
 

Abstract - This paper describes a new method for dynamical 
estimation of load disturbance in induction motors by using 
Nonlinear Unknown Input Observers (NUIO). This estimation 
is then used to compensate dynamically the load torque in a 
Field Oriented Control (FOC) induction motor drive to increase 
its load-rejection capability. The method has been verified both 
in simulation and experimentally on a experimental rig. 

I. INTRODUCTION 
High-performance electrical drives represent the backbone of 
manufacturing and transportation industry. Consequently big 
attention has been paid over the best control strategies to 
obtain speed tracking and load rejection capability. With this 
respect, one of the key factors that can affect heavily the 
dynamical performance of an electrical drive is the presence 
of load disturbance on the shaft. A first way to make the 
system robust to their effects is to predict such disturbance in 
order to obtain better rejection capabilities, thus resulting in 
improved performance via proper dynamical compensation. 
This problem has been addressed in the case of induction 
motor drives in [1], where load torque is estimated by using 
the mechanical equation and assuming load torque has a slow 
dynamics. Other subsequent works [2][3][4] have followed 
the same approach. Another strategy that has been considred 
is to use dynamical filters or observers, in particular the 
Kalman Filters or the Unscented Kalman Filters [5][6][7], but 
at the cost of increasing complexity and requiring 
assumptions on the dynamical equation of the load.  

This work follows on the second kind of approach, but it 
addresses the load torque estimation problem in an innovative 
way, by using the theory of Nonlinear Unknown Input 
Observer (NUIO) [8],[9], whereby the system states are 
reconstructed without the knowledge of the unknown 
disturbance input, such as the load torque.  

The theory of observers originated from the work of 
Luenberger in 1964 [11]. According to Luenberger, any 
system driven by the output and the knowledge of the systems 
state space can serve as an observer for that particular system. 
Wang later used Luenberger approach to design UIO by 
estimating the both the states of the system and extracting the 
known inputs [12]. Later on, several approaches for designing 
linear UIO for linearized systems were proposed using 
different techniques [13]-[15].  

However from the last two decades, research has shifted 
from linear to nonlinear system observers. Earlier, class of 
non-linear Lipschitz design was based on the linear part of the 
system by imposing certain conditions on the nonlinearity. 
However, this approach inherited drawbacks that were related 
to observer convergence conditions which is considered 
difficult to satisfy for large value of Lipschitz constant [16]. 
One way to get around this is the use of a NUIO which makes 
use of the differential mean value  theorem (DMVT) together 
with Linear Matrix Inequalities (LMI) [17], which however 

has the drawback of requiring the solution of LMI of high 
order matrices. 

This paper addresses the state estimation of an induction 
motor, including its flux components, by using a NUIO as in  
[17]. The structure of the dynamic model admits a solution 
that can be easily handled by LMI. After the computation of 
the rotor flux linkages, the unknown disturbance load is 
reconstructed and dynamically compensated both in 
simulation and experimentally on a suitably developed 
experimental rig. 

 

II. NONLINEAR UNKNOWN INPUT OBSERVER (NUIO) [17] 
Let the following class of nonlinear systems be considered, 
where x(t) represent the state vector, y(t) the output, u(t) the 
known inputs and v(t) the unknown input vectors, A, B, C,D 
suitable matrices, and f(x(t)) a vector nonlinear function: 
 

  

 (1) 
 

where , , , , 
 . u is the known input vector, v is the unknown input 

vector , and y is the vector of measured outputs. 
 
The following observer is then proposed  

 
                                             (2) 

where  are defined as: 
 

                            (3) 
 

 
For the problem studied, the matrices and the state vector are 
as follows, considering the dynamical model of the IM (see 
Appendix I): 
• The measured outputs are the direct and quadrature stator 

currents in the stationary reference frame as well as the 
rotor speed r in electrical rad/s 

• TL is the unknown load torque.  
• The known inputs are the direct and quadrature voltages in 

the stationary reference frame.  

The target is to estimate simultaneously the states of the 
fluxes  in the stationary reference frame and then 
the unknown load torque TL. 
By introducing the error with the estimate and its derivative: 
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The dynamics of the error can be obtained as: 
 

            (4) 
 

By taking in consideration equation 3, the term 
, therefore: 

 
 

 
It is known that: 

               

(5) 
where  is the Jacobian of the function  at the 
point , moreover, by using the “Differential Mean Value” 
(DMVT) theorem, it results that: 
 

 
 
Where  
Thus  

 
Now, if there exists an E matrix such that (see further below 
(12): 

                     (6) 
 
Then (4) becomes 

 
Since , this yields: 

                                   (7) 
 
Let  where  varies with time inside 
the interval  whose boundary values also vary 
with time. 
Thus  

                                      (8) 
 
To prove that the error tends to zero, let the following 
Lyapunov function be introduced, where P is a symmetric 
positive definite matrix: 

       (9) 
 
By differentiating (6.9) the following equation is obtained: 

 
which must be negative definite and thus requires that: 

                
(10) 

 
If all the component of the Jacobian matrix, 

for any value of t, are bounded, i.e.: 

 

then each has a minimum and a maximum  so that  

. As a consequence all of the elements  
of the Jacobian matrix are contained in a parallelepiped H, 
whose faces are limited by . This parallelepiped H 
has  vertices given by . The matrix  must 
be computed as many times as the number of vertices of the 
parallelepiped H and this is in general a strong limitation of 
the method for high values of n. However, in the case of the 
IM, since the values of  depend of the values of the 5 
components of the x state vector, and since each of the 
components is upper and lower bounded in the same way, in 
total there are only 32 different configurations to be dealt with 
in the LMI, instead of the 25x5 cases, which would be too 
cumbersome computationally. One possible configuration is 
given in (11), showing A( ) with all upper bounds. 
 

    (11) 

 
The following theorem holds [17]: 
 
Theorem  
If (10) is satisfied in the vertices  of the parallelepiped H, 
then it is satisfied also for all values of  lying inside 
the parallelepiped H.  
 
It is, therefore, only necessary to prove that (10) is satisfied 
in the vertices  so that: 
 

  
 (12) 

 
This is a nonlinear matrix inequality that must be satisfied in 
all of the  vertices of the parallelepiped H and is not easy 
to solve for the matrices . There is a way, however, to 
transform it in an LMI (Linear Matrix Inequalities) by some 
simple transformations, as described below, 
In any case, if (11) is satisfied , then also (10) is satisfied and 
(6) is such that . 
In order to give a sufficient condition for the existence of the 
observer (11) is, as hinted above, transformed into a set of 
Linear Matrix Inequalities (LMI), making it easier to solve 
and for which there are many software toolboxes available. 
At first is found out so that , which makes the 
unknown input to be decoupled, so as to satisfy (6) 
 

         (13)  
 

This means . This matrix equation gives 
solutions if: 

        (14) 
 

In the particular case of the IM, where p=3 and n=5, this 
condition is satisfied (see Appendix 1).  
All possible solutions of are therefore given as 
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                            (15) 
 

where the symbol + denotes the pseudo-inverse of a matrix , 
defined as  for a matrix X, and S is an 
arbitrary real matrix pxp. 
Taking in consideration that by multiplying by 

both terms of (14) yields:  
 

                          (16) 
 

And the required equality is obtained. By introducing the 
following matrices 
 

 
 (17) 

The equation (6.14) can be re-written as: 
 

       (18) 
 

In the case of the dynamical model of the IM, S has dimension 
3x3. 
By substituting  (see eq. (3) and 

in (11) yields (if n=5 as in the case of the IM):  
 

 
                                 

(19) 
 

which is still a nonlinear matrix inequality in matrices . 
If and then (13) becomes: 
 

                          
                                                                                    (20) 
                                                        
which is, this time, a linear matrix inequality (LMI) in 
matrices  
 
Inequality (19) has, therefore, a solution in if 
inequality (20) has a solution in . Thus, if there exists 

such that (20) has a solution in the vertices 
then the observer has for any initial 

condition .  
 
In order to compute the unknown input v it is more convenient 
to use the discretised form of the observer [17], where it is 
shown that it is given by (k is the discrete time and Ad is the 
matrix after discretization of the IM continuous model): 
 

 
(21) 

In the case under study the unknown input is the load torque 
L. Remark that in (21) this estimation is made for each instant 

of time (or discrete time k), making it possible to use it for the 
load compensation, The scheme adopted is shown in figure 1, 
where the estimated load torque, computed by (22) is est 

 
Figure 1: Closed loop speed control with load torque compensation 

III. RESULTS AND DISCUSSION 
The NUIO for the induction motor has been included 

within a FOC (Field Oriented Control) induction motor drive 
where the rotor speed r is measured. The scheme is on figure 
2. 

 
 

Figure 2: FOC scheme with NUIO and dynamic load torque 
compensation 

 

Figure 3: Experimental rig of the IM electrical drive 

The estimated load torque is used to improve the load-
rejection capability of the electrical drive by compensating 
the actual load. As shown in figure 2, the estimated load 
torque is added to the summer, as indicated in the red circle, 
after the fashion proposed in figure 1.  
The NUIO based dynamical load compensation has been 
tested in simulation and experimentally on a suitable 
experimental rig (Figure 3) with a 4-pole IM of 2.2 kW, rated 
voltage of 415 V, and rated speed of 1500 rpm. The load has 
been obtained by an electrical drive of a twin motor 
commanded in torque within a FOC strategy. This second 
drive is connected to the grid and a brake resistance is placed 

Load torque compensation 
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in parallel to the DC-ling and controlled by a chopper 
transistor. 
 The NUIO method is compared with the classical PI 
controller without torque compensation. 

 
Figure 4: Rejection to load of 6 Nm at 2s (simulation) 

Figure 4 shows the speed response in simulation with and 
without the dynamical load compensation obtained with the 
NUIO dynamical estimation of the load torque. The reference 
speed is 1500 rpm and at 2s a step load of 6 Nm has been 
given. It can be easily seen the significant improvement of the 
speed response as for the load-rejection capability in terms of 
reduced overshoot and tracking capability of the speed 
reference. 
 

 
Figure 5: Rejection to load of 6 Nm at 7.7s (experimental) 

Figure 5 shows the experimental results for the speed 
response with a speed reference of 1500 rpm when a load of 
6 Nm is applied at 7.7s. The 2% steady state band is reached 
by the NUOI load compensated speed response well before 
the uncompensated speed response.  
 

 
Figure 6: Rejection to load of 6 Nm at 3s (simulation) 

 Figure 6 shows the NUIO dynamical load torque 
compensation at reference speed of 750 rpm and at 3s a step 
load of 6 Nm has been given. It can be easily seen again the 

improvement of the speed response as for the load-rejection 
capability of the drive in terms of reduced overshoot and 
tracking capability of the speed reference. 

 
Figure 7: Rejection to load of 6 Nm at 14.92s (experimental) 

 Figure7 shows the experimental results for the speed 
response when a speed reference of 750 rpm when a load of 
6 Nm is applied at 14.92s. The 2% band for steady state is 
reached by the NUOI compensated speed much before the 
uncompensated speed and with less overshoot.  
 

 
Figure 8: Rejection to load of 6 Nm at 2s (simulation) 

 Figure 8 shows in simulation the speed response when 
the reference speed is 500 rpm and when at 2s a step load of 
6 Nm has been given. It can be easily seen the strong 
improvement of the load-rejection capability of the drive in 
terms of reduced overshoot and tracking capability of the 
speed reference.  
 

 
Figure 9: Rejection to load of 6 Nm at 11.07s (simulation) 

 Figure9 shows the experimental results for the speed 
response with a speed reference of 500 rpm, when a load of 6 
Nm is applied at 11.07s. The 2% band for steady state is 
reached by the NUOI compensated speed much before the 
uncompensated speed and with less overshoot.  
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IV. CONCLUSION 

This paper presents the application of NUIO for the 
dynamical compensation of the load torque to improve the 
load-rejection capability of a FOC induction motor drive. The 
simulation and experimental results show much better 
performance for the NUIO compensated electrical drive with 
respect to classical one in terms of load-rejection and speed 
tracking.  
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List of Symbols: 
 

 = Magnetic coupling coefficient 
p  =  Number of Pole Pairs 
Rs  =  Stator Resistance 
Rr  =  Rotor Resistance 

Ls  =  Stator Inductance 
Lr  =  Rotor Inductance 
Lm =  Magnetizing Inductance 
J  = Motor Inertia 
Tr =  Rotor Time Constant 
_1= -B/J  
=  3/2 p Lm/(Lr J)  
= -1/J 
L= Load Torque 
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APPENDIX 1 
The values of the matrices used in the NUIO are:  

 

 

 

 

 
Thus, n=5, p=3, m=2, d=1. 

, which are both vectors and then their rank is 1 

   

  

In the case of the IM, the matrices to be used are: 
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