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ABSTRACT
Sampling has evolved into a universally accepted approach for
gathering information and data mining as it is widely accepted that
a reasonably modest-sized sample can sufficiently characterize a
much larger population. In stratified sampling designs, the whole
population is divided into homogeneous strata in order to achieve
higher precision in the estimation. This paper proposes an efficient
method of constructing optimum stratum boundaries (OSB) and
determining optimum sample size (OSS) for the survey variable. The
survey variable may not be available in practice since the variable of
interest is unavailable prior to conducting the survey. Thus, the method
is based on the auxiliary variable which is usually readily available from
past surveys. To illustrate the application as an example using a real
data, the auxiliary variable considered for this problem follows Weibull
distribution. The stratification problem is formulated as a Mathematical
Programming Problem (MPP) that seeks minimization of the variance
of the estimated population parameter under Neyman allocation. The
solution procedure employs the dynamic programming technique,
which results in substantial gains in the precision of the estimates of
the population characteristics.
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1. Introduction

Businesses, organizations and government departments that rely on analytics to understand
the population have been employing the sampling phenomenon for decades. Extracting data
from a database for the purpose of data mining and statistical analyses is based on the
sampling techniques routinely used in surveys (Christopher and Blaxton 1998). For example,
Stratified sampling is an important sampling technique used in health surveys to estimating
the prevalence of diseases, diabetes, anemia, obesity hypertension, smoking and in many other
parameter estimations. It is also a common phenomenon in the disciplines of business and
sciences.

In stratified sampling, the sampling-frame is divided into non overlapping groups or strata
in such a way that the strata constructed are internally homogeneous with respect to the main
study variable that maximizes the precision of its estimate. More often the surveyors stratify
the population in most convenient manners such as the use of geographical/administrative
regions, provinces, districts, etc.) or other natural criteria such as gender and age. However,
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stratification by convenience manner is not always a reasonable criterion as the strata so
obtained may not be internally homogeneous with respect to a variable of interest. Thus, one
has to look for the OSB that maximizes the precision of the estimates.

The problem of determining OSB for a variable, when its frequency distribution is known,
is well known in the sampling literature. In order to achieve maximum precision in determin-
ing OSB, the stratum variances σ 2

h should be as small as possible. When a single variable is
of interest and the stratification is made based on this study variable, then the OSB can be
determined by cutting the range of its known distribution at suitable points. This problem of
determining the OSB was first discussed by Dalenius (1950). He presented a set of minimal
equations which are usually difficult to solve because of their implicit nature. When the
frequency distribution of the auxiliary variable, x, is known, several approximation methods
of determining OSB using the auxiliary variable have also been suggested and discussed
by many authors such as Sethi (1963), Dalenius (1957), Dalenius and Hodges (1959), Taga
(1967), Serfling (1968), Singh and Sukhatme (1969, 1972, 1973), Singh (1971), Singh and
Dev Prakash (1975), Cochran (1977), Mehta, Singh, and Kishore (1996), Rizvi, Gupta, and
Bhargava (2002), Gupta, Singh, and Mahajan (2005), Jurina and Gligorova (2017), Danish
et al. (2017), Khan, Reddy, and Rao (2015), and Hidiroglou and Kozak (2017).

Attempts have also been made to determine the global OSB by many authors, such as,
Lavallee and Hidiroglou (1988) who proposed an algorithm to construct stratum boundaries
for a power allocated stratified sample. Later, Hidiroglou and Srinath (1993) presented a
more general form of the algorithm. Lavallée and Hidiroglou’s algorithm was reviewed by
Sweet and Sigman (1995) and Rivest (2002) and they proposed a modified algorithm that
incorporates the different relationships between the stratification and study variables. There
are several other algorithms available in the literature, for example, Niemiro (1999) proposed
a random search method and Nicolini (2001) suggested Natural Class Method. Later on,
Kozak (2004) presented a modified random search algorithm while Gunning and Horgan
(2004) proposed an alternative method to approximate stratification based on a geometric
progression. Horgan (2006) compared this approach with Dalenius and Hodges (1959),
Ekman (1959), and Lavallee and Hidiroglou (1988) and confirmed that the geometric pro-
gression method is more efficient. However, Kozak and Verma (2006) studied the usefulness
of Gunning and Horgan’s geometric progression method and found out a different result that
the geometric progression approach is less efficient than Lavallée and Hidiroglou’s algorithm
(see Kozak, Verma, and Zielinski 2007).

Another kind of stratification method that has been proposed in the literature is due to
Bühler and Deutler (1975) and later by Khan, Khan, and Ahsan (2002), Khan (2005), Khan,
Ahmad, and Sabiha (2009), Khan et al. (2015), Nand and Khan (2009), Khan and Sushita
(2015), Khan, Reddy, and Rao (2015), and Reddy, Khan, and Rao (2016) who formulated
the problems of determining OSB as optimization problems, which are solved by developing
computational techniques using dynamic programming. Bühler and Deutler’s approach was
also used by Lavallée (1988) and Lavallee and Hidiroglou (1988) for determining the OSB
which would divide the population domain of two stratification variables into distinct subsets
such that the precision of the variables of interest is maximized.

This paper proposes a procedure of determining OSB and OSS for each stratum for the
purpose of data mining a variable of interest. Since stratification based on the survey variable
(y), is not feasible in practice (as the variable is unavailable prior to conducting the survey),
the optimum stratification is made based on an auxiliary variable (x), if y holds a regression
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model (see Yong et al. 2016). The problem of determining OSB is formulated as an MPP that
seeks minimization of the variance of the estimated population parameter under Neyman
allocation (see Neyman 1934; De Gruijter, Minasny, and Mcbratney 2015). The formulated
MPP, being a multistage decision problem, is solved using dynamic programming technique.
The data set is obtained from a national nutrition survey aiming to estimate the mean of the
study variable “hemoglobin” using the auxiliary variable “iron”.

2. General formulation of the problem

Let the population be stratified into L strata based on an auxiliary variable x, when the
estimation of the mean of a study variable y is of interest. If a simple random sample of size
nh is to be drawn from hth stratum with sample mean ȳh; (h = 1, 2, . . . , L), then the stratified
sample mean, ȳst , is given by

ȳst =
L∑

h=1
Whȳh (1)

When the finite population correction factors are ignored, under the Neyman (1934) allo-
cation, the variance of ȳst is given by

Var(ȳst) =
(∑L

h=1 Whσhy
)2

n
(2)

where Wh and σ 2
hy are the stratum weight and the stratum variance in hth stratum; h =

1, 2, . . . , L respectively and n is the preassigned total sample size.
Consider that the study variable has the regression model of the form:

y = λ(x) + ε (3)

where λ(x) is a linear or a nonlinear function of x and ε is an error term such that E(ε|x) = 0
and V(ε|x) = φ(x) > 0 for all x.

Under model Equation (3), the stratum mean μhy and the stratum variance σ 2
hy of y can be

expressed as (see Singh and Sukhatme 1969):

μhy = μhλ (4)
and σ 2

hy = σ 2
hλ + μhφ (5)

where μhλ and μhφ are the expected values of functions λ(x) and φ(x), respectively, and σ 2
hλ

denotes the variance of λ(x) in the hth stratum.
If λ and ε are uncorrelated, from model Equation (3), σ 2

hy can also be expressed as (see
Dalenius and Gurney 1951):

σ 2
hy = σ 2

hλ + σ 2
hε (6)

where σ 2
hε

is the variance of ε in the hth stratum. It can be verified that the expressions
Equations (5) and (6) are equivalent.

Let f (x); a ≤ x ≤ b be the frequency function of the auxiliary variable x that is used for
the stratification. If the population mean of the study variable y is estimated under (1), then
the problem of determining the strata boundaries is to cut up the range, d = b − a, at (L − 1)
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intermediate points a = x0 ≤ x1 ≤ x2 ≤, . . . , ≤ xL−1 ≤ xL = b such that Equation (3) is
minimum.

For a fixed sample size n, minimizing the expression of the right-hand side of Equation (2)
is equivalent to minimizing

∑L
h=1 Whσhy. Thus, from Equation (6), we minimize

L∑
h=1

Wh

√
σ 2

hλ
+ μhφ (7)

If f (x), λ(x) and φ(x) are known and integrable, then the quantities Wh, σ 2
hλ

and μhφ can be
obtained as a function of the boundary points xh and xh−1 by using the following expressions:

Wh =
∫ xh

xh−1

f (x)dx (8)

σ 2
hλ = 1

Wh

∫ xh

xh−1

λ2(x)f (x)dx − μ2
hλ (9)

and

μhφ = 1
Wh

∫ xh

xh−1

φ(x)f (x)dx (10)

where

μhλ = 1
Wh

∫ xh

xh−1

λ(x)f (x)dx (11)

and (xh−1, xh) are the boundaries of the hth stratum.
Thus, the objective function in Equation (7) could be expressed as a function of boundary

points (xh, xh−1) only.
Let φh(xh, xh−1) = Whσhy = Wh

√
σ 2

hλ
+ μhφ . Then, the problem of determination of

OSB can be expressed as the following optimization problem: Find x1, x2, . . . , xL that

Minimize
L∑

h=1
φh(xh, xh−1)

subject to a = x0 ≤ x1 ≤ x2 ≤, . . . , ≤ xL−1 ≤ xL = b
(12)

We further define
lh = xh − xh−1; h = 1, 2, . . . , L (13)

where lh ≥ 0 denotes the range or width of the hth stratum.
Obviously, with this definition of lh, the range of the distribution, d = b − a, is expressed

as a function of stratum width as
L∑

h=1
lh =

L∑
h=1

(xh − xh−1) = b − a = xL − x0 = d (14)

The hth stratification point xh; h = 1, 2, . . . , L is then expressed as

xh = x0 +
h∑

i=1
li

or, xh = xh−1 + lh



COMMUNICATIONS IN STATISTICS—THEORY AND METHODS 5

Adding Equation (14) as a constraint, the problem (12) can be treated as an equivalent
problem of determining optimum strata widths (OSW), l1, l2, . . . , lL, and is expressed as the
following MPP:

Minimize
L∑

h=1
φh(lh, xh−1)

subject to
L∑

h=1
lh = d

and lh ≥ 0; h = 1, 2, . . . , L (15)
Initially, x0 is known. Therefore, the first term, that is, φ1(l1, x0) in the objective function of

the MPP Equation (15) is a function of l1 alone. Once l1 is known, the second term φ2(l2, x1)
will become a function of l2 alone and so on. Due to the special nature of functions, the MPP
Equation (15) may be treated as a function of lh alone and can be expressed as

Minimize
L∑

h=1
φh(lh)

subject to
L∑

h=1
lh = d

and lh ≥ 0; h = 1, 2, . . . , L (16)

3. The solution procedure using dynamic programming technique

The problem Equation (16) is a multi-stage decision problem in which the objective function
and the constraint are separable functions of lh, which allows us to use a dynamic program-
ming technique (see Khan, Nand, and Ahmad 2008). Dynamic programming determines
the optimum solution of a multi-variable problem by decomposing it into stages, each stage
compromising a single variable sub-problem. A dynamic programming model is basically
a recursive equation based on Bellman’s principle of optimality (see Bellman 1957). This
recursive equation links the different stages of the problem in a manner which guarantees
that each stage’s optimal feasible solution is also optimal and feasible for the entire problem
(see Taha 2007, Chapter 10).

Consider the following subproblem of Equation (16) for first k(< L) strata:

Minimize
k∑

h=1
φh(lh)

subject to
k∑

h=1
lh = dk

and lh ≥ 0; h = 1, 2, . . . , k (17)
where dk < d is the total width available for division into k strata or the state value at stage k.
Note that dk = d for k = L.

The transformation functions are given by
dk = l1 + l2 + · · · + lk
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dk−1 = l1 + l2 + · · · + lk−1 = dk − lk
dk−2 = l1 + l2 + · · · + lk−2 = dk−1 − lk−1

...
...

d2 = l1 + l2 = d3 − l3
d1 = l1 = d2 − l2

Let �k(dk) denote the minimum value of the objective function of Equation (17), that is,

�k(dk) = min

[ k∑
h=1

φh(lh)
∣∣∣∣ k∑

h=1
lh = dk, and lh ≥ 0;

h = 1, 2, . . . , k and 1 ≤ k ≤ L] (18)

With the above definition of �k(dk), the MPP Equation (16) is equivalent to finding �L(d)

recursively by finding �k(dk) for k = 1, 2, . . . , L and 0 ≤ dk ≤ d.
We can write

�k(dk) = min

[
φk(lk) +

k−1∑
h=1

φh(lh)
∣∣∣∣ k−1∑

h=1
lh = dk − lk,

and lh ≥ 0; h = 1, 2, . . . , k] (19)

For a fixed value of lk; 0 ≤ lk ≤ dk,

�k(dk) = φk(lk) + min

[k−1∑
h=1

φh(lh)
∣∣∣∣ k−1∑

h=1
lh = dk − lk

and lh ≥ 0; h = 1, 2, ...k − 1 and
1 ≤ k ≤ L] (20)

Using Bellman’s principle of optimality, we write a forward recursive equation of the
dynamic programming technique as

�k(dk) = min
0 ≤ lk ≤ dk

[φk(lk) + �k−1(dk − lk)] , k ≥ 2 (21)

For the first stage, that is, for k = 1:

�1(d1) = φ1(d1) �⇒ l∗1 = d1 (22)

where l∗1 = d1 is the optimum width of the first stratum. The relations Equations (21) and (22)
are solved recursively for each k = 1, 2, . . . , L and 0 ≤ dk ≤ d, and �L(d) is obtained. From
�L(d) the optimum width of Lth stratum, l∗L, is obtained. From �L−1(d − l∗L) the optimum
width of (L − 1)th stratum, l∗L−1, is obtained and so on until l∗1, optimum width of 1st stratum,
is obtained.

4. Constructing OSB for Weibull auxiliary variable

The Weibull distribution is a two-parameter family of continuous probability distributions.
Because of its versatility in the fitting of a variety of distributions, it is one of the most widely
used distributions in applied statistics, especially in survival analysis, mortality or failure
analysis, reliability, engineering to model manufacturing and delivery times, in extreme value
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Table 1. ANOVA for regression model.
Source SS df MS f p-Value

Regression 461.92 1 461.92 299.95 0.000
Residual 1050.61 682 1.54
Lack of fit 236.40 204 1.16 0.68 0.890
Pure error 814.21 478 1.70
Total 1512.54 683

Table 2. Summary of model parameters.
Predictor Coefficient SE coef t p-Value

α 10.9449 0.1245 87.89 0.000
β 0.114115 0.009548 11.95 0.000

theory and weather forecasting. Due to its moderately skewed profile, it also characterizes well
a wide range of health data, including health monitoring data, Epidemiological data such as
episode durations of depression and gene expressions data (see Patten 2006; Wahed, Luong,
and Jeong 2009; and Wang et al. 2011).

If an auxiliary variable x follows the Weibull distribution on the interval [x0, xL], its two-
parameter probability density function with a state space x ≥ 0 is given by:

f (x; θ , r) = r
θ

( x
θ

)r−1
e−(x/θ)r

, x ≥ 0 (23)

where r > 0 is the shape parameter and θ > 0 is the scale parameter of the distribution.
The shape parameter gives the Weibull distribution its flexibility. By changing the value

of the shape parameter, the distribution can model a wide variety of data that follows the
exponential distribution, the Rayleigh distribution, the normal distribution or even the
approximate log-normal distribution.

4.1. Estimating the linear regression model

To illustrate the formulation of the problem of determining OSB as an MPP for a population
with Weibull auxiliary variable, we use a set of health data of size N = 724 obtained from
2004 Fiji National Nutrition Survey on “Micronutrient Status of Women in Fiji.” The data in
this problem have the characteristics: Level of Iron and Level of Hemoglobin for each woman.

Suppose that a survey on iron deficiency anaemia is to be conducted in a country, where
a sample will be collected using stratified random sampling and hemoglobin (y) will be the
variable of interest. That is, the hemoglobin will be the main stratification variable. Then, the
level of iron collected in some previous study may be a reasonable choice for an auxiliary
variable (x).

To estimate the hemoglobin content (y) in women, we fit a regression model given in
Equation (5) for the survey mentioned above. We observed that the data significantly fit a
linear regression model with iron level (x). Table 1 presents the analysis of variance (ANOVA)
and Table 2 depicts the summary of the estimates of the model parameters. From these tables,
the computational results reveal that the fitted regression model and estimated parameters are
highly significant with p-value < 0.001.

The coefficient of determination or correlation coefficient, R2 = SSR
SST , with a value of

30.54% obtained from Table 1 indicates a moderate strength of linear relationship between
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Figure 1. Scatterplot of iron vs hemoglobin.

the two variables. R2 is found to be one of the highest for the linear model when compared
with the model summary of all the other non linear models available in statistical package.
Table 1 also reveals that there is no significant lack of fit in the linear regression with p-value
= 0.890. Thus, the model fits the data well and gives us no reason to consider an alternative
model.

Figure 1 depicts the linear association through the scatterplot for the Iron versus the
Hemoglobin. It indicates a moderately positive linear relationship.

Therefore, the hemoglobin content (y) and the iron level (x) are fairly assumed to follow a
linear regression model with the following equation

λ(x) = α + βx (24)

and the least-squares estimates of the parameters are given by

α̂ = 10.9449 and β̂ = 0.1141 (25)

4.2. Estimating the distribution

To determine the distribution, f (x), for the auxiliary variable, we construct a relative fre-
quency histogram of iron level (x). Figure 2 shows that the distribution of x is a right skewed
distribution that matches the Weibull distribution.

The probability plot (q−q) of x was also obtained to determine whether the distribution of x
matches Weibull distribution. Figure 3 reveals that the points are clustered around the straight
line, thus, x is assumed to follow Weibull distribution with a probability density function given
by Equation (23).
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Figure 2. Frequency histogram of the iron level (x).

Figure 3. Weibull Q–Q plot of the iron level (x).
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The maximum likelihood estimate (MLE) of the parameters for Weibull distribution is
found to be

Shape, r = 2.34318488 and Scale, θ = 13.40282496

Using the Kolmogorov-Smirnov test, the maximum difference between the observed
distribution and the Weibull distribution is found to be to be non significant (D = 0.0328
and p-value = 0.452), which supports that x follows Weibull distribution with the indicated
parameters.

4.3. Formulating the problem of OSB as an MPP

Let the auxiliary variable x follow Weibull distribution (i.e., x ∼ W(r, θ)) with density
function given by Equation (23). By using Equations (8), (9), (11) and (23), the quantities
Wh, μhλ, and σ 2

hλ
can be obtained as a function of boundary points (xh−1, xh) as follows:

Wh = −e−
( xh

θ

)r

−
(

−e−
( xh−1

θ

)r)
(26)

Using Equation (14), that is, substituting xh = xh−1 + lh in Equation (25), Wh is obtained as:

Wh =
[

e−
( xh−1

θ

)r

− e−
( xh−1+lh

θ

)r]
(27)

μhλ can be expressed as

μhλ = α + βθ

Wh

[∫ ∞( xh−1
θ

)r t
1
r e−t dt −

∫ ∞( xh
θ

)r t
1
r e−t dt

]
(28)

Let 
(r, x) and Q(r, s) denote the upper incomplete gamma function and the regular-
ized/normalized incomplete gamma function, respectively, given by


(r, x) =
∫ ∞

x
tr−1e−t dt (29)

Q(r, x) = 1

(r)

∫ ∞

x
tr−1e−t dt, r, x > 0; 
(r) 	= 0 (30)

Then, using Equations (28) and (29), μhλ given in Equation (27) is derived to be

μhλ = α + βθ 

(
1 + 1

r
)

Wh

[
Q

(
1 + 1

r
,
(xh−1

θ

)r
)

− Q
(

1 + 1
r

,
(xh

θ

)r
)]

= α + βθ 

(
1 + 1

r
)

[
e−

( xh−1
θ

)r

− e−
( xh

θ

)r] [
Q

(
1 + 1

r
,
(xh−1

θ

)r
)

− Q
(

1 + 1
r

,
(xh

θ

)r
)]

= α +
βθ 


(
1 + 1

r
) [

Q
(

1 + 1
r ,

( xh−1
θ

)r
)

− Q
(

1 + 1
r ,

(
xh−1+lh

θ

)r)]
[

e−
( xh−1

θ

)r

− e−
( xh−1+lh

θ

)r] (31)
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Similarly, the quantity σ 2
hλ

is reduced to

σ 2
hλ =

β2θ2 

(
1 + 2

r
) [

Q
(

1 + 2
r ,

( xh−1
θ

)r
)

− Q
(

1 + 2
r ,

(
xh−1+lh

θ

)r)]
[

e−
( xh−1

θ

)r

− e−
( xh

θ

)r]

−
β2θ2 
2 (

1 + 1
r
) [

Q
(

1 + 1
r ,

( xh−1
θ

)r
)

− Q
(

1 + 1
r ,

(
xh−1+lh

θ

)r)]2

[
e−

( xh−1
θ

)r

− e−
( xh−1+lh

θ

)r]2 (32)

Then, the formulated MPP given in Equation (17) could be expressed using Equations (8),
(26) and (31) as:

Minimize
L∑

h=1

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Sqrt
{
β2θ2 


(
1 + 2

r

)[
e−

( xh−1
θ

)r

− e−
( xh−1+lh

θ

)r]

×
[

Q
(

1 + 2
r

,
(xh−1

θ

)r
)

− Q
(

1 + 2
r

,
(

xh−1 + lh
θ

)r)]

− β2θ2
[



(
1 + 1

r

)[
Q

(
1 + 1

r
,
(xh−1

θ

)r
)

− Q
(

1 + 1
r

,
(

xh−1 + lh
θ

)r)]]2

+ μhφ

[
e−

( xh−1
θ

)r

− e−
( xh−1+lh

θ

)r]2}

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
subject to

L∑
h=1

lh = d

and lh ≥ 0; h = 1, 2, . . . , L (33)

where d = xL − x0 = b − a, β is the regression coefficient, θ and r are parameters of the
Weibull distribution, 
(·) is the upper incomplete gamma function and Q(·) is the upper
regularized incomplete gamma function. Whereas, μhφ is the expected variance given in
Equation (6) for the error term in the regression model Equation (4), which can be estimated
as discussed in the following section.

4.4. Estimating the variance of the error term

In the regression model given in Equation (24), it is assumed that the variance of the error
term is V(ε|x) = φ(x) for all x in the range (a, b) and the expected value of the function φ(x)

given by μhφ is obtained by Equation (10).
Many authors have assumed that φ(x) may be of the form:

φ(x) = cxg ; c > 0, g ≥ 0 (34)
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where c and g are constants and in many populations 0 ≤ g ≤ 2 (see Singh and Sukhatme
1969; Singh 1971; and Rizvi, Gupta, and Bhargava 2002).

Thus, from Equations (10), (23) and (35), we may compute μhφ as a function of boundary
points as follows:

μhφ = rc 
(r + g)
[

Q
(

r + g,
(xh−1

θ

)r)
− Q

(
r + g,

(
xh−1 + lh

θ

)r)]
÷ θ r

[
e−

( xh−1
θ

)r

− e−
( xh−1+lh

θ

)r]
(35)

Therefore, one can determine the expected value of the stratum variance of the error term
using Equation (34), if the values of the constants c and g are known. However, for our
sample data, when a common regression model holds across the strata, we obtain the expected
stratum variance of the error as

μhφ = SSRes
N − p

= MSRes (36)

where SSRes and MSRes are the sum of squares of residuals and mean square of residuals
respectively, and p is the number of parameters in the regression model.

5. Results and discussion

This section presents the results by using the proposed method whereby the OSB of a
population with Weibull auxiliary variable is computed. Considering that the estimation
of the hemoglobin level for the population is of interest, the minimum and the maximum
values of x ( iron), are x0 = 1.5 and xL = 25.1, respectively. This implies that the range of the
distribution of iron level is d = x0 − xL = 23.6.

The problem of determining the OSB given in MPP Equation (34) is solved by reducing it
into two stages (for k = 1 and k ≥ 2) using the recurrence equations in Equations (21) and
(22). These equations are solved to obtain optimum strata widths l∗h and the optimum strata
boundaries x∗

h = x∗
h−1 − l∗h by implementing the dynamic programming solution procedure

via a C++ computer program.

Numerical investigations are also undertaken in this section to study the effectiveness of
the proposed method compared to the following methods available in the literature:
1. Cum

√
f method of Dalenius and Hodges (1959).

2. Geometric method of Gunning and Horgan (2004).
3. Lavallée-Hidiroglou method Lavallee and Hidiroglou (1988) with Kozak’s algorithm Kozak

(2004).
The stratification package recently developed by Baillargeon and Rivest (2011) in

the R statistical software is used to determine the OSBs for the methods mentioned above.
These OSB are then used to compute the sample size of each stratum and the variance of the
estimated mean (or the values of the objective function) so that a comparative analysis could
be carried out.
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Table 3. OSW, OSB and OFV for proposed method.
Strata OSW OSB OFV

(L) (l∗h) (x∗
h = x∗

h−1 + l∗h)
L∑

h=1
Whσh

2 l∗1 = 10.72 x∗
1 = 12.22 1.3658

3 l∗2 = 12.88
l∗1 = 7.79 x∗

1 = 9.29
l∗2 = 6.15 x∗

2 = 15.44 1.3462
l∗3 = 9.66

4 l∗1 = 6.22 x∗
1 = 7.72

l∗2 = 4.60 x∗
2 = 12.31 1.3384

l∗3 = 4.98 x∗
3 = 17.29

l∗4 = 7.81

5 l∗1 = 5.20 x∗
1 = 6.70

l∗2 = 3.78 x∗
2 = 10.48

l∗3 = 3.75 x∗
3 = 14.23 1.3346

l∗4 = 4.30 x∗
4 = 18.53

l∗5 = 6.57

Table 4. Optimum strata boundaries for the different methods.
CSRF GEO L-H Kozak DP

L OSB OFV OSB OFV OSB OFV OSB OFV

2 12.12 1.366 6.14 1.404 8.1 1.384 12.22 1.366

3 9.76 3.84 5.55 9.29
15.66 1.346 9.81 1.369 9.15 1.372 15.44 1.346

4 7.40 3.03 5.55 7.71
12.12 1.339 6.14 1.353 9.15 1.342 12.31 1.338
16.84 12.41 15.55 17.29

5 6.22 2.64 5.55 6.70
9.76 4.63 9.15 10.48

13.30 1.335 8.13 1.345 12.65 1.335 14.23 1.335
18.02 14.21 17.00 18.53

Table 3 presents the OSW and OSB obtained by the proposed method (DP) together with
the objective function values

∑L
h=1 φh(lh) = ∑L

h=1 Wh

√
σ 2

hλ
+ μhφ (indicated as (OFV) in

the tables) for L = 2, 3, 4, 5.
For comparison purposes, the OSB determined for cum

√
f method (CSRF), geometric

method (GEO), Lavallée and Hidiroglou’s method (K-H (Kozak’s algorithm)) using the
stratification package with CV = 0.4575 (obtained from the data) and the proposed
dynamic programming method (DP) are presented in Table 4 for L = 2, 3, 4, 5. The optimum
values of the objective function of the estimate are also presented (OFV). The optimum sample
size (OSS) for each stratum using these OSB for the different methods are presented in Table 5.

Upon careful examination of Tables 4 and 5, it is noted that the OSB and the sample
sizes obtained by the cum

√
f method are by far the closest to the proposed dynamic

programming method. These values in the other two methods, namely geometric and Lavallée
and Hidiroglou’s methods, differ vastly from that of the proposed method. It can also be seen
that geometric method produces the larger sample size towards the tailer stratum as compared
to others. Thus, it can be concluded that there seems to be a difference between the OSB
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Table 5. Optimum sample size for the different methods with n = 500.
CSRF GEO L-H Kozak DP

L h nh OFV nh OFV nh OFV nh OFV

2 1 274 69 128 278
2 226 1.366 431 1.403 372 1.384 222 1.366

3 1 190 23 56 173
2 195 165 107 206
3 115 1.346 312 1.369 337 1.372 121 1.346

4 1 109 12 57 119
2 166 59 110 163
3 139 211 215 141
4 86 1.339 218 1.353 118 1.342 77 1.338

5 1 75 8 58 88
2 115 29 110 128
3 125 95 125 129
4 122 211 124 101
5 63 1.335 157 1.345 83 1.335 54 1.335

Table 6. Optimum stratum boundary for survey variable (y).
No. of Strata OSB for x OSB for y OFV of y

L (xh) ŷh = α̂ + β̂x
∑L

h=1 Whσh
2 x∗

1 = 12.22 ŷ∗
1 = 12.34 1.366

3 x∗
1 = 9.29 ŷ∗

1 = 12.01
x∗

2 = 15.44 ŷ∗
2 = 12.71 1.346

4 x∗
1 = 7.71 ŷ∗

1 = 11.82
x∗

2 = 12.31 ŷ∗
2 = 12.35 1.338

x∗
3 = 17.29 ŷ∗

3 = 12.92

5 x∗
1 = 6.70 ŷ∗

1 = 11.71
x∗

2 = 10.48 ŷ∗
2 = 12.14

x∗
3 = 14.23 ŷ∗

3 = 12.57 1.335
x∗

4 = 18.53 ŷ∗
4 = 13.06

and the sample size obtained using the different methods including the proposed dynamic
programming method.

By looking at the variances in Tables 4 and 5, it can be seen that the proposed method yields
the smallest variance for all L = 2, 3, 4 and 5 as compared to all the other methods. Although
the values of the objective function for the DP method are very close to the cum

√
f method,

the other two methods produce a greater variance than the dynamic programming technique.
Thus, the study reveals that the proposed dynamic programming technique is more efficient
than the other stratification methods.

Finally, the OSB points of the survey variable, y, is obtained by using the OSB for the
auxiliary variable (Iron) and applying the regression model Equation (24). These results are
presented in Table 6.

6. Conclusion

A well-designed sampling plan and efficient data mining strategies can greatly enhance the
information that can be produced from a survey. In this paper, an optimal algorithm is
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presented for data mining using stratified sampling. The proposed technique uses auxiliary
information in the absence of the main study variable in designing the sampling plan.

The numerical example in the paper uses a real data set to illustrate the application of
the method. The results reveal that the construction of strata using an auxiliary variable
for a health population, which follows Weibull distribution, leads to substantial gains in the
precision of the estimates of the main study variable. It is also evident from the results that,
compared to other commonly used methods, the proposed technique performs much more
efficiently.

The proposed method, unlike other classical methods, does not require any initial approxi-
mate solution and is able to obtain optimum solutions. With the main variable not available to
us, the method uses the auxiliary variable and parametric assumptions of the main variable in
order to understand the characteristics of the main variable. The proposed method can surely
be extended to other statistical distributions that characterize the auxiliary information.
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