation can be interpreted as the value of risk –

in this scenario – it is worth $US 166.6 million.
This section summarises the economic impact of uncertain tourism

demand by incorporating risk in a dynamic forward-looking CGE
model. The possibility of a negative tourism demand shock induces
welfare losses. While the economy might take many trajectories, for
tractability this research primarily examines a two-path model. In the
scenariowhere there is an asymmetric shock (50% probability of bench-
mark growth on path 1, 50% probability of a 10% negative tourism de-
mand shock on path 2), on the non-shocked path, there are welfare
gains while, as expected, on the shocked path welfare decreases. The
percentage change in overall welfare across all paths is negative. The
non-shocked path experiences welfare gains as investment and capital
increases at a positive rate on this trajectory, above the benchmark
where the representative household is assumed to be risk averse.

In a two-path model with symmetric shocks (50% probability of a
10% tourism boom and 50% probability of a 10% tourism bust), the
total welfare increases marginally by $US 2.7 million but the welfare
gain on the tourism boom path is larger than the welfare loss on the
tourism bust path. This is due to the risk aversion characteristic of
the representative household. Further, the difference in the absolute
value between the welfare gain and the welfare loss on the two
paths can be interpreted as the cost of the information regarding
which path economy will travel. Another way to look at it would be
the cost of the uncertainty or the monetary value of the risk in the
model.

6. Conclusions and further research

CGE models have traditionally tended to be deterministic in na-
ture. In this paper, a way to model risk and uncertainty in a CGE
model has been demonstrated. The risk is incorporated into the
model through the introduction of uncertainty regarding the future

Fig. 8. Investment in the risk vs. no-risk model.

Table 1
Results: 2 path 10% negative shock on 1 path in t = 9 onwards.

Time period t = 0 Path 1 Path 2 Total

EV $150.3 m $372.4 m −$3713.5 m −$1537.7 m
% EV (% change from
Benchmark)

0.66% 0.13% −1.26% −0.48%

Terms of trade $5.1 m −$2587.3 m −$17,143.3 m −$9860.2 m
Tourism demand shift – – −$84,337.9 m –

Tourism price (% change
from Benchmark)

0.045% −0.24% −1.79% –

Fig. 9. Capital in the risk vs. no-risk model.

Fig. 10. Consumption in the risk vs. no-risk model.
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path of the economy. The probability and timing of a shock to the
model economy is the underlying source of uncertainty.

Various scenarios have been simulated. For example, one what-if
scenario was to model a 50% probability of 10% negative tourism de-
mand shock from time period t = 9 until the end of the model hori-
zon along with a 50% probability that the economy would continue
along its usual growth path. In this scenario, the expected value of
welfare decreases by $US 1537.7 million or 0.48%. If the risk is
realised and shock occurs, welfare decreases by $US 3713.5 million
or 1.26%. If the economy were to follow the non-shocked path, house-
holds would receive $US 372.4 million in welfare or 0.13%, above the
baseline. The welfare gains along the non-shocked path are a result of
household's risk aversion and their substituting resources away from
the shocked path. The difference in the monetary values of the wel-
fare on either path can be interpreted as the ‘price’ of the risk. It is
the price households would be willing to pay to guarantee no tourism
shock. Another scenario was to model a 50% probability of 10% nega-
tive tourism demand shock from the time period t = 9 until the end
of the model horizon in conjunction with a 50% probability that the
economy would experience a positive tourism demand shock from
the same point in time. The expected value of welfare was marginally
positive meaning the welfare gain from the tourism boom is greater

than the welfare loss from the tourism bust. This value can also be
interpreted as the cost of imperfect information.

There are more avenues that could be explored using this type of
analysis. The analysis of tourism demand is only one area where an
exogenous shock can be modelled with risk due to external factors
such as global political and health situations. The area of agricultural
economics lends itself to this type of analysis. For example, the intro-
duction of cash crops in an economy reduces poverty and is generally
seen as welfare enhancing but, due to the vagaries of climate and
weather, agriculture can be a riskier activity than other sectors. Not-
ing the inherent uncertainty in the weather and the implications it
has for the agricultural sector, leads questions of how this type of
modelling might be used to model climate change, where uncer-
tainties about future impacts of climate change can be included in a
model to show the effects of this uncertainty. Another interesting
branch of research could be to investigate what other policy actions
the government might to do, if anything, to decrease the amount of
uncertainty in order to increase long term growth in the economy.

This paper makes original contributions in the literature both meth-
odologically and notes policy implications as a result of the inclusion of
risk in themodel. The research investigates the economic impact of un-
certain tourism demand. The method used in this paper evaluates the
influence of unanticipated shocks through the uncertainty of the future
path of the economy. This imperfect information results in amarket dis-
tortion. As such, there may be a suboptimal level of tourism production
and a welfare loss. One policy implication for government as a result of

Fig. 11. Tourism consumption in the risk vs. no-risk model.

Fig. 12. Possibility of a positive & negative tourism demand shock from t = 9 onwards.

Table 2
Results: 2 path 10% positive & negative shock on both paths from t = 9 onwards.

Time period t = 0 Path 1 Path 2 Total

EV −$19.0 m $4343.0 m −$4176.5 m $2.7 m
% EV (% change from
Benchmark)

−0.08% 1.47% −1.42% 0.00%

Terms of trade −$0.9 m $15,270.9 m −$14,465.8 m $401.7 m
Tourism demand shift – $93,708.7 m −$84,337.9 m –

Tourism price (% change
from Benchmark)

−0.008% 1.62% −1.54% –
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this imperfect information could be the use of tourism taxes or credits
to offset the loss of income due to the uncertainty of future tourism de-
mand. The imposition of an additionally tourism taxwould generate tax
revenues, which would eventually be distributed back to residential
households by government. Hence, the revenue generated by the addi-
tional taxes would need to be as great as the income lost as a result of
the tourism bust — an example of the theory of second best.
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