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a b s t r a c t 

This paper presents the development of a new set of switched velocity controllers of a swarm of unmanned 

ground vehicles (UGVs) from multiple Lyapunov functions, which are invoked according to a switching rule. The 

Lyapunov-based Control Scheme (LbCS) has derived the multiple Lyapunov functions that fall under the artificial 

potential field method of the classical approach. Interaction of the three main pillars of LbCS, which are safety, 

shortness, and smoothest path for motion planning, bring about cost and time effectiveness and efficiency of the 

velocity controllers. The switched controllers enable the UGVs to navigate autonomously via hierarchal landmarks 

in a cluttered workspace to their equilibrium state. The switched controllers give rise to a switched system whose 

stability is proven using Branicky’s stability criteria for switched systems based on multiple Lyapunov functions. 

Simulations results are presented to show the effectiveness of the nonlinear time-invariant controllers. Later, 

effects of noise are included in the velocity controllers to show system robustness. 
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. Introduction 

The recent past decades have seen unprecedented attention, im-

ortance, and investment given to robots by researchers, academics,

ponsors, and industries, with an exponential growth in real-world

pplications related especially to human livelihood and endeavors,

nd found in most sectors that have complicated, dull, dangerous,

nd dirty environments [1,2] , and mostly requiring automation, repe-

ition, and high work rates [3,4] . These real-life applications include

urveillance, transportation, save and rescue, pursuit-evasion, pedes-

rian navigation, waste management, foraging, entertainment, and me-

ia, pick and place, surveying, and explorations [1,2,5–8] . An exten-

ive array of robotic systems such as mobile manipulators, anchored

nd unanchored arms, car-like, tractor-trailer, aerial and underwater

obots, swimming and flying robots, and parallel robots have been

esigned to operationalize these real-life applications [9–14] . Addi-

ionally, we now have a strong presence of assistive robots such as

obotics pets, surgical robots, telesurgery robots, and companionship

obots in the health and social care for surgery, company, monitor-

ng, elderly assistance, and handicap assistance, to name a few major

nes [15] . 

The emergence of swarm robotics is commendable in providing so-

utions to problems where general robotics would turn out to be less

fficient in terms of sensing capabilities, situation awareness, robust-

ess to a mission failure, sharing of workload, search and rescue. Swarm
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obotics is an approach to the coordination of multiple robots as a sys-

em that consists of large numbers of mostly simple physical robots [16] .

warm intelligence is nature-inspired but is not limited by the emergent

ehaviour observed in social insects. The attempts of researchers to com-

rehend biological swarming can be categorized into two different mod-

ling approaches: the Eulerian and the Lagrangian approaches [5,17–21] .

n the Eulerian approach, the swarm is considered a continuum described

y its density in one-, two- or three-dimensional space. Partial differen-

ial equations describe the time evolution of swarm density. In the La-

rangian approach, the state (position, instantaneous velocity or instan-

aneous acceleration) of each individual and its relationship with other

ndividuals in the swarm is studied; it is an individual-based approach,

n which the velocity and acceleration can be influenced by spatial co-

rdinates of the individual. The time evolution of the state is described

y ordinary or stochastic differential equations. Comprehensive reviews

f these approaches and their advantages and disadvantages can also be

ound in Gazi(2004) [22] and Merrifield(2006) [23] . 

More recently, researchers have considered the use of bio-inspired

ehavior of landmarks from nature to find better and more inclusive

olutions to the motion planning and control problems [24–26] . A land-

ark is a distinctive feature that exists naturally in the environment to

upport the motion. In the field of robotics, landmarks are either used

or guidance to desired goal(s) [26–28] , or to allow mapping and local-

zation of robot positions [25,29,30] . A set of landmarks selected for a

pecific task is known as waypoints, which can also include physical ob-
21 
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ects, devices or coordinates imprinted with navigation details for robot

avigation or human movements [24,31] . 

Moreover, landmarks for a planning problem are subgoals [32] , and

oals are landmarks [33] as well. Landmarks are abstract tasks that are

andatory and should be performed by any solution plan. Landmarks

an be performed simultaneously, or they could be prioritized in hier-

rchical order. An example of hierarchical landmarks would be to com-

lete task A before performing task B [34] , where task B is to apply

 finishing coat of paint to a building wall, and task A is to apply the

ndercoat to a building wall. In literature, a single robotic agent has

een mostly considered for multiple point convergence. For instance,

or a robot to navigate from starting position to the marked goal area,

n [35] , a robot converges to its goal using selected landmarks from sev-

ral landmarks. Furthermore, Beinhofer et. al. [36] linearized the whole

avigation cycle representing the landmark locations by a discrete set

nd then used a user-defined bound for the conservative approxima-

ion of landmark visibility and selection. The concepts of landmarks

nd waypoints have invariably been applied to multi-agents and robotic

warms in applications such as environmental tracking, sensor deploy-

ent, mine clearing, search-and-rescue, and intrusion detection [37–

9] , compounding the advantages of multiple robots with those of land-

arks or waypoints. 

This paper aims to develop the velocity controllers of a Lagrangian

warm of UGVs, which navigate via hierarchal landmarks to the swarm’s

arget. The navigation of the swarm of UGVs will be based on the meta-

euristic approach of Reynolds rules [40] which are (1) collision avoid-

nce with neighbors, (2) matching velocity of the neighbors, and (3)

taying close to the neighbors. The hierarchal landmarks serve as the

aypoints for a swarm of UGVs. Navigation via the hierarchal land-

arks requires different velocity controllers for the UGVs for each dis-

inct landmark. Thus, navigating to a distinctive hierarchal landmark

ill give rise to a separate subsystem. Combining the distinct subsys-

ems will, therefore, create a switched system. A switched system is

 hybrid dynamical system comprising of a family of continuous-time

ubsystems and includes a law that coordinates the switching between

hem [41] . Therefore, the switched velocity controllers will enable the

ndividuals of a swarm of UGVs to maneuver from their initial position

n a a priori known environment via distinct hierarchal landmarks to

heir equilibrium state successfully. This approach is centered around

ignificantly enhancing a technique of solving the find path problem

or a swarm comprising of 𝑛 ∈ ℕ individuals developed by the authors

n [42] . This novel technique can potentially have real-life applications

n the military, health care, logistics, and surveillance. For instance, a

equence or series of hazardous or harmful areas to human beings can

e mapped and sampled by a swarm of UGVs to determine the con-

amination. The authors constructed a planar Lagrangian swarm model

ased on the hypothesis that swarming is an interplay between long-

ange attraction and short-range repulsion between the individuals in

he swarm. The stability of the switched system for the arbitrary switch-

ng signal is established by employing multiple Lyapunov functions. The

elocity based-controllers for the individuals of a swarm of UGVs are de-

ived for each subsystem using the multiple Lyapunov functions. 

It is known that in measurements, there are rare, inconsistent obser-

ations with the largest part of the population of observations, called

utliers. Noises and uncertainties can affect the convergence of the so-

ution and its stability. Thus, the effects of noise will be later included

n the velocity controllers to show its robustness. 

The major contributions of this paper are: 

1. Swarm navigation through hierarchal landmarks. In contrast, the

swarm individuals in [37] navigated back and forth between two

targets, whereas the swarm of robots in [39] explore an environ-

ment using multiple landmarks with limited sensor range. 

2. The development of a new switched system from multiple Lyapunov

functions for navigation. 
2 
3. Switched nonlinear, time-invariant, continuous and stabilizing ve-

locity controllers of the individuals of a swarm of UGVs are dis-

tributed as it could be noted in the publications [22,43] , the use of a

gradient system ensures there is an element of distribution of tasks

among the members of the swarm and that the swarm members are

performing distributed optimization . Whereas there is no evidence of

system stability present in [37] and [39] . 

4. The controllers’ inherent robust nature due to LbCS absorbs the

effect of noise and uncertainty and can exhibit different swarm-

ing patterns like split-and-rejoin, tunneling, and linear formations

[14,42,44] while performing event-based hierarchal navigation.

While the controllers presented in [42] only enable the swarm in-

dividuals to maneuver from their initial configuration to a goal con-

figuration exhibiting self-organization patterns. 

The paper’s remainder is organized as follows: A literature review on

he related work is presented in Section 2 . Section 3 provides awareness

f the LbCS. Section 4 gives a system for a swarm of UGVs. Section 5 pro-

ides an insight into our findpath problem via landmarks. The switched

elocity-controllers for an individual of the swarm are derived from

ultiple Lyapunov functions in Section 6 . In Section 6 , the stability of

he switch system is discussed vigorously. Section 7 provides an insight

nto the roles of parameters used in the multiple Lyapunov functions. In

ections 8 , simulation studies of the UGVs are presented. The switched

elocity controllers of the UGVs with the effect of noise are presented

n Section 9 , a discussion in Section 10 . Finally, this paper is concluded

ith recommendations of future work in Section 11 . 

. Related work 

With the design of new mechanical systems and the growing list

f real-life applications, there is still a sustained interest in finding

easible solutions to the problem of motion planning and control of

obots which deal with coordinated, controlled, and collision-obstacle

ree movements in known, partially known, and unknown environments

2,45–47] . The advantage of the multi-agent system and swarm system

s that such systems operate at a higher speed due to the parallel pro-

essing and proficiency in the relevant area of operation [48] . There is a

eed to find algorithms that present automated safe-smooth-short navi-

ation in crowded and busy places such as malls, schools, colleges, uni-

ersities, or industries. The new roles of companionship and assistance

eal with precise and safe navigation in more constrained spaces. In

iterature, these solutions are secured from different techniques, strate-

ies and methods usually categorised under two approaches; classical

pproach (including roadmap, cell decomposition, artificial potential

eld, virtual force field, graph theory, fuzzy logic), and more recently

euristic-based approach (including neural network, genetic algorithm,

article swarm optimization, ant-colony optimization, firefly algorithm,

uckoo search algorithm). 

Existing research has demonstrated the effectiveness of fuzzy logic

nd artificial potential fields approach to provide a collision-free trajec-

ory for a platoon of UGV [49,50] . The advantage of fuzzy logic systems

s that it is a robust system where no precise inputs are required. The

isadvantage of it is that these systems’ accuracy is compromised as the

ystem mostly works on inaccurate data and inputs. In comparison, the

rtificial potential fields method’s advantages are its simplicity, easier

mplementation in practice, easier analytic representation of system sin-

ularities, limitations, and equalities. The major drawback of the artifi-

ial potential field approach is the possibility of getting trapped in the

ocal minima. A popular method for path planning and obstacle avoid-

nce is the Particle Swarm Optimisation (PSO) approach, which enables

obots to escape local minima [51] . Communications and control struc-

ures in a group of UGV are theoretically established through the wide

se of Graph theory [52,53] . Theoretically, graph search techniques are

legant, but they can involve computationally intensive algorithms. 
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For the past three decades, the entire focus has been on self-

rganization, scalability and robustness, formations, control and con-

ectivity, path planning, and obstacle avoidance. Recently, the concepts

f landmarks and waypoints have invariably been applied to multi-

gents and robotic swarms in applications such as environmental track-

ng, sensor deployment, mine clearing, search-and-rescue, and intrusion

etection [37–39] , compounding the advantages of multiple robots with

hose of landmarks or waypoints. The navigation of swarm robots back

nd forth between two targets was studied in [37] via delay-tolerant

ireless communications. Using the frontier-based exploration strategy,

he bearing-based controller was designed for a swarm of robots with

imited sensor range was presented in [39] , which had to explore an

nvironment with multiple landmarks. There is a need for controllers

hat could guide a swarm to its target destination using hierarchal land-

arks. 

The essence of the paper [42] was to provide Lyapunov-based con-

rollers to 𝑛 ∈ ℕ individuals of a swarm. The controllers enabled the in-

ividuals to maneuver from their initial state to their equilibrium state

utonomously. The system studied in [42] will be modified in this paper

o meet the objective of this research. 

. Lyapunov-based control scheme 

The multiple Lyapunov functions are derived from the Lyapunov-

ased Control Scheme (LbCS), which has been deployed successfully

n literature to find feasible and stabilizing solutions for a wide spec-

rum of applications [1,2,14,42,45,54–56] . The Lyapunov-based Con-

rol Scheme falls under the artificial potential field method of the clas-

ical approach. The development of attractive and repulsive potential

unctions is the primary intention of LbCS. Subsequently, these func-

ions are part of a total potential function called the Lyapunov func-

ion from which one could extract the time-invariant nonlinear veloc-

ty or acceleration-based controllers. Using LbCS, designing controllers

s easy, and the controllers are continuous, which are the scheme’s

ain strengths. It is easy to include control conditions, specifications,

nequalities, and mechanical constraints of mechanical systems in the

ontrollers through developing mathematical functions when applying

bCS [14,45,54–56] . The main disadvantage of LbCS is that algorithm

ingularities (local minima) can be introduced. In practical applications,

ontinuity has to be discretized, and only asymptotic stability could be

hown. The reader is referred to [14] for a detailed account of the LbCS.

An illustration of the LbCS is given utilizing Fig 1 (a) and Fig 1 (b).

ig 1 (a) shows the contour plot generated over a workspace −10 < 𝑧 1 <

50 and −10 < 𝑧 2 < 150 for a robot whose initial position is at (10,10).

he dashed line is the robot’s trajectory from its initial position to its

arget position (100,100), which shows the robot avoids the obstacle

ositioned at (50,50) with a radius 10. Fig shows the 3D visualization

f the attractive and repulsive potential fields. The blue line shows the

yapunov function, which shows that the robot’s energy is monotoni-

ally decreasing and is zero at the target position. 

. A Swarm of UGVs 

Consider a swarm of 𝑛 ∈ ℕ individuals that we shall treat as rigid

odies [42] . In two-dimensional space, their translational components

an describe the positions of the swarm individuals. Consider a swarm

f 𝑛 ∈ ℕ UGV as car-like nonholonomic vehicle analyzed in [14] . 

.1. Car-like UGV model 

Let the position of the 𝑖 𝑡ℎ UGV at time 𝑡 ≥ 0 be x 𝑖 = ( 𝑥 𝑖 ( 𝑡 ) , 𝑦 𝑖 ( 𝑡 ))
ith orientational angle 𝜃𝑖 = 𝜃𝑖 ( 𝑡 ) , for all 𝑖 ∈ {1 , 2 , 3 , … , 𝑛 } , with

 𝑥 𝑖 ( 𝑡 0 ) , 𝑦 𝑖 ( 𝑡 0 )) =∶ ( 𝑥 𝑖 0 , 𝑦 𝑖 0 ) and 𝜃𝑖 ( 𝑡 0 ) = 𝜃𝑖 0 as initial conditions [42] . 

efinition 4.1. The 𝑖 𝑡ℎ rear wheel driven UGV with front wheel steering is

 disk with radius 𝑟 𝑣 𝑖 and is positioned at center ( 𝑥 𝑖 , 𝑦 𝑖 ) [42] . The 𝑖 𝑡ℎ UGV
3 
s precisely described as the set 

 𝑖 = {( 𝑧 1 , 𝑧 2 ) ∈ ℝ 

2 ∶ ( 𝑧 1 − 𝑥 𝑖 ) 2 + ( 𝑧 2 − 𝑦 𝑖 ) 2 ≤ 𝑟 2 
𝑣 𝑖 
} . (1)

efinition 4.2. The centroid of the swarm of 𝑛 ∈ ℕ UGVs as mentioned in

42] is 

 𝐶 = ( 𝑥 𝐶 , 𝑦 𝐶 ) ∶= 

( 

1 
𝑛 

𝑛 ∑
𝑘 =1 

𝑥 𝑘 , 
1 
𝑛 

𝑛 ∑
𝑘 =1 

𝑦 𝑘 

) 

. (2)

The 𝑖 𝑡ℎ rear wheel driven UGV with front wheel steering is shown

n Fig. 2 . The distance between the two axles is 𝜂 and the length of each

xel is l . Thus, the kinematic model, adopted from [1,2,14] , of the 𝑖 𝑡ℎ 

GV with respect to its center ( 𝑥 𝑖 , 𝑦 𝑖 ) ∈ ℝ 

2 is derived as 

�̇� 𝑖 = 𝑣 𝑖 cos 𝜃𝑖 − 

𝜂

2 
𝑤 𝑖 sin 𝜃𝑖 , 

�̇� 𝑖 = 𝑣 𝑖 sin 𝜃𝑖 + 

𝜂

2 
𝑤 𝑖 cos 𝜃𝑖 , 

�̇�𝑖 = 𝑤 𝑖 , 

⎫ ⎪ ⎪ ⎬ ⎪ ⎪ ⎭ 
(3) 

here the variable 𝜃𝑖 gives the UGV’s orientation with respect to the

 1 -axis of the 𝑧 1 𝑧 2 cartesian plane, and 𝑣 𝑖 and 𝑤 𝑖 are the translational

nd rotational velocities respectively. To ensure that the 𝑖 𝑡ℎ UGV steers

afely pass obstacles (either moving or static obstacles), we adopt the

omenclature of [2,14] and enclose the vehicle by the smallest possible

ircle. As shown in Fig. 2 the vehicle is enclosed by a protective circu-

ar region centered at ( 𝑥 𝑖 , 𝑦 𝑖 ) , with radius 𝑟 𝑉 ∶= 

√
(2 𝜖1 + 𝜂) 2 + (2 𝜖2 + 𝑙) 2 

2 
here 𝜖1 > 0 and 𝜖2 > 0 are the clearance parameters. At 𝑡 ≥ 0 , let

 𝜎𝑖 ( 𝑡 ) , 𝜓 𝑖 ( 𝑡 )) ∶= ( 𝑥 ′
𝑖 
( 𝑡 ) , 𝑦 ′

𝑖 
( 𝑡 )) be the instantaneous velocity of the 𝑖 𝑡ℎ UGV.

e have thus a system of first-order ODEs for the 𝑖 𝑡ℎ UGV: 

 

′
𝑖 
( 𝑡 ) = 𝜎𝑖 ( 𝑡 ) , 𝑦 ′𝑖 ( 𝑡 ) = 𝜓 𝑖 ( 𝑡 ) , (4)

ssuming the initial conditions at 𝑡 = 𝑡 0 ≥ 0 as 𝑥 𝑖 0 ∶= 𝑥 𝑖 ( 𝑡 0 ) , 𝑦 𝑖 0 ∶= 𝑦 𝑖 ( 𝑡 0 ) .
uppressing 𝑡 , we let 𝐱 𝑖 ∶= ( 𝑥 𝑖 , 𝑦 𝑖 ) ∈ ℝ 

2 , and 𝐱 ∶= ( 𝐱 1 , 𝐱 2 , 𝐱 3 , … , 𝐱 𝑛 ) ∈ ℝ 

2 𝑛

e the state vectors. Also let 

𝐱 0 ∶= 𝐱( 𝑡 0 ) ∶= ( 𝑥 10 , 𝑦 10 , 𝑥 20 , 𝑦 20 , … , 𝑥 𝑛 0 , 𝑦 𝑛 0 ) ∈ ℝ 

2 𝑛 . If the instanta-

eous velocity ( 𝜎𝑖 , 𝜓 𝑖 ) has a state feedback law of the form 

𝑖 ( 𝑡 ) ∶= − 𝜇𝑖 𝑓 𝑖 ( 𝐱( 𝑡 )) , 
𝜓 𝑖 ( 𝑡 ) ∶= − 𝜑 𝑖 𝑔 𝑖 ( 𝐱( 𝑡 )) , 

or 𝑖 ∈ {1 , 2 , 3 , … , 𝑛 } , for some scalars 𝜇𝑖 , 𝜑 𝑖 and some functions 𝑓 𝑖 ( 𝐱( 𝑡 )) ,
nd 𝑔 𝑖 ( 𝐱( 𝑡 )) , to be constructed appropriately later, and if we de-

ne 𝐠 𝑖 ( 𝐱) ∶= (− 𝜇𝑖 𝑓 𝑖 ( 𝐱 ) , − 𝜑 𝑖 𝑔 𝑖 ( 𝐱 )) ∈ ℝ 

2 and 𝐆 ( 𝐱) ∶= ( 𝐠 1 ( 𝐱) , … , 𝐠 𝑛 ( 𝐱)) ∈
 

2 𝑛 , then the swarm of 𝑛 individuals is represented by 

̇
 = 𝐆 ( 𝐱) , 𝐱( 𝑡 0 ) = 𝐱 0 . (5)

. Findpath problem via landmarks for a swarm of UGVs 

Considering a priori known workspace cluttered with 𝑞 ∈ ℕ station-

ry obstacles. Assume that the positions of the 𝑚 ∈ ℕ landmarks are prior

nown. System (5) has to go through each of these landmarks before

oing to its ultimate target, avoiding collision with static and moving

bstacles. 

efinition 5.1. A landmark 𝐿𝑀 𝑝 , 𝑝 = 1 , 2 , ⋯ , 𝑚 , is a disk with center

 𝐿𝑀 𝑝 
= ( 𝑥 𝐿𝑀 𝑝 

, 𝑦 𝐿𝑀 𝑝 
) and radius 𝑟 𝐿𝑀 𝑝 

. It is described as the set 

𝑀 𝑝 = {( 𝑧 1 , 𝑧 2 ) ∈ ℝ 

2 ∶ ( 𝑧 1 − 𝑥 𝐿𝑀 𝑝 
) 2 + ( 𝑧 2 − 𝑦 𝐿𝑀 𝑝 

) 2 ≤ 𝑟 2 
𝐿𝑀 𝑝 

} . (6) 

efinition 5.2. The 𝑘 𝑡ℎ solid stationary obstacle is a disk with center x 𝑂 𝑘 =
 𝑜 𝑘 1 , 𝑜 𝑘 2 ) and radius 𝑟 𝑂 𝑘 > 0 . It is described as the set 

 𝑘 ∶= {( 𝑧 1 , 𝑧 2 ) ∈ ℝ 

2 ∶ ( 𝑧 1 − 𝑜 𝑘 1 ) 2 + ( 𝑧 2 − 𝑜 𝑘 2 ) 2 ≤ 𝑟 2 
𝑂 𝑘 

} . (7)

efinition 5.3. The ultimate target for the swarm of 𝑛 ∈ ℕ individuals is

 𝜏 , which is actually a target for centroid of the swarm. It is a disk with

enter x 𝜏 = ( 𝑎, 𝑏 ) and radius 𝑟 𝜏 . It is described as the set 

∶= {( 𝑧 1 , 𝑧 2 ) ∈ ℝ 

2 ∶ ( 𝑧 1 − 𝑎 ) 2 + ( 𝑧 2 − 𝑏 ) 2 ≤ 𝑟 2 } . (8)
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Fig. 1. An illustration of the Lyapunov-based control scheme. 

Fig. 2. Kinematic model of the 𝑖 𝑡ℎ rear wheel driven UGV with front wheel 

steering and steering angle 𝜙𝑖 . 
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We can consider the target x 𝜏 as an additional landmark, that is,

𝑀 𝑚 +1 = 𝜏. 

efinition 5.4. The centroid of the swarm at time 𝑡 = 0 is 

 𝐶 0 
= ( 𝑥 𝐶 0 , 𝑦 𝐶 0 ) ∶= 

( 

1 
𝑛 

𝑛 ∑
𝑘 =1 

𝑥 𝑘 0 , 
1 
𝑛 

𝑛 ∑
𝑘 =1 

𝑦 𝑘 0 

) 

. (9)

The distance, 𝑑 𝐿𝑀𝑝 , between the initial centroid ( 𝑥 𝐶 0 , 𝑦 𝐶 0 ) of the

warm and 𝑝 th landmark, where 𝑝 ∈ {1 , 2 , 3 , … , 𝑚 + 1} , is given by 

 𝐿𝑀 𝑝 
= 

‖‖‖x 𝐶 0 − x 𝐿𝑀 𝑝 

‖‖‖. (10)

t is further assumed that 

 𝐿𝑀 1 
< 𝑑 𝐿𝑀 2 

< 𝑑 𝐿𝑀 3 
< … < 𝑑 𝐿𝑀 𝑚 +1 

. (11)

hen the equilibrium point for the 𝑖 𝑡ℎ agent is 𝐱 𝑖𝑒 = ( 𝑥 𝑖𝑒 , 𝑦 𝑖𝑒 ) ∈ ℝ 

2 .

f the system has an equilibrium point, we shall denote it by 𝐱 𝑒 =
 𝐱 , 𝐱 , … , 𝐱 ) = ( 𝑥 , 𝑦 , 𝑥 , 𝑦 , … , 𝑥 , 𝑦 ) ∈ ℝ 

2 𝑛 . 
1 𝑒 2 𝑒 𝑛𝑒 1 𝑒 1 𝑒 2 𝑒 2 𝑒 𝑛𝑒 𝑛𝑒 

4 
. Lyapunov-based velocity controllers of UGVS 

.1. Components of multiple Lyapunov function 

In the multiple Lyapunov functions to be proposed, the following

otential functions will be included. 

.1.1. Attraction to the centroid 

The attractive potential function that will ensure that the 𝑖 𝑡ℎ UGV

s attracted towards the swarm centroid is proposed to be, for 𝑖 ∈
1 , 2 , 3 , … , 𝑛 } : 

 𝑖 ( 𝐱) ∶= 

1 
2 

[(
𝑥 𝑖 − 𝑥 𝐶 

)2 + 𝜁
(
𝑦 𝑖 − 𝑦 𝐶 

)2 ]
. (12)

he control variable 𝜁 ∈ ℝ determines the ratio of the minor axis (y-

irection) to the major axis (x-direction) affecting the eccentricity of

he swarm. 

.1.2. Landmark attraction function 

The attractive potential function that will ensure that the centroid of

ystem (5) maneuvers via landmarks to reach its target is proposed to

e: 

 𝑝 ( 𝐱) ∶= 

1 
2 
‖‖‖x 𝐶 − x 𝐿𝑀 𝑝 

‖‖‖2 . (13)

.1.3. Target attraction 

To ensure that the UGVs converge to their equilibrium positions, we

hall utilize the radically unbounded function about the target 

( 𝐱) ∶= 

1 
2 
‖‖x 𝐶 − x 𝜏

‖‖2 . (14)

.1.4. Inter-agent collision avoidance 

For short-range repulsion between the 𝑖 𝑡ℎ and the 𝑗 𝑡ℎ UGV, 𝑗 ≠ 𝑖 ,

, 𝑗 ∈ {1 , 2 , 3 , … 𝑛 } , we consider the function 

 𝑖𝑗 ( 𝐱) ∶= 

1 
[ ‖‖x 𝑖 − x 𝑗 

‖‖2 − (2 𝑟 𝑣 ) 2 
] 
. (15)
2 ‖ ‖
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.1.5. Stationary obstacle avoidance 

For the purpose of avoiding possible collision with the 𝑘 𝑡ℎ station-

ry solid obstacle governed by Eq. (7) where 𝑖 ∈ {1 , 2 , 3 , … , 𝑛 } and

 ∈ {1 , 2 , 3 , … , 𝑞} , we adopt the following obstacle avoidance function

or the 𝑖 𝑡ℎ UGV: 

 𝑖𝑘 ( 𝐱) = 

1 
2 

[ ‖‖‖x 𝑖 − x 𝑂 𝑘 
‖‖‖2 − 

(
𝑟 𝑂 𝑘 + 𝑟 𝑣 𝑖 

)2 ] 
. (16)

.2. Multiple Lyapunov functions 

Let there be real numbers 𝛼, 𝛿𝑝 , 𝛾𝑖 , 𝛽𝑖𝑗 , and 𝜆𝑖𝑘 , and let 𝑑 =
x 𝐶 − x 𝐶 0 

‖‖‖. Define, for 𝑖, 𝑗 ∈ {1 , 2 , 3 , … , 𝑛 } a family of Lyapunov func-

ion of the form, 

 𝑝 ( 𝐱) = 𝐻( 𝐱) 

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 
𝛼 + 𝛿𝑝 𝑉 𝑝 ( 𝐱) + 

𝑛 ∑
𝑖 = 1 

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 
𝛾𝑖 𝑅 𝑖 ( 𝐱) + 

𝑛 ∑
𝑗 = 1 , 
𝑗 ≠ 𝑖 

𝛽𝑖𝑗 

𝑄 𝑖𝑗 ( 𝐱) 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 
(17) 

+ 𝐻( 𝐱 ) 
𝑛 ∑

𝑖 = 1 

𝑞 ∑
𝑘 = 1 

𝜆𝑖𝑘 

𝑊 𝑖𝑘 ( 𝐱 ) 

hich we invoke according to the switching rule 

 = 

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

1 , 0 ≤ 𝑑 < 𝑑 𝐿𝑀 1 
2 , 𝑑 𝐿𝑀 1 

≤ 𝑑 < 𝑑 𝐿𝑀 2 
3 , 𝑑 𝐿𝑀 2 

≤ 𝑑 < 𝑑 𝐿𝑀 3 
⋮ 
𝑚 + 1 , 𝑑 𝐿𝑀 𝑚 

≤ 𝑑 ≤ 𝑑 𝐿𝑀 𝑚 +1 
. 

(18)

.3. Velocity controllers 

Along a trajectory of system (5) , we have 

̇
 𝑝 ( 𝐱) = 

𝑛 ∑
𝑖 =1 

[
𝑓 𝑖 𝑝 ( 𝐱) ̇𝑥 𝑖 + 𝑔 𝑖 𝑝 ( 𝐱) ̇𝑦 𝑖 

]
, (19)

here 

 𝑖 𝑝 
( 𝐱 ) = 

1 
𝑛 

(
𝑥 𝐶 − 𝑎 

)
⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 
𝛼 + 𝛿𝑝 𝑉 𝑝 ( 𝐱 ) + 𝛾𝑖 𝑅 𝑖 ( 𝐱 ) + 

𝑛 ∑
𝑗 = 1 , 
𝑗 ≠ 𝑖 

𝛽ij 

𝑄 ij ( 𝐱 ) 
+ 

𝑞 ∑
𝑘 = 1 

𝜆ik 

𝑊 ik ( 𝐱 ) 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 
+ 𝐻 ( 𝐱 ) 

( 

𝛿𝑝 

𝑛 

(
𝑥 𝐶 − 𝑥 𝐿𝑀 𝑝 

)
+ 𝛾𝑖 

(
𝑥 𝑖 − 𝑥 𝐶 

)) 

− 𝐻 ( 𝐱 ) 

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 
2 

𝑛 ∑
𝑗 = 1 , 
𝑗 ≠ 𝑖 

𝛽ij 

𝑄 

2 
ij 
( 𝐱 ) 
(
𝑥 𝑖 − 𝑥 𝑗 

)
+ 

𝑞 ∑
𝑘 =1 

𝜆ik 

𝑊 

2 
ik 
( 𝐱 ) 
(
𝑥 𝑖 − 𝑜 𝑘 1 

)
⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ (20) 

nd 

 𝑖 𝑝 
( 𝐱 ) = 

1 
𝑛 

(
𝑦 𝐶 − 𝑏 

)
⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 
𝛼 + 𝛿𝑝 𝑉 𝑝 ( 𝐱 ) + 𝛾𝑖 𝑅 𝑖 ( 𝐱 ) + 

𝑛 ∑
𝑗 = 1 , 
𝑗 ≠ 𝑖 

𝛽ij 

𝑄 ij ( 𝐱 ) 
+ 

𝑞 ∑
𝑘 = 1 

𝜆ik 

𝑊 ik ( 𝐱 ) 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 
+ 𝐻 ( 𝐱 ) 

( 

𝛿𝑝 

𝑛 

(
𝑦 𝐶 − 𝑦 𝐿𝑀 𝑝 

)
+ 𝛾𝑖 

(
𝑦 𝑖 − 𝑦 𝐶 

)) 

− 𝐻 ( 𝐱 ) 

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ 2 
𝑛 ∑

𝑗 = 1 , 

𝛽ij 

𝑄 

2 
ij 
( 𝐱 ) 
(
𝑦 𝑖 − 𝑦 𝑗 

)
+ 

𝑞 ∑
𝑘 =1 

𝜆ik 

𝑊 

2 
ik 
( 𝐱 ) 
(
𝑦 𝑖 − 𝑜 𝑘 2 

)
⎞ ⎟ ⎟ ⎟ ⎟ ⎟ . 

(21) 
⎜ ⎝ 𝑗 ≠ 𝑖 ⎟ ⎠ 
5 
et there be scalars 𝜇𝑖 > 0 and 𝜑 𝑖 > 0 . Then the velocity controllers of

ystem (5) are 

𝑖 = − 𝜇𝑖 𝑓 𝑖 𝑝 and 𝜓 𝑖 = − 𝜑 𝑖 𝑔 𝑖 𝑝 . (22)

iven (22) , system (5) becomes therefore a switched system 

̇
 = 𝐆 𝑝 ( 𝐱) , 𝐱 0 ∶= 𝐱( 𝑡 0 ) , 𝑝 ∈ {1 , 2 , ⋯ , 𝑚 + 1} . (23)

.3.1. Steering control laws 

The steering control laws could be accordingly defined as 

𝑣 𝑖 ∶= − 𝜅𝑖 

(
𝑓 𝑖 𝑝 ( 𝐱) cos 𝜃𝑖 + 𝑔 𝑖 𝑝 ( 𝐱) sin 𝜃𝑖 

)
, 

𝑤 𝑖 ∶= 

2 𝜅𝑖 
𝜂

(
𝑓 𝑖 𝑝 ( 𝐱) sin 𝜃𝑖 − 𝑔 𝑖 𝑝 ( 𝐱) cos 𝜃𝑖 

)
, 

⎫ ⎪ ⎬ ⎪ ⎭ (24) 

here 𝜅𝑖 is desired to be some arbitrary continuous positive function of

 𝑖 and 𝑦 𝑖 and 𝑓 𝑖 𝑝 ( 𝐱) and 𝑔 𝑖 𝑝 ( 𝐱) are defined in (20) and (21) respectively.

hus, system (3) can be expressed as 

�̇� 𝑖 = − 𝜅𝑖 𝑓 𝑖 𝑝 ( 𝐱) , 

�̇� 𝑖 = − 𝜅𝑖 𝑔 𝑖 𝑝 ( 𝐱) , 

�̇�𝑖 = 

2 𝜅𝑖 
𝜂

(
𝑓 𝑖 𝑝 ( 𝐱) sin 𝜃𝑖 − 𝑔 𝑖 𝑝 ( 𝐱) cos 𝜃𝑖 

)
. 

⎫ ⎪ ⎪ ⎬ ⎪ ⎪ ⎭ 
(25) 

he positions of the vehicles 
(
𝑥 𝑖 ( 𝑡 ) , 𝑦 𝑖 ( 𝑡 ) 

)
are governed by first two terms

f (25) while the third governs their orientations. 

.3.2. Maximum velocities 

Practically there are restrictions on the velocities and steering angle

f a vehicle. A vital role is performed by the function 𝜅𝑖 = 𝜅𝑖 ( 𝑥 𝑖 , 𝑦 𝑖 ) > 0
n restricting the magnitudes of 𝑣 𝑖 , 𝑤 𝑖 and the steering angles 𝜙𝑖 . 

Given any real number 𝜒 > 0 , from (24), ||𝑣 𝑖 || ≤ 𝜅𝑖 

(
𝜒 + 

|||𝑓 𝑖 𝑝 ( 𝐱) ||| + 

|||𝑔 𝑖 𝑝 ( 𝐱) |||), ||𝑤 𝑖 
|| ≤ 

2 𝜅𝑖 
𝜂

(
𝜒 + 

|||𝑓 𝑖 𝑝 ( 𝐱) ||| + 

|||𝑔 𝑖 𝑝 ( 𝐱) |||). 
⎫ ⎪ ⎬ ⎪ ⎭ (26) 

f we let 𝑣 𝑚𝑎𝑥 ∶= max 𝑖 ∈ℕ ||𝑣 𝑖 || be the maximum translational speed then

rom the first inequality of (26) 

𝑖 ∶= 

𝑣 max 

𝜒 + 

|||𝑓 𝑖 𝑝 ( 𝐱) ||| + 

|||𝑔 𝑖 𝑝 ( 𝐱) ||| . (27)

.3.3. Maximum steering angle 

The size of steering angle 𝜙𝑖 is restricted using (26) and (27) . Let the

aximum steering angle be 𝜙𝑚𝑎𝑥 ∶= max 𝑖 ∈ℕ ||𝜙𝑖 
||, where 0 < 𝜙𝑚𝑎𝑥 < 

𝜋

2 .

hen 

𝑣 𝑖 
|| ≤ 𝑣 max and 𝑣 𝑖 

2 ≥ 𝜌2 𝑤 𝑖 
2 where 𝜌 ∶= 

𝜂

tan 𝜙max 
(28)

re the constraints imposed on the translational velocities, 𝑣 𝑖 , and the

otational velocities 𝑤 𝑖 as shown in [57] . From (28) 

𝑤 𝑖 
|| ≤ 

||||𝑣 𝑖 𝜌 |||| ≤ 

𝑣 max |𝜌| . (29)

rom (26) , (27) and (29) 

𝑤 𝑖 
|| ≤ 

2 𝜅𝑖 
𝜂

(
𝜒 + 

|||𝑓 𝑖 𝑝 ( 𝐱) ||| + 

|||𝑔 𝑖 𝑝 ( 𝐱) |||)
nd 

𝑤 𝑖 
|| ≤ 

𝑣 max |𝜌| (𝜒 + 

|||𝑓 𝑖 𝑝 ( 𝐱) ||| + 

|||𝑔 𝑖 𝑝 ( 𝐱) |||). 
et |𝜌| = 

𝜂

2 and from (28) tan 𝜙𝑚𝑎𝑥 = 2 . Thus 𝜙𝑚𝑎𝑥 = tan −1 2 and hence

he maximum steering angle of every vehicle is set at 𝜙𝑚𝑎𝑥 = tan −1 2 .
o add on, maximum velocity and maximum steering angle of a car-

ike vehicle can also be treated as artificial constraints, which could be

art of the total potential as repulsive potentials. The above technique

s equivalent. 
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.4. Stability analysis 

It is evident that 𝐿 𝑝 ( 𝐱) , for 𝑝 = {1 , 2 , ⋯ , 𝑚 + 1} , is positive over the

omain 

 

(
𝐿 𝑝 ( 𝐱) 

)
∶= 

{ 

𝐱 ∈ ℝ 

2 𝑛 ∶ 𝑄 𝑖𝑗 ( 𝐱) > 0 , 𝑊 𝑖𝑘 ( 𝐱) > 0 , ∀ 𝑖, 𝑗 = {1 , 2 , 3 , … , 𝑛 } , 

𝑖 ≠ 𝑗 and 𝑘 = {1 , 2 , 3 , … , 𝑞} 
} 

. 

ith respect to system (3) and with the control laws (24), 

̇
 𝑝 ( 𝐱) = − 

𝑛 ∑
𝑖 =1 

1 
𝜅𝑖 

( 

𝑣 𝑖 
2 + 

𝜂2 

4 
𝑤 𝑖 

2 
) 

≤ 0 , 

𝐱 ∈ 𝐷 

(
𝐿 𝑝 ( 𝐱) 

)
. At the target, where ( 𝑥 𝐶 , 𝑦 𝐶 ) = ( 𝑎, 𝑏 ) , the instantaneous

elocities, 𝜎𝑖 and 𝜓 𝑖 , are zero because 𝑓 𝑖 𝑝 = 0 and 𝑔 𝑖 𝑝 = 0 . Thus, the in-

ividuals assume a constant configuration or arrangement about the

arget. Their stationary positions therefore are components of an equi-

ibrium point 𝐱 𝑒 of system (23) . It is easy to see that 𝐿 𝑝 ( 𝐱 𝑒 ) = 0 ,
 𝑝 ( 𝐱) > 0 ∀ 𝐱 ≠ 𝐱 𝑒 and �̇� 𝑝 ( 𝐱) ≤ 0 . System (23) has the simple switching

equence 𝑆 = ( 𝑥 0 , 𝑦 0 ) ∶ ( 𝑝 0 , 𝑡 0 ) , ( 𝑝 1 , 𝑡 1 ) for 𝑝 = 1 , … , 𝑚 + 1 , from which we

asily get the trajectory 

 𝑆 ( ⋅) ∶= 

{ 

( 𝑝 0 , 𝑡 0 ) ∶ �̇� = 𝐆 𝑝 0 
( 𝐱( 𝑡 ) , 𝑡 ) , 𝑝 = 1 , … , 𝑚 + 1 , 𝑡 0 ≤ 𝑡 < 𝑡 1 

} 

. 

hus, 𝐿 𝑝 ( 𝐱) are monotonically non-increasing on ( 𝑆|𝑝 ) . Hence, for 𝑆

nd for all 𝑝 , 𝐿 𝑝 are Lyapunov-like for 𝐆 𝑝 and 𝐱 𝑆 ( ⋅) over 𝑆|𝑝 . Accord-

ngly, by Branicky’s Theorem 2.3 [58] , system (23) is stable in the

ense of Lyapunov. Looking at equations (20) and (21) , we see that

he functions that appear in the denominator are 𝑄 𝑖𝑗 , for all 𝑗 ≠ 𝑖 ,

, 𝑗 ∈ {1 , 2 , 3 , … , 𝑛 } and 𝑊 𝑖𝑘 for 𝑖 ∈ {1 , 2 , 3 , … , 𝑛 } and 𝑘 ∈ {1 , 2 , 3 , … , 𝑞} .
ence, we can easily conclude that 𝐆 𝑝 ( 𝐱) ∈ 𝐶 

1 [ 𝐷( 𝐿 𝑝 ( 𝐱)) , ( ℝ ) 2 ] for all 𝑝 =
1 , 2 , ⋯ , 𝑚 + 1} , which implies that at least on some time interval [ 𝑡 0 , 𝑠 ] ,
 > 0 , the solution of 𝐱( 𝑡 ) of system (23) exists and is in 𝐷( 𝐿 𝑝 ( 𝐱)) . Cer-

ainly, since the functions 𝑄 𝑖𝑗 and 𝑊 𝑖𝑘 appear in the denominator in (20)

nd (21) , they will also appear in the denominator of higher-order par-

ial derivatives, with each derivative continuous on 𝐷( 𝐿 𝑝 ( 𝐱)) . This indi-

ates that indeed 𝐆 𝑝 ( 𝐱) = (− 𝜇𝑖 𝑓 𝑖 𝑝 ( 𝐱) , − 𝜑 𝑖 𝑔 𝑖 𝑝 ( 𝐱)) ∈ 𝐶 

∞[ 𝐷( 𝐿 𝑝 ( 𝐱)) , ℝ 

2 ] . This

mplies the existence of the solution 𝐱( 𝑡 ) of system (23) on [ 𝑡 0 , 𝑠 + 𝜌] ,
> 0 being independent of 𝑠 > 0 . Hence, we can conclude that 𝐆 𝑝 ( 𝐱) is
lobally Lipschitz continuous on 𝐷( 𝐿 𝑝 ( 𝐱)) . Therefore, system (23) is sta-

le for a swarm of 𝑛 ∈ ℕ individuals for hierarchal landmark navigation.

. Roles of the parameters in the Lyapunov function 

In this section, we provide an overview of the roles of the parame-

ers. This is an altered strategy from work conducted in [2,14,44,54] .

onsider our multiple Lyapunov functions (18) again 

 𝑝 ( 𝐱) = 𝐻( 𝐱) 

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 
𝛼 + 𝛿𝑝 𝑉 𝑝 ( 𝐱) + 

𝑛 ∑
𝑖 = 1 

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 
𝛾𝑖 𝑅 𝑖 ( 𝐱) + 

𝑛 ∑
𝑗 = 1 , 
𝑗 ≠ 𝑖 

𝛽𝑖𝑗 

𝑄 𝑖𝑗 ( 𝐱) 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 
+ 𝐻( 𝐱) 

𝑛 ∑
𝑖 = 1 

𝑞 ∑
𝑘 = 1 

𝜆𝑖𝑘 

𝑊 𝑖𝑘 ( 𝐱) 

hich we invoke according to the switching rule 

 = 

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

1 , 0 ≤ 𝑑 < 𝑑 𝐿𝑀 1 
2 , 𝑑 𝐿𝑀 1 

≤ 𝑑 < 𝑑 𝐿𝑀 2 
3 , 𝑑 𝐿𝑀 2 

≤ 𝑑 < 𝑑 𝐿𝑀 3 
⋮ 
𝑚 + 1 , 𝑑 𝐿𝑀 𝑚 

≤ 𝑑 ≤ 𝑑 𝐿𝑀 𝑚 +1 
. 

he parameter 𝛼 > 0 can be considered as a measurement of the strength

f attraction between the swarm centroid x and the ultimate swarm
𝐶 

6 
arget. The smaller the parameter is, the slower the convergence of the

warm centroid to the swarm target. Hence, 𝛼 can be called a target con-

ergence parameter . The parameter 𝛿𝑝 invoke according to the switching

ule (18) can be considered as a measurement of the strength of attrac-

ion between the swarm centroid x 𝐶 and the 𝑝 𝑡ℎ landmark. The smaller

he parameter is, the slower the swarm centroid’s convergence to the 𝑝 𝑡ℎ 

andmark. Hence, 𝛿𝑝 can be called the landmark convergence parameter .

t large distances between the 𝑖 𝑡ℎ and the 𝑗 𝑡ℎ individuals, the ratio, 

𝑛 ∑
 = 1 

𝑛 ∑
𝑗 = 1 , 
𝑗 ≠ 𝑖 

𝛽𝑖𝑗 

𝑄 𝑖𝑗 ( 𝐱) 
𝑇 ( 𝐱) (30) 

s negligible, and the term 

𝑛 ∑
𝑖 =1 

𝛾𝑖 𝑅 𝑖 ( 𝐱 ) 𝑇 ( 𝐱 ) dominates and acts as the at-

raction function ; each individual is attracted to the centroid. Thus, the

arameter 𝛾𝑖 > 0 can be considered as a measurement of the strength

f attraction between an individual 𝑖 and the swarm centroid x 𝐶 . The

maller the parameter is, the weaker the cohesion of the swarm is.

ence, 𝛾𝑖 can be called a cohesion parameters . Now, consider the situ-

tion where any two individuals 𝑖 and 𝑗 approach each other. In this

ase, 𝑄 𝑖𝑗 decreases, and the ratio (30) increases, with 𝛽𝑖𝑗 > 0 acting as

 coupling parameters that is a measurement of the strength of inter-

ction between the individuals. In this way, the ratio (30) acts as an

nter-individual collision-avoidance function because it can be allowed to

ncrease in value (corresponding to avoidance) as individuals approach

ach other. The parameter 𝜆𝑖𝑘 is the stationary obstacle avoidance pa-

ameter, respectively. We have used two other parameters, 𝜇𝑖 > 0 , and

 𝑖 > 0 in system (23) . Because the parameters are a measure of the rate

f decrease of 𝐿 𝑝 ( 𝑡 ) at time 𝑡 > 0 , we name them convergence parameters .

. Simulation results 

Simulations were generated using Wolfram Mathematica 11.2 soft-

are. To achieve the desired results, a number of sequential Mathe-

atica commands were executed. Before the algorithm is executed, the

alues of the convergence, cohesion, coupling, and stationary obstacle

voidance parameters have to be stated. The number and positions of

he hierarchal landmarks, number of obstacles, and UGVs have to be

efined. We numerically simulated system (25) using the RK4 method

Runge-Kutta Method) and the following values for each car-like vehi-

le. 

• Clearance parameters: 𝜖1 = 𝜖2 = 0 . 1 ; 
• Width and length of the vehicle: 𝑙 = 1 , 𝜂 = 2 ; 
• Radius of circular protective region: 𝑟 = 1 . 25 ; 
• Maximum speeds and steering angle: 𝑣 𝑚𝑎𝑥 = 1 and 𝜙𝑚𝑎𝑥 = tan −1 2 ;
• 𝜒 = 1 in 𝜅𝑖 defined as in (27). 

At 𝑡 = 0 , the initial positions ( 𝑥 𝑖 0 (0) , 𝑦 𝑖 0 (0)) and orientations 𝜃𝑖 (0) were

andomly generated. The initial velocities are calculated from these val-

es from (24). The vehicles are drawn as arrows, with the arrowhead

ndicating the front of the vehicles. 

Due to the inherent nature of the artificial potential field method,

hich includes LbCS, there is a possibility that some initial conditions

an produce trajectories that get trapped in local minima. Such initial

onditions are avoided when assigning values to parameters through

rute-force. 

xample 8.1. Navigation via Landmark in Obstacle Free Configu-

ation Space 

We consider a swarm of 10 UGVs with 3 landmarks. The initial po-

itions and orientations of UGVs are shown in small orange circles as

hown in Fig 3 . The swarm clusters around the centroid as time evolves,

nd then it moves to the target of the centroid as a well-spaced the cohe-

ive group as shown in Fig 3 . Fig 4 shows that 𝐿 𝑝 ( 𝐱) decreases on each

nterval where the 𝑝 𝑡ℎ subsystem is active. This indicates that the swarm
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Fig. 3. Example 8.1 . Positions and orientations of UGVs at 𝑡 = 0 , 118 , 205 , 290 , 
380 , 465 and 600 respectively show the self-organization of the UGVs. The tra- 

jectory of the centroid is shown in dashed. For this formation, 𝛼 = 0 . 000001 , 
𝛾𝑖 = 0 . 1 , 𝛽𝑖𝑗 = 10 , 𝛿𝑝 = 0 . 2 for 𝑝 ∈ {1 , 2 , 3 , 4} and 𝜁 = 1 . 

Fig. 4. Example 8.1 . Multiple Lyapunov-like functions. Solid/dashed denotes 

corresponding system active/inactive. 

Fig. 5. Example 8.1 . The instantaneous velocities of the agents showing rapid 

deceleration as the swarm approaches the target. 

Fig. 6. Example 8.2 . Positions and orientations of UGVs at 𝑡 = 0 , 97 , 149 , 189 , 255 , 
319 , 409 , 473 and 800 respectively show the self-organization of the UGVs. The 

trajectory of the centroid is shown in dashed. For this formation, 𝛼 = 0 . 000001 , 
𝛾𝑖 = 0 . 1 , 𝛽𝑖𝑗 = 10 , 𝛿𝑝 = 0 . 2 for 𝑝 ∈ {1 , 2 , 3 , 4} and 𝜁 = 60 . 

Fig. 7. Example 8.2 . The instantaneous velocities of the agents showing rapid 

deceleration as the swarm approaches the target. 
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7 
s converging to its target. The vehicles’ velocities are captured in Fig 5 ,

hich shows that the swarm is a cohesive group since the individual

elocities are the same as time evolves. 

xample 8.2 (Linear Formation) . A swarm to take up linear formation

s of very high importance, as mentioned in [5] , as this formation could

e utilized to search extensive areas such as exclusive economic zone

EEZ) for search and rescue. The linear formation is designed using the

ontrol variable 𝜁 given in equation (12) . If 𝜁 is significantly small, it will

osition the swarm individuals in a vertical linear formation. However,

f 𝜁 is significantly large, it will position the swarm individuals in a

orizontal linear formation. In this example, a swarm of 10 UGVs is

onsidered. The initial positions and orientations of UGVs are shown in

mall orange circles as shown in Fig. 6 . The swarm clusters around the

entroid as time evolves, and it moves to the target of the centroid via

he landmarks in a linear formation as a well-spaced cohesive group as

hown in Fig. 6 . The velocities of the vehicles are captured in Fig 7 ,

hich shows that the swarm is a cohesive group since the individual

elocities are the same as time evolves. 

xample 8.3 Navigation via Landmark in an Obstacle-Cluttered En-

ironment. A swarm of 10 UGVs clusters around the centroid as time

volves and then moves to the centroid’s target as a well-spaced cohe-
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Fig. 8. Example 8.3 . Position and orientation of the UGVs at 𝑡 = 0 , 124 , 214 , 276 , 
411 , 500 and 800 respectively. The trajectory of ( 𝑥 𝐶 , 𝑦 𝐶 ) is shown in dashed. For 

this formation, 𝛼 = 0 . 000001 , 𝛾𝑖 = 0 . 1 , 𝜆𝑖𝑘 = 𝛽𝑖𝑗 = 10 , 𝛿𝑝 = 0 . 2 for 𝑝 ∈ {1 , 2 , 3 , 4} 
and 𝜁 = 1 . 

Fig. 9. Example 8.3 . The instantaneous velocities of the agents showing rapid 

deceleration as the swarm approaches the target. 
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ive group avoiding obstacles in its path, as shown in Fig. 8 . A split-and-

ejoin and the tunneling maneuvers are emerging, as shown in Region

 and Region B, respectively. A split-and-rejoin maneuver is where the

warm individuals move cohesively together in a formation split to steer

ast the encountering obstacle(s) and then rejoin. Moreover, tunneling

aneuver is where the swarm individuals change formation to drive

ast narrow passageways. The vehicles’ velocities are shown in Fig 9 ,

hich shows that the swarm is a cohesive group since the individual
elocities are the same as time evolves. r

8 
. Effect of noise 

In this section, the effect of noise on the controllers is considered.

he noise components are included in the obstacle avoidance functions,

nd the multiple Lyapunov functions are redefined as follows 

 𝑝 ( 𝐱) = 𝐻( 𝐱) 

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 
𝛼 + 𝛿𝑝 𝑉 𝑝 ( 𝐱) + 

𝑛 ∑
𝑖 = 1 

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 
𝛾𝑖 𝑅 𝑖 ( 𝐱) + 

𝑛 ∑
𝑗 = 1 , 
𝑗 ≠ 𝑖 

𝛽𝑖𝑗 

𝑄 𝑖𝑗 ( 𝐱) + 𝜉𝜛 𝑖𝑗 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 
(31) 

+ 𝐻( 𝐱 ) 
𝑛 ∑

𝑖 = 1 

𝑞 ∑
𝑘 = 1 

𝜆𝑖𝑘 

𝑊 𝑖𝑘 ( 𝐱 ) + 𝜉𝜚 𝑖𝑘 

hich is invoked according to the switching rule 

 = 

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

1 , 0 ≤ 𝑑 < 𝑑 𝐿𝑀 1 
2 , 𝑑 𝐿𝑀 1 

≤ 𝑑 < 𝑑 𝐿𝑀 2 
3 , 𝑑 𝐿𝑀 2 

≤ 𝑑 < 𝑑 𝐿𝑀 3 
⋮ 
𝑚 + 1 , 𝑑 𝐿𝑀 𝑚 

≤ 𝑑 ≤ 𝑑 𝐿𝑀 𝑚 +1 
. 

(32)

he terms 𝜛 𝑖𝑗 and 𝜚 𝑖𝑘 are time-dependent variables randomized between

nd including −1 and 1 and 𝜉 ∈ [0 , 1] is the noise level. Thus, the func-

ions 𝑓 𝑖 𝑝 ( 𝐱) and 𝑔 𝑖 𝑝 ( 𝐱) in the velocity controllers of system (5) as showed

n equation (22) with effect of noise would be 

 𝑖 𝑝 
( 𝐱 ) = 

1 
𝑛 

(
𝑥 𝐶 − 𝑎 

)
⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 
𝛼 + 𝛿𝑝 𝑉 𝑝 ( 𝐱 ) + 𝛾𝑖 𝑅 𝑖 ( 𝐱 ) + 

𝑛 ∑
𝑗 = 1 , 
𝑗 ≠ 𝑖 

𝛽ij 

𝑄 ij ( 𝐱 ) + 𝜉𝜛 ij 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 
+ 

1 
𝑛 

(
𝑥 𝐶 − 𝑎 

) 𝑞 ∑
𝑘 = 1 

𝜆ik 

𝑊 ik ( 𝐱 ) + 𝜉𝜚 ik 

+ 𝐻 ( 𝐱 ) 
( 

𝛿𝑝 

𝑛 

(
𝑥 𝐶 − 𝑥 𝐿𝑀 𝑝 

)
+ 𝛾𝑖 

(
𝑥 𝑖 − 𝑥 𝐶 

)) 

− 2 𝐻 ( 𝐱 ) 
𝑛 ∑

𝑗 = 1 , 
𝑗 ≠ 𝑖 

𝛽ij (
𝑄 ij ( 𝐱 ) + 𝜉𝜛 ij 

)2 (𝑥 𝑖 − 𝑥 𝑗 
)

− 𝐻 ( 𝐱 ) 
𝑞 ∑

𝑘 =1 

𝜆ik (
𝑊 ik ( 𝐱 ) + 𝜉𝜚 ik 

)2 (𝑥 𝑖 − 𝑜 𝑘 1 
)

(33) 

nd 

 𝑖 𝑝 
( 𝐱 ) = 

1 
𝑛 

(
𝑦 𝐶 − 𝑏 

)
⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 
𝛼 + 𝛿𝑝 𝑉 𝑝 ( 𝐱 ) + 𝛾𝑖 𝑅 𝑖 ( 𝐱 ) + 

𝑛 ∑
𝑗 = 1 , 
𝑗 ≠ 𝑖 

𝛽ij 

𝑄 ij ( 𝐱 ) + 𝜉𝜛 ij 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 
+ 

1 
𝑛 

(
𝑦 𝐶 − 𝑏 

) 𝑞 ∑
𝑘 = 1 

𝜆ik 

𝑊 ik ( 𝐱 ) + 𝜉𝜚 ik 

+ 𝐻 ( 𝐱 ) 
( 

𝛿𝑝 

𝑛 

(
𝑦 𝐶 − 𝑦 𝐿𝑀 𝑝 

)
+ 𝛾𝑖 

(
𝑦 𝑖 − 𝑦 𝐶 

)) 

− 2 𝐻 ( 𝐱 ) 
𝑛 ∑

𝑗 = 1 , 
𝑗 ≠ 𝑖 

𝛽ij (
𝑄 ij ( 𝐱 ) + 𝜉𝜛 ij 

)2 (𝑦 𝑖 − 𝑦 𝑗 
)

− 𝐻 ( 𝐱 ) 
𝑞 ∑

𝑘 =1 

𝜆ik (
𝑊 ik ( 𝐱 ) + 𝜉𝜚 ik 

)2 (𝑦 𝑖 − 𝑜 𝑘 2 
)

(34) 

espectively. 
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Fig. 10. Example 9.1 . The instantaneous velocities of the agents with 𝜉 = 0 . 5 . as 

the swarm approaches the target. 
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.1. Stability analysis 

Subsection 6.4 is followed with the fact that at the target, where

 𝑥 𝐶 , 𝑦 𝐶 ) = ( 𝑎, 𝑏 ) , the instantaneous velocities, 𝜎𝑖 and 𝜓 𝑖 , are zero because

 𝑖 𝑝 
and 𝑔 𝑖 𝑝 are zero, in Eqs. (33) and (34) , respectively. 

.2. Simulation result 

xample 9.1. For Example 8.3 with the same parameters the velocities

f the vehicles with noise level 𝜉 = 0 and 𝜉 = 0 . 5 are shown in Fig 9 and

ig 10 , respectively. 

0. Discussion 

The switched nonlinear, time-invariant, continuous, and stabilizing

elocity controllers of the individuals of a swarm of UGVs, that exhibit

elf-organization patterns for navigation through hierarchal landmarks

ave been established. Simulation results such as the ones shown in

ig 3, Fig 6 , and Fig 8 show the controllers’ effectiveness in navigation

ia hierarchal landmarks. It is evident, as seen in Fig 10 that the con-

rollers presented can absorb the effect of noise and uncertainty, which

nvariably show the robustness of the system. 

In comparison to the systems presented in [37] and [39] our system

s stable; exhibits emergent patterns; absorbs the effect of noise, shows

ystem robustness, and most importantly, can navigate via hierarchal

andmarks, whereas the system presented in [42] cannot. 

Although we have this component of distributed optimization as the

ndividual velocities are discovered, our approach doesn’t guarantee

calability. Any expansion in swarm size brings about a more prominent

nterest in computing resources. In applied circumstances, for detecting

bilities, each individual knows the situation of all other individuals in

he swarm. In any case, the dramatic growth in processing power, mem-

ry, and storage capacity of computing gadgets joined by diminishing

osts of these gadgets, and the expanding utilization of the Global Po-

itioning System to counterbalance detecting constraints will assume a

ignificant part in lessening the effect of scaling. Besides, after the pre-

entation of quantum computing, scalability will not be an issue by any

tretch of the imagination [44] . 
9 
1. Conclusion 

While the control of a swarm of UGVs is a well studied problem, this

aper presents a new and novel solution where a Lagrangian swarm of

GVs is navigated to its target via hierarchal landmarks in cluttered

nvironment using nonlinear time-invariant continuous velocity-based

ontrol laws derived from LbCS. The switched velocities of the swarm in-

ividuals were constructed using multiple Lyapunov functions that gave

ise to a switched system. Interaction of the three main pillars of LbCS,

hich are safety, shortness, and smoothest path for motion planning,

ring about cost and time effectiveness and efficiency of the velocity

ontrollers. The switched system was successfully showed to be stable

n the sense of Lyapunov. Moreover, linear formation, split-and-rejoin,

nd tunneling maneuvers emergent due to individuals’ self-organization

f the swarm of UGVs. The effect of noise on velocity controllers was

resented to exhibit the system’s robustness. The drawback of this ap-

roach is that scalability is not guaranteed. Future work could be of

eveloping a system in which the roles of the landmark are dynamic. 
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