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Abstract—This paper presents a dynamic n-link rev-
olute robotic arm that can perform a sequence of tasks
and navigate via hierarchal landmarks to its target.
The stability condition with multiple Lyapunov func-
tions for switched systems is considered. The multiple
Lyapunov functions are formulated from the Lyapunov-
based Control Scheme (LbCS) as a tool for analyzing
Lyapunov stability. A new set of switched nonlinear,
time-invariant, continuous, and stabilizing velocity con-
trollers of the proposed Rn robotic arm are developed.

Index Terms—revolute, n-link robotic arm, hierar-
chal landmark, velocity controllers

I. INTRODUCTION

To help increase productivity and meet consumer
demands while lowering overall costs, industries have
to continuously find ways not only to keep pace
with the demand for products but also finding skilled
workers to get tasks done. As such, industries have
been actively researching upon adopting different
forms of robotic technology. A number of robotic
mechanical systems such as aerial and ground ve-
hicles [1]–[3], car-like [4], tractor-trailer [5], swarms
[6], [7], and mobile manipulators [8]–[10] have been
researched. To attain stable and controlled motions
of robotic systems recently, the method of Lyapunov-
based Control Scheme (LbCS) has been utilized, as
demonstrated in [11], [12], and [8]. The landmark
technique, including hierarchal landmarks, has also
been used in studies such as [13], [14] and [15] to
guide a robot to the desired goal. In the industrial
sector, the robotic arm is commonly utilized to assist
in improving production capacity of manufacturing
companies [16], [17]. Depending on the application,
a robotic arm can either be fixed to a position as
anchored [12], or used as an active component of
mobile manipulators as unanchored [5]. According to
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[14], robotic arms can be classified by the type of link
of the arm, the two common types being prismatic
and revolute joints.

A quick glance at the past two decades reveals
that researchers initially focussed on 2-link [16] and
3-link manipulators [18]. Later, researchers gradu-
ally and confidently introduced additional links to
the robotic arm systems, including 4-link [12], 5-
link [19], and 6-link robotic arms [20]. However, a
literature search also reveals that an n-link robotic
arm has not been given much attention in terms of
research.

The lack of attention given by researchers to
study the effectiveness of a generalised version n-
link robotic arm serves as the motivation for this
research. This paper, using LbCS [21]–[23], aims to
develop the velocity controllers of an n-link revolute
robotic arm (Rn), which navigates to its target via
hierarchal landmarks. This method can offer valuable
contributions in real-life applications such as health
care, manufacturing, and assembly line production.

The main contributions of this paper are:
1) a new dynamic n-link robotic arm that can track

multiple targets and accomplish h + 1 tasks,
given h hierarchal landmarks.

2) Navigation of an Rn robotic arm through hier-
archal landmarks.

3) switched nonlinear, time-invariant, continuous,
and stabilizing velocity controllers of Rn

robotic arm.
In Section 2, the system modeling of an n-link

revolute robotic arm is shown. Section 3 discusses
the problem that this paper will address via landmarks
for an n-link robot arm. In Section 4, the switched
velocity controllers are derived from multiple Lya-
punov functions. The stability analysis of the n-link
robot arm is given in Section 5. Then, in Section
6, the simulation results are presented, followed by
conclusion and future works in Section 7.

II. SYSTEM MODELING

The research considers an n-link revolute robotic
arm, having n rotational joints in the z1z2-plane as
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shown in Figure 1. The articulated arm consists of
n rigid links which are connected via revolute joints
and the nth link has an end-effector. With the help

ϕn(t)

ℓ1

ℓ2

ℓn

End-Effector

()

()

ϕ1(t)

1

2

ϕ2(t)

ℓn-1

Fig. 1. Schematic representation of a n-link Revolute
Manipulator.

of the Figure 1, it is assumed that:
i. the planar Rn manipulator is anchored at the

origin;
ii. the length of the ith revolute link is li with

an angular position φi(t) at time t with the
horizontal z1 axis;

iii. the last link (link n) has the length ln with an
angular position φn(t) at time t; and

iv. the coordinates of the gripper are (x(t), y(t))
and given as:

x(t) =
n∑
i=1

li cos

(
i∑

k=1

φk(t)

)
,

y(t) =
n∑
i=1

li sin

(
i∑

k=1

φk(t)

)
. (1)

To describe the motion of the n-link revolute robotic
arm with an end-effector, a system of differential
equations is constructed. The position of the end-
effector of the n-link robot arm at t ≥ 0 is denoted
as x = (x(t), y(t))) with an orientation angle of
φn = φn(t). Let the angular orientation of the ith link
be φi = φi(t) for i ∈ {1, 2, 3..., n}. The kinematic
model of the n-link robot arm, upon suppressing t,
is as follows:

ẋ = −
n∑
i=1

vi

(
y−

i−1∑
j=1

lj sin

(
j∑

k=1

φk

))
,

ẏ =
n∑
i=1

vi

(
x−

i−1∑
j=1

lj cos

(
j∑

k=1

φk

))
,

φ̇i = vi.


(2)

At t ≥ 0, let φ′i(t) be the instantaneous angular veloc-
ity of the ith revolute link with the end-effector. Thus,

a system of first-order ODEs for the ith revolute link
is obtained as:

φ′i(t) = v(t), (3)

assuming the initial conditions at t = t0 ≥ 0 as
x0 := x(t0), y0 := y(t0), φi0 := φi(t0). Let
x0 = (x0, y0). Suppressing t, the state vector is given
as x := (x, y, φ1, φ2, . . . , φn) ∈ Rn+2. Also, let
x0 := x(t0) := (x0, y0, φ10 , φ20 , . . . , φn0

) ∈ Rn+2.
If the instantaneous velocity vi has the state feedback
law of the form

vi(t) := −ϕifi(x(t)),

for i ∈ {1, 2, 3, . . . , n}, for some scalars ϕi
and some functions fi(x(t)), to be constructed
appropriately later, and if we define F(x) :=
(−ϕ1f1(x),−ϕ2f2(x), . . . ,−ϕnfn(x)) ∈ Rn, then
the n-link robotic arm is represented by

ẋ = F(x), x(t0) = x0. (4)

III. PROBLEM STATEMENT

In the industrial sector, the introduction of robotic
arms has eased repetitive assembly line works. Un-
like human labour, robotic arms can operate under
immense conditions, hence contributing to an im-
proved production capacity of manufacturing compa-
nies [16]. While studies such as [16], [18], [19], and
[20] utilized 2-link, 3-link, 5-link, and 6-link mecha-
nisms, respectively, the robotic arm proposed in this
paper is a generalized version that is more dynamic,
comprising of n-links. The proposed robotic arm will
have the added advantage of performing a sequence
of tasks with relative ease.

Consider a workspace of an n-link revolute manip-
ulator with predefined h ∈ N hierarchal landmarks.
Assume that the locations of the h ∈ N hierarchal
landmarks, λp for p ∈ {1, 2, . . . , h}, have been pre-
determined. The end-effector of the n-link revolute
manipulator has to navigate to the target location
via the h hierarchal landmarks. Thus, the robotic
arm manages to perform a sequence of tasks in one
complete cycle.

Definition 1. The pth landmark λp, for p =
1, 2, ..., h, is a disk with center xλp

= (xλp
, yλp

)
and radius rλp

. The set λp is defined as:

λp = {(z1, z2) ∈ R2:(z1−xλp)
2+(z2−yλp)

2 ≤ r2λp
}.

Definition 2. The ultimate target for a n-link robotic
arm is a disk with the center xρ = (a, b) and radius
rρ. It is described as the set:

ρ := {(z1, z2) ∈ R2: (z1 − a)2 + (z2 − b)2 ≤ r2ρ}.
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The target xρ will be considered as an additional
landmark, that is, λh+1 = xρ.

Definition 3. The distance, δλp
, between the initial

position of the robot end-effector, x0, and the pth
landmark, is given by:

δλp =
∥∥x0 − xλp

∥∥ , (5)

where p ∈ {1, 2, 3, ..., h+ 1}.

It is further assumed that

δλ1 < δλ2 < δλ3 < ... < δλh+1
.

Definition 4. The equilibrium point for the nth link
is defined as:

xe := (a, b, φ1, φ2, . . . , φn) ∈ Rn+2,

where φi represents the final orientation angle of the
ith revolute link for i ∈ {1, 2, . . . , n}.

IV. VELOCITY CONTROLLERS

To ensure that the end-effector of the n-link robotic
arm maneuvers to the pth hierarchal landmark, let the
attractive potential be:

Ap(x) =
1

2

∥∥x− xλp

∥∥2 . (6)

To ensure that the end-effector converges to its equi-
librium position, radically unbounded functions about
the target are utilized. Let an auxiliary function be:

C(x) =
1

2
‖x− xρ‖2 . (7)

All the singularities caused by the anchored arm’s
geometric arrangement need to be accounted for. Link
1 of the anchored arm cannot rotate fully to the
horizontal surface on which it is mounted on, when
rotating both clockwise and counterclockwise. The
singularities of link 1 arise when φ1 ∈ {θ, π−θ}. To
avoid the singularities of the first link of the revolute
arm, the following functions are introduced:

S1 = θ − φ1 andS2 = π − θ − |φ1|

Likewise, link 2 cannot fully fold with link 1 while
rotating both clockwise and counterclockwise. This
singularity of link 2 arise when φ2 = |φ2max

|.
The same singularity arises for other revolute links.
Thus, it could be generalized as φi = |φimax

| for
i ∈ {2, 3, . . . , n}.
To avoid interior singularities of the other revolute
links, consider the function:

Si+1 = φimax − |φi|, for i = {2, 3, .., n}.

By evaluating the value of multiple Lyapunov func-
tions during the activation period of each subsystem,
a new Lyapunov stability condition will be presented.
The value of the multiple Lyapunov functions will
be evaluated at the starting points or the end points.
Let ξ, ηp and τi be positive real numbers, and let
δ =

∥∥x− xλp

∥∥. For i ∈ {1, 2, 3, ..., n}, define a
family of Lyapunov functions of the form,

Lp(x) = C(x)

(
ξ + ηpAp(x)+

n+1∑
i=1

τi
Si

)
, (8)

which will operate according to the switching rule

p =


1 0 ≤ δ < δλ1

2 δλ1
≤ δ < δλ2

...
h+ 1 δλh

≤ δ ≤ δλh+1

(9)

Along a trajectory of system (4), there is

L̇p(x) =
n∑
i=1

fipvi, (10)

where

fip(x) =
∂Lp(x)

∂φi
. (11)

Let there be a scalar ϕi > 0, then the velocity
controller of system (4) is

vi = −ϕifip . (12)

V. STABILITY ANALYSIS

The Lyapunov function Lp(x), for p =
{1, 2, · · · , h+ 1}, is positive over the domain

D
(
Lp(x)

)
:=

{
x ∈ Rn+2 : Si > 0, ∀ i =

{1, 2, 3, . . . , n+ 1}
}
.

With respect to system (2),

L̇p(x) = −
n∑
i=1

ϕifip
2 ≤ 0,

∀x ∈ D
(
Lp(x)

)
. At the target, where (x, y) = (a, b),

the instantaneous velocity, vi is zero because fip = 0.
This implies that the end-effector of the n-link arm
is at the target position. The target position and the
final angular positions of the n-links with horizontal
axis are components of an equilibrium point xe of the
system. It is easy to see that Lp(xe) = 0, Lp(x) >
0 ∀ x 6= xe and L̇p(x) ≤ 0. The system has a simple
switching sequence S = (x0, y0) : (p0, t0), (p1, t1)
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for p = 1, . . . , h + 1, from which the trajectory is
obtained:

xS(·) :=
{
(p0, t0) : ẋ = Fp0(x(t), t),

p = 1, . . . , h+ 1, t0 ≤ t < t1

}
.

Thus, Lp(x) are monotonically non-increasing on
I(S|p). Hence, for S and for all p, Lp are Lyapunov-
like functions. Accordingly, by Branicky’s Theorem
2.3 [24], the system is stable in the sense of Lya-
punov.

VI. SIMULATION RESULTS

Computer simulations were generated using Wol-
fram Mathematica 11.2 software. To achieve the
desired results, a number of sequential Mathematica
commands were executed. Before the algorithm is
executed, the values of the convergence, system sin-
gularities and restriction avoidance parameters have
to be stated using the brute-force technique.The num-
ber and positions of the hierarchal landmarks, and
initial state of the Rn robotic arm have to be defined.
The system was numerically simulated using the
RK4 method (Runge-Kutta Method). At t = 0, the
initial positions (x0(0), y0(0)), and orientations φi(0)
were generated. The following example shows the
simulation results of a 6-link robotic arm.

A. Example

In this example, a 6-link robotic arm anchored
at (5, 5) is considered. The arm should maneuver
through each of the four hierarchal landmarks in one
sequence. All the links of the arm has a length of 4.2.
The coordinates of the target is (4, 28.5), while the
coordinates of the four landmarks are (xλ1

, yλ1
) =

(26, 10), (xλ2 , yλ2) = (24, 17), (xλ3 , yλ3) = (19, 23)
and (xλ4 , yλ4) = (11, 27) respectively. The target
attraction parameter is ξ = 0.001, while the landmark
attraction parameters are η1 = η2 = 0.05, η3 = 0.5,
and η4 = η5 = 0.06. The initial orientations of
the revolute links are φ10 = π

2 , φ20 = − 5π
6 , φ30 =

φ50 = 7π
9 and φ40 = φ60 = − 7π

9 . The convergence
parameter for the revolute link orientation angle is
ϕi = 0.05 for i ∈ {1, 2, . . . , 6}, while the parameter
for restriction on orientation of the revolute links is
τi = 0.00001 for i ∈ {1, 2, . . . , 7}. The revolute
link 1 limitation angle is θ = π

7 and the maximum
possible revolute link orientation angle is φimax

=
8π
9 , i ∈ {2, 3, . . . , 6}.

Target
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Fig. 2. The initial position (IP), initial orientation, the
positions of four landmarks labelled as LM1, LM2, LM3,
and LM4 and target of a 6-link revolute arm.
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Fig. 3. Positions and orientations of the links at time t =
20, 25, 30, 35, and 500.

VII. CONCLUSION

Robotic arm systems have eased repetitive as-
sembly line works in our industry sector. In this
paper, a set of nonlinear, time-invariant, and switched
stabilizing velocity controllers of an anchored n-link
revolute robotic arm has been established to navigate
to its ultimate target via hierarchal landmarks while
observing system restrictions and limitations. From
the authors’ point of view, this is the first time
such stabilizing switched velocity-based controllers
are derived for an n-link revolute robotic arm in
Lyapunov’s sense.

This has provided a solution to the common prob-
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Fig. 4. Orientations of the revolute links.

lem tagged to robotic arms that require certain tasks
that need to be addressed in an hierarchal order.
For instance, robotics arms in automated assembly
line could perform a number of tasks which are in
hierarchal order. As future work, switched velocity
controllers will be considered for an n-link prismatic
robotic arm.
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