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ABSTRACT The cluster analysis of real-life data often encounters the challenges of noisy data or may
rely heavily on the uncertainty of the main clustering variable owing to its stochastic nature, which has a
potential influence on its performance. In this paper, we propose a novel clustering technique that is efficient
in dealing with noise and uncertainty in a dataset by adopting a stochastic approach that uses realistic values
of data points by assuming a continuous probability distribution instead of exact values. By estimating
the best-fit probability distribution of the clustering variable, the proposed method formulates the problem
of determining the most homogeneous clusters by determining the optimum cluster partitions (OCP) as a
mathematical programming problem (MPP). A computer-intensive dynamic programming technique was
used to solve the MPP and determine the OCP, which minimized the sum of the weighted intracluster
standard deviations. The proposed technique is then demonstrated in this study using univariate data that
follows a normal distribution, which is a symmetric distribution, as well as the Weibull distribution, which is
a skewed distribution. Numerical examples were also presented to illustrate the computational details of the
proposed method. Finally, using both simulated and real datasets, a comparative analysis of the effectiveness
of the proposed techniquewas performed against four advanced clusteringmethods: k-means, fuzzy c-means,
expectationmaximization, and Genie++ hierarchical clustering. The results reveal that the proposedmethod
works well and produces more efficient clusters than other methods.

INDEX TERMS Clustering methods, dynamic programming, mathematical programming, optimum cluster
partitions, statistical probability distributions.

I. INTRODUCTION
The clustering problem can be described as grouping a given
set of objects such that the objects in the same group (called
a cluster) are more similar to each other than to those in
other groups. By grouping the data into clusters, we can
obtain information regarding the natural groups that may be
present in the dataset. Traditional clustering methods can be
grouped into two types: partitioning and hierarchical clus-
tering [1]. Partitioning clustering generally divides a dataset
into non-overlapping subsets or clusters, such that each data
point is only in one cluster. On the other hand, hierarchical
clustering allows clusters to have sub-clusters that provide a
set of nested clusters organized as a tree.
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One of the most common partitioning methods avail-
able is k-means clustering algorithm. K-means has been
a favorite of many researchers because of its simplic-
ity and ease of use; it works well with large datasets
and is computationally fast. MacQueen [2] introduced the
k-means clustering algorithm in 1967. They independently
developed the k-means method as a strategy to determine
the optimal partitions that minimize within-group varia-
tion, known as the sum of squared errors (SSE), which is
given by

SSE =
k∑
j=1

nj∑
i=1

(cj − x
(j)
i )2

where SSE = objective function,
k = number of clusters,
nj = number of data points in the jthcluster,
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x(j)i = ith data point in the jth cluster, and
cj = centroid or mean of the jth cluster.
The k-means method is classified as hard clustering,

in which each data point belongs to a single cluster. An alter-
native is soft or fuzzy clustering, whereby data points may
belong to more than one cluster to some degree. One such
fuzzy clustering method is the fuzzy c-means algorithm
(FCM) [26]. Here, objective function is

J (U ,V ) =
N∑
i=1

k∑
j=1

(uji)m||yi − cj||2

where the restriction function is
∑k

j=1 uji = 1, and
N = number of data points,
k = number of clusters,
m = weighting exponent,
yi = sample of data points from N , and
cj = centroid or mean of cluster j.
Similar to the FCM, a model-based clustering method,

known as the expectation-maximization clustering algorithm
(EM) [62], [64], clusters each data point into every cluster
by some degree of probability. This is performed in two
steps: the expectation step (E-step) and the maximization
step (M-step). The E-step begins by estimating the proba-
bility of each point belonging to each cluster, followed by
the M-step, which re-estimates and optimizes the parameters
of the probability distribution of each cluster. This method
is useful when data are clustered and have no clear group
structures.

Hierarchical methods divide a given dataset into smaller
subsets in a hierarchical approach. This technique forms hier-
archical groups of mutually exclusive subsets, whose mem-
bers are as similar as possible to an identified feature [3]. This
can be achieved in two ways: agglomerative and divisive. The
agglomerative method forms clusters in a bottom-up fashion
until all the data points belong to the same cluster. In con-
trast, the divisive method forms clusters using a top-down
approach, beginning with all data points as a single cluster
and then splitting the dataset into smaller clusters until each
cluster contains a single data point. Clusters were visually
identified using a dendrogram. A more recent variation in the
hierarchical clustering method is the Genie++ hierarchical
clustering (GH) algorithm [63]. This method differs from
traditional linkage criteria, such as Ward, average linkage,
and single linkage, by using a new hierarchical clustering
linkage criterion called Genie, which is more robust to the
presence of outliers in a dataset.

In this study, a novel clustering technique was discussed
and demonstrated using univariate data. The proposed tech-
nique is useful for researchers interested in clustering data
based on the main study variable to determine the behavior
between clusters. Univariate data analysis, though being the
simplest when compared to bivariate and multivariate, it has
been used by various other authors in the context of clus-
ter analysis [41], outlier detection [42], and cancer detec-
tion [43], making it worthwhile to consider. The proposed

method begins by using the best-fit probability density func-
tion (p.d.f.) of the variable with parameters estimated using
maximum likelihood estimation (MLE) and then developing
an algorithm based on a dynamic programming technique.
A key feature of this approach is that it can eliminate the
effect of noisy values in the dataset by statistically capturing
it via its probability distribution. In the proposed approach,
clusters based on a single continuous variable of the elements
are formed such that the variances within the clusters are as
small as possible, resulting in homogeneous intracluster and
heterogeneous intercluster elements. Thus, by modeling the
data with the best probability distribution, we formulated the
problem of clustering as an MPP to determine the OCP of the
clusters using a reasonable optimization criterion that aims to
minimize the total deviation of the values from their cluster
means, which minimizes the sum of the weighted standard
deviation of the clusters.

The contributions of this study can be summarized as fol-
lows. First, the proposed dynamic programming-based algo-
rithm can perform a globalized search in the entire solution
space and is independent of the initial parameters, thereby
making it more stable ([7], [8], and [9]). In addition to pro-
viding globally optimum cluster partitions, another advantage
of this method is that it can construct clusters from a hypo-
thetical dataset based on distributional assumptions when the
clustering variable data are not available. Prior assumptions,
such as the initial value, range, parameter values, and best-
fit distribution, can be easily obtained from recent or past
studies. Furthermore, this method addresses noisy data. For
example, varieties of industries such as insurance companies
rely heavily on uncertainty in clustering variables to pre-
dict asset classes. The proposed method inherently enforces
and effectively derives improved partitioning solutions for
unknown stochastic environments.

A. LITERATURE REVIEW
Cluster analysis or clustering is a technique for finding simi-
lar groups in data, and the groups determined are called clus-
ters, which originate in the fields of anthropology [15], psy-
chology [16], [17], and [18]. In her review, Julie Scoltock [19]
saw that cluster analysis has been widely used in the fields
of biology and zoology, medicine and psychiatry, sociology
and criminology, anthropology and archaeology, geology,
geography and remote sensing, information retrieval, pattern
recognition, market research, and economics. A key applica-
tion of cluster analysis has been in the medical field, in the
clustering of gene expression data [48], [49], detection of
cancer cells [50], multi-morbidity pattern analysis [51], and
medical resource decision-making [52].

Clustering analysis is an important data exploration tech-
nique used in different areas of engineering, including engi-
neering design, manufacturing system design, production and
process planning, modeling, monitoring, quality, and control.
This technique is widely used to extract useful information
about prices to discover behavior patterns from time series
and to improve forecasting techniques [53]. Human designers
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often confront complex designs and decompose the problem
into subproblems to obtain insights that can be applied to
develop a better design. However, there are very limitedmeth-
ods for identifying decompositions that human designers use.
Clustering is a useful technique for identifying subproblems
by analyzing design variable data [54], [55], [56].

In 1956, mathematician Hugo Steinhaus became the first
researcher to explicitly propose an algorithm for partitioning
multidimensional instances, which is the same as the problem
of partitioning by k-means [20].A year later, in 1957, Stuart
Lloyd approached the problem of transmitting a random sig-
nal X in multidimensional space and presented an algorithm
as a technique for pulse-code modulation. However, the study
was not published until 1982 [21]. Forgy [22] published
essentially the same method, which is referred to as the
Lloyd-Forgy method. In 1967, Macqueen [2] developed a
k-means algorithm for partitioning an instance into a set of
clusters with small cluster variance. Hartigan and Wong [23]
produced several variations of the k-means algorithm, which
progressed towards a local minimum of the minimum sum
of squares problem with different solution updates. Other
k-means variations include k-medoids by Kaufman and
Rousseeuw [4], k-medians clustering, k-means++ by Arthur
and Vassilvitskii [24], fuzzy c-means by Dunn [25], which
was improved by Bezdek [26], [57], and robust and sparse
fuzzy k-means clustering by Xu et al. [60].

In 1979, Everitt highlighted four unresolved problems in
cluster analysis [27]. First, clustering by optimizing a crite-
rionwas not conclusive, because the best numerical clustering
criterion was unknown. Second, the choice of the optimiza-
tion algorithm, which would optimize the criterion, did not
indicate whether the obtained solution was a global or merely
a local optimum. Third, choosing the appropriate value of K,
the number of groups, or clusters present in the data remains
a challenge. Finally, it is difficult to assess the stability and
validity of clusters. It has also been determined that k-means
clustering is highly sensitive to the initial placement of cluster
centers [28] as well as the presence of outliers, leading to
poor clustering results. Despite the problems associated with
k-means, many continue to use it because of its ease of
use; it works well with large datasets and is computationally
faster.

Noisy data and outliers can skew the results of some
clustering algorithms, such as k-means, which leads to poor
clustering results. Therefore, there is a need to develop a
more robust technique for data clustering. Some techniques
have been developed to address this problem, such as the
fuzzy clustering method proposed in [29] and [30]. [31]
presented a paper surveying various outlier detectionmethod-
ologies and highlighted their respective advantages and
disadvantages. A more recent study on a new, fast, and
outlier-resistant clustering method called ‘‘Genie,’’ proposed
by Gagolewski et al. [63], proved to outperform the classical
Ward or average linkage hierarchical clustering methods in
terms of the clustering quality while retaining the single
linkage speed.

Althoughmany traditional clustering algorithms have been
developed and compared, recent attempts have been made
to tackle the clustering problem using the neural network
approach and deep learningmethod [32], [33], [34]. Other tra-
ditional cluster analysis techniques include DBSCAN, which
can discover clusters of arbitrary shapes [35]; bi-clustering,
which allows for overlap between clusters [36]; and spectral
clustering, which performs dimensionality reduction before
clustering by utilizing the eigenvalues of the similarity matrix
of the data [37]. The expectation-maximization clustering
algorithm [62], which branches from the Gaussian mixture
model, models the distribution in a dataset by combiningmul-
tiple Gaussian probability distribution functions in order to
optimize the parameters of the hidden distribution in the data
when data points are put in certain clusters. A new technique
known as point clustering via voting maximization [59] was
developed by maximizing the sum of votes, which is the point
similarity between points of the same cluster. It performed
well for clusters with different densities and sizes. There are
also instances where a hybrid clustering approach is used,
such as that of Wang et al. [58], which uses the marine preda-
tor’s algorithm and particle swarm optimization to solve the
dynamic clustering problem by finding the optimal number of
clusters and clustering centers. Another method, proposed by
Prades et al. [61], which combines dimensionality reduction,
k-means clustering, agglomerative clustering, and cluster val-
idation to cluster materials in a hyperspectral image.

The clustering problem has also been considered an MPP.
This was first performed by Vinod [5], who proposed a
solution to the grouping problem using an integer program-
ming problem (IPP) approach. Similarly, Rao [6] proposed
a technique for cluster analysis using IPP to minimize the
within-group sum of squares andminimize the maximum dis-
tancewithin groups and found that the problem ofminimizing
the within-group distance is easily solvable when the number
of groups is reduced to two. He also observed that many of
the problems in distance-based cluster analysis are difficult
to solve and require further research in terms of solution
techniques.

The rest of this paper is organized as follows. Section II
provides a detailed formulation of the problem of finding
the OCP as an MPP. The procedure for solving the MPP
is discussed in Section III. The application of the proposed
technique to the normal andWeibull distributions is described
in Section IV. This section also highlights comparison studies
on both simulated and real datasets to investigate the effec-
tiveness of the proposed method with k-means (KM) [2],
fuzzy c-means (FCM) [26], expectation-maximization
(EM) [62], and Genie++ hierarchical (GH) [63] clus-
tering methods on both normal and Weibull distribution
datasets.

II. FORMULATION OF THE CLUSTERING PROBLEM AS A
MATHEMATICAL PROGRAMMING PROBLEM
Suppose there are N data points (xhj) partitioned into L clus-
ters. If Nh data points fall in the hth cluster, the mean (µh) and
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variance (σ 2
h ) of the cluster are given by:

µh =
1
Nh

Nh∑
j=1

xhj

σ 2
h =

1
Nh

Nh∑
j=1

(xhj − µh)2

Let the data points (xhj) be selected from a random variable
X with a p.d.f. f (x), a ≤ x ≤ b. If X is partitioned into L
mutually exclusive clusters, the problem is to determine the
cluster partitions [a, x1], (x1, x2], . . . , (xL−1, b], such that

a = min (xhj) = x0 ≤ x1 ≤ x2
≤ . . . . . . ≤ xL−1 ≤ xL = max (xhj) = b (1)

Suppose that Nh ≤ N is the number of data points that
fall in cluster h (h = 1, 2, . . . ,L) with values xhj (h =
1, 2, . . . ,L; j = 1, 2, . . . ,Nh). In addition, let data points
be partitioned into homogeneous clusters such that the
deviations of the values from their means (µh) within the
cluster are as minimal as possible. Thus, a reasonable cri-
terion for determining the optimum intermediate partition
points (x1, x2, . . . , xL−1) may be to minimize the sum of the
weighted standard deviation, that is,

Minimize
L∑
h=1

Whσh (2)

where Wh = Nh/N is the proportion of data points that
fall in the hth cluster, which is considered as the weight of
the cluster. These weights were used for two reasons: First,
weights help mitigate the effects of outliers on the analysis
outcome, as observed by Hossain [44], Marín-Martínez, and
Sanchez-Meca [45]. Second, they help consider the relative
importance of individual data items present to accurately
represent the entire dataset. Thus, using a weighted approach
in our analysis helps to further smooth out the data and makes
the clustering results more robust to the effects of noise and
outliers in the data. An illustration of the proposed criteria
with two clusters is shown in Fig. 1.
When the frequency function f (x) is integrable and

(xh−1, xh) are the partition points of the hth cluster, the values
of Wh and σh in (2) can be obtained by Khan et al. ( [7], [8],
and [9]):

Wh =

∫ xh

xh−1
f (x)dx (3)

σ 2
h =

1
Wh

∫ xh

xh−1
x2f (x)dx − µ2

h (4)

where µh can be obtained by

µh =
1
Wh

∫ xh

xh−1
xf (x)dx (5)

Thus, using (3)-(5), the objective function (2) can be
expressed as a function of partition points xh and xh−1. Then,

the problem of determining OCP (x∗1 , x
∗

2 , . . . , x
∗

L−1) satisfy-
ing (1) can have the following structure:

Minimize
L∑
h=1

fh(xh−1, xh) =
L∑
h=1

Whσh

subject to a = x0 ≤ x1 ≤ x2 ≤ . . . ≤ xL−1 ≤ xL = b (6)

Furthermore, consider that problem (6) is an optimization
problem with the following special structure.

Minimize
k∑

h=1

uh(xh−1, yh)

subject to xh = vh(xh−1, yh),

xh ε Zh,

yh ε Sh(xh−1),

x0 = x ′; h = 1, 2, . . . , k, (7)

where k = number of stages, uh = stage return functions, vh
= stage transformation functions, Zh = state spaces, Sh =
decision spaces and x ′ = initial state. Bühler and Deutler [10]
suggested a recursive optimization method for solving (6)
using a dynamic programming technique [9].

If k = L, x0 = a, xL = b,Zh = [a, b],Zh−1 = [a, b −
yh], Sh(xh) = [0, b− xh−1] with xh−1 ε Zh−1, uh(xh−1, yh) =
fh(xh−1, yh + xh−1) with yh ε Sh(xh−1) and vh(xh−1, yh) =
yh + xh−1, then problem (7) is transformed to the following:

Minimize
k∑

h=1

fh(xh−1, yh + xh−1)

subject to xh = yh + xh−1,

xh ε [a, b],

yh ε [0, b− xh−1],

x0 = a, xL = b; h = 1, 2, . . . , k, (8)

Problem (8) is equivalent to problem (6), as they hold the
following results:

1) If (x∗1 , x
∗

2 , . . . , x
∗

L−1) are optimum the solutions of (6),
then y∗h = x∗h − x

∗

h−1 is the optimum solution of (7).
2) If y∗h(h = 1, . . . ,L) and x∗h−1(h = 1, . . . ,L) are the

optimum solutions of (7), x∗h (h = 1, . . . ,L− 1) are the
optimum solutions of (8).

If the p.d.f. f (x) of the clustering variable X is known and
a = x0 and b = xL are the smallest and largest values of the
data points xhj, then the range (d) of the distribution is given
by:

xL − x0 = d (9)

Let us define

yh = xh − xh−1, h = 1, 2, . . . ,L (10)

where yh ≥ 0 denotes the range or the width of the hth cluster.
Using the above definition of yh, the range of the distribution
given in (9) can be expressed as

L∑
h=1

yh =
L∑
h=1

(xh − xh−1) = d (11)
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FIGURE 1. Illustration of the proposed clustering method for L = 2.

The k th clustering point xk ; k = 1, 2, . . . ,L − 1, can be
expressed as a function of y1, y2, . . . , yk :

xk = x0 + y1 + y2 + . . .+ yk = xk−1 + yk ,

which is a function of the k th cluster width and the (k − 1)th

cluster partition. Adding (11) as a constraint, (8) can be trans-
formed into an equivalent problem of determining optimum
cluster width (OCW) given by the following MPP:

Minimize
L∑
h=1

fh(yh, xh−1)

subject to
L∑
h=1

yh = d,

and yh ≥ 0; h = 1, 2, . . . ,L. (12)

MPP (12) can be treated as a multi-stage decision problem in
which at each stage, the value of the OCW and hence the OCP
for a cluster can be determined using a dynamic programming
technique with a forward recursive equation. Because x0 is
known, the first term f1(y1, x0) = f1(x0 + y1, x0) in (12) is a
function of y1 alone. Once y1 is known, the next clustering
point x1 = x0 + y1 will be known and the second term is
f2(y2, x1) will be a function of y2 alone and so on. Therefore,
by stating the objective function of yh alone, MPP can be
expressed as

Minimize
L∑
h=1

fh(yh)

subject to
L∑
h=1

yh = d,

and yh ≥ 0; h = 1, 2, . . . ,L. (13)

III. THE SOLUTION PROCEDURE USING DYNAMIC
PROGRAMMING TECHNIQUE
The MPP in (13) is a multi-stage decision problem in which
the objective function and constraint are sums of the separable
functions of yh. Because of this separable characteristic and

the nature of the problem, it can be solved using a dynamic
programming (DP) technique (see [7], [8], and [9]). It is a
powerful optimization technique that splits a problem into
subproblems, called stages, where the subproblems are not
independent. Dynamic programming solves the problem by
recursively combining the solutions to the subproblems using
Bellman’s principle of optimality [11]. The recursive equa-
tion links the different stages of the problem in a manner
that guarantees that each stage’s optimal feasible solution is
optimal and feasible for the entire problem [9].
Consider a subproblem of (13) for the first k(< L) clusters:

Minimize
k∑

h=1

fh(yh)

subject to
k∑

h=1

yh = dk ,

and yh ≥ 0; h = 1, 2, . . . , k (14)

where dk < d is the total width available for division into
k clusters or the state value at stage k . Note that dk = d if
k = L. The transformation functions are given by:

dk = y1 + y2 + . . .+ yk ,

dk−1 = y1 + y2 + . . .+ yk−1 = dk − yk ,

dk−2 = y1 + y2 + . . .+ yk−2 = dk−1 − yk−1,
...

d2 = y1 + y2 = d3 − y3,

d1 = y1 = d2 − y2.

Let f (k, dk ) denote the minimum value of the objective func-
tion of the problem (14); that is,

f (k, dk ) = min

[
k∑

h=1

fh(yh)

∥∥∥∥ k∑
h=1

yh = dk

and yh ≥ 0; h = 1, 2, . . . k
]

With the above definition of f (k, dk ), the problem (13) is
equivalent to finding f (L, d) recursively by finding f (k, dk )
for k = 1, 2, . . . ,L and 0 ≤ dk ≤ d . We can write

f (k, dk ) = min

[
fk (yk )+

k−1∑
h=1

fh(yh)

∥∥∥∥ k−1∑
h=1

yh = dk − yk

and yh ≥ 0; h = 1, 2, . . . k − 1
]

For a fixed value of yk : 0 ≤ yk ≤ dk .

f (k, dk ) = fk (yk )+min

[
k−1∑
h=1

fh(yh)

∥∥∥∥ k−1∑
h=1

yh = dk − yk

and yh ≥ 0; h = 1, 2, . . . k − 1
]

Using Bellman’s principle of optimality [11], we obtain a
forward recursive equation of using dynamic programming,
as follows:
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For stages k ≥ 2

f (k, dk ) = min
0≤yk≤dk

[ fk (yk )+ f (k − 1, dk − yk )] (15)

For the first stage, that is, for k = 1

f (1, d1) = f1(d1) ⇒ y∗1 = d1, (16)

where y∗1 is the optimum width of the first cluster. The rela-
tions (15) and (16) are then solved recursively for each k =
1, 2, . . . ,L and 0 ≤ dk ≤ d , and f (L, d) is obtained. From
f (L, d), the optimum width of the hth cluster, y∗h, is obtained.
From f (L−1, d−y∗L) the optimum width of (L−1)th cluster,
y∗L−1, is obtained and so on until y∗1 is obtained.

The algorithm for solving MPP (14) using the recursive
equations (15) and (16) to determine OCP is summarized as
follows:

Step 1: Start at k = 1. Set f (0, d0) = 0.

Step 2: Calculate f (1, d1), the minimum value of RHS of

(16) for y1 = d1; 0 ≤ y1 ≤ d1 and 0 ≤ d1 ≤ d .

Step 3: Record f (1, d1) and y1.

Step 4: For k = 2, express the state variable as

dk−1 = dk − yk .

Step 5: Set f (k, dk ) = 0 if yk > dk , where 0 ≤ dk ≤ d .

Step 6: Calculate f (k, dk ), the minimum value of RHS of

(15) for yk ; 0 ≤ yk ≤ dk .

Step 7: Record f (k, dk ) and yk .

Step 8: For k ≥ 3, . . . ,L, go to Step 4 and increase k by

one.

Step 9: At k = L, f (L, d) is obtained. Hence, the

optimum value y∗L of yL is obtained.

Step 10: At k = L − 1, using the backward calculation for

dL−1 = d − y∗L , read the value of f (L − 1, dL−1)

and hence the optimum value y∗L−1 of yL−1 is

obtained.

Step 11: Repeat Step 10 until the optimum value y∗1 of y1
is obtained from f (1, d1).

Aflowchart of the steps performed by the proposed clustering
algorithm is shown in Fig.2.

IV. APPLICATION OF THE PROPOSED METHOD, RESULTS
AND DISCUSSION
In this section, we apply the proposed stochastic approach
using two common probability distributions used in real life: a
normal distribution and skewed probability distribution with
a Weibull density function. To demonstrate its application,
we present a formulation for the problem of clustering as
MPP, an illustration of the DP solution procedure, and its
computational details with a simulated dataset using arbitrary
estimates of distribution parameters. A comparison study of
the effectiveness of the proposed method with other methods

FIGURE 2. Flowchart of the proposed clustering algorithm.

using simulated and real datasets is presented, with a discus-
sion of the results for the two distributions.

A. MPP FOR CLUSTERING A VARIABLE WITH NORMAL
DISTRIBUTION
The normal distribution, also known as the Gaussian distri-
bution, is considered one of the most significant continuous
probability distributions used in statistics as well as in other
fields of science [46]. This is because of its ability to fit
or approximate many natural phenomena such as rainfall,
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height, IQ, and measurement errors. It was originally devel-
oped in 1733 by Abraham DeMoivre as an approximation of
the binomial distribution when the number of trials was large
and the probability was not close to 0 or 1 [47].

If X is a random variable that follows a normal distribution,
then the probability density function is given by

f (x) =
1

σ
√
2π

exp

(
−
1
2

(
x − µ
σ

)2
)
; −∞ < x <∞

(17)

where µ is the location parameter and σ is the scale
parameter.

Let the clustering variable X follow the normal distribution
with the probability density function given in (17). To sim-
plify the integrations used to derive the cluster weight, mean,
and variance owing to the normal distribution, the following
error function ( [38]) is used:

erf (z) =
2
√
π

∫ z

0
exp{−x2} dx (18)

It can also be written as

erf (z) =
1
√
2π

∫ z

0
exp{−

1
2
x2} dx =

1
2
erf

(
z
√
2

)
(19)

Using (17), (19), and definitions (3), (4), and (5), the
weight (Wh), mean (µh) and variance (σ 2

h ) of the clusters
can be obtained as a function of partition points (xh−1, xh)
as follows:

Wh =
1
2

[
erf

(
xh−µ
σ
√
2

)
− erf

(
xh−1−µ
σ
√
2

)]
(20)

By substituting (10) in (20),Wh is obtained as

Wh =
1
2

[
erf

(
xh−1 + yh − µ

σ
√
2

)
− erf

(
xh−1 − µ

σ
√
2

)]
(21)

The cluster mean (µh) can be expressed as:

µh

=

√
2σ
[
exp

(
−

(
xh−1−µ
σ
√
2

)2)
− exp

(
−

(
xh−1+yh−µ

σ
√
2

)2)]
√
π
[
erf

(
xh−1+yh−µ

σ
√
2

)
− erf

(
xh−1−µ
σ
√
2

)]
+µ (22)

Similarly, the cluster variance (σ 2
h ) is obtained as

σ 2
h =

√
2
π
σ 2

{[(
xh−1 − µ

σ

)
exp

(
−

(
xh−1 − µ

σ
√
2

)2
)

−

(
xh−1 + yh − µ

σ
exp

(
−

(
xh−1 + yh − µ

σ
√
2

)2
)]

÷

[
erf

(
xh−1 + yh − µ

σ
√
2

)
− erf

(
xh−1 − µ

σ
√
2

)]}

+ σ 2
−

2σ 2

π

{[
exp

(
−

(
xh−1 − µ

σ
√
2

)2
)

− exp

(
−

(
xh−1 + yh − µ

σ
√
2

)2
)]

÷

[
erf

(
xh−1 + yh − µ

σ
√
2

)
− erf

(
xh−1 − µ

σ
√
2

)]}2

(23)

Using (21) and (23), the formulated MPP in (13) can be
presented to determine the OCP for the variable with normal
distribution and can be expressed as (24), shown at the bottom
of the page. The MPP in (24) is solved using the dynamic

Minimize
L∑
h=1



SQRT
{

σ 2

2
√
2π

[
erf

(
xh−1 + yh − µ

σ
√
2

)
−erf

(
xh−1 − µ

σ
√
2

)]
×

[(
xh−1 − µ

σ

)
exp

(
−

(
xh−1 − µ

σ
√
2

)2
)

−

(
xh−1 + yh − µ

σ

)
exp

(
−

(
xh−1 + yh − µ

σ
√
2

)2
)]

+
σ 2

4

[
erf

(
xh−1 + yh − µ

σ
√
2

)
−erf

(
xh−1 − µ

σ
√
2

)]2
−
σ 2

2π

[
exp

(
−

(
xh−1 − µ

σ
√
2

)2
)

− exp

(
−

(
xh−1 + yh − µ

σ
√
2

)2
)]2}


subject to

L∑
h=1

yh = d;

and yh ≥ 0; h = 1, 2, . . . ,L.

where d = b− a is the range of the distribution. (24)
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programming technique discussed in Section III. The recur-
rence relations (15) and (16) are reduced to:

For the first stage (k = 1), at y∗1 = d1

f (1, d1)

= SQRT

 σ 2

2
√
2π

[
erf

(
d1 + x0 − µ

σ
√
2

)
−erf

(
x0 − µ

σ
√
2

)]

×

[(
x0 − µ
σ

)
exp

(
−

(
x0 − µ

σ
√
2

)2
)
−

(
d1 + x0 − µ

σ

)

× exp

(
−

(
d1 + x0 − µ

σ
√
2

)2
)]

+
σ 2

4

[
erf

(
d1 + x0 − µ

σ
√
2

)
− erf

(
x0 − µ

σ
√
2

)]2
−
σ 2

2π

[
exp

(
−

(
x0 − µ

σ
√
2

)2
)

− exp

(
−

(
d1 + x0 − µ

σ
√
2

)2
)]2 (25)

And for stages k ≥ 2

f (k, dk )

= min
0≤yk≤dk

SQRT
 σ 2

2
√
2π

[
erf

(
dk + x0 − µ

σ
√
2

)

− erf
(
(dk − yk + x0)− µ

σ
√
2

)]
×

[(
(dk − yk + x0)− µ

σ

)

× exp

(
−

(
(dk − yk + x0)− µ

σ
√
2

)2
)

−

(
dk + x0 − µ

σ

)
exp

(
−

(
dk + x0 − µ

σ
√
2

)2
)]

+
σ 2

4

[
erf

(
dk + x0 − µ

σ
√
2

)

−erf
(
(dk − yk + x0)− µ

σ
√
2

)]2
−
σ 2

2π

[
exp

(
−

(
(dk − yk + x0)− µ

σ
√
2

)2
)

− exp

(
−

(
dk + x0 − µ

σ
√
2

)2
)]2

+ f (k − 1, dk − yk )

}
(26)

B. MPP FOR CLUSTERING A VARIABLE WITH WEIBULL
DISTRIBUTION
The Weibull distribution is a two-parameter family of contin-
uous distributions that are used to model censored survival
data from biomedical studies, as well as clustering gene
expression data [12], [13]. If a random variable x follows the
Weibull distribution, its two-parameter probability density
function f (x) with a state space x ≥ 0 is given by

f (x; θ, r) =
r
θ

( x
θ

)r−1
e−(

x
θ )

r
, x ≥ 0 (27)

where r > 0 is the shape parameter and θ > 0 is the scale
parameter of the distribution. The shape parameter provides
the Weibull distribution flexibility [14]. By changing the
value of the shape parameter, the distribution can model a
wide variety of data that follow an exponential distribution,
Rayleigh distribution, normal distribution, or approximate
log-normal distribution, making the Weibull distribution an
ideal choice for study.

Let the clustering variable x, with the intention of being
partitioned into L clusters, follow the Weibull distribution
with the p.d.f. given by equation (27). Using definitions (3),
(4) and (5) as shown by [14], the cluster weight (Wh), clus-
ter mean (µh) and cluster variance (σ 2

h ) are determined as
(28)–(30), shown at the bottom of the page, where 0(r, x)
and Q(r, s) denote the upper incomplete gamma function
and the regularized/normalized incomplete gamma function,

Wh = e
−

(
xh−1
θ

)r
− e
−

(
yh+xh−1

θ

)r
(28)

µh =
θ0

(
1+ 1

r

) [
Q
(
1+ 1

r ,
( xh−1
θ

)r)
− Q

(
1+ 1

r ,
(
yh+xh−1

θ

)r)]
e
−

(
xh−1
θ

)r
− e
−

(
yh+xh−1

θ

)r (29)

σ 2
h =

θ20
(
1+ 2

r

) [
Q
(
1+ 2

r ,
( xh−1
θ

)r)
− Q

(
1+ 2

r ,
(
yh+xh−1

θ

)r)]
e
−

(
xh−1
θ

)r
− e
−

(
yh+xh−1

θ

)r

−

θ202
[
Q
(
1+ 1

r ,
( xh−1
θ

)r)
− Q

(
1+ 1

r ,
(
yh+xh−1

θ

)r)]2
[
e
−

(
xh−1
θ

)r
− e
−

(
yh+xh−1

θ

)r]2 (30)
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respectively, given by

0(r, x) =
∫
∞

x
tr−1e−tdt

Q(r, x) =
1
0(r)

∫
∞

x
tr−1e−tdt, r, x > 0; 0(r) 6= 0

Therefore, the formulated MPP given in (13) to determine
the optimum cluster partitions (OCP) for the study variable
with the Weibull distribution using (28) and (30)) could be
expressed as

Minimize
L∑
h=1



SQRT
{
θ20

(
1+

2
r

)[
e
−

(
xh−1
θ

)r

−e
−

(
yh+xh−1

θ

)]
×

[
Q
(
1+

2
r
,
(xh−1
θ

)r)
− Q

(
1+

2
r
,(

yh + xh−1
θ

)r)]
−θ2

[
0

(
1+

1
r

)[
Q
(
1+

1
r
,
(xh−1
θ

)r)
−Q

(
1+

1
r
,

(
yh + xh−1

θ

)r)]]2}


subject to

L∑
h=1

yh = d

and yh ≥ 0; h = 1, 2, . . . ,L. (31)

where d = b− a is the range of the distribution, θ and r are
the parameters of the Weibull distribution, 0(.) is the upper
incomplete gamma function, andQ(.) is the upper regularized
incomplete gamma function. TheMPP in (31) is solved using
the dynamic programming technique discussed in Section III.
The recurrence relations (15) and (16) are reduced to:

For the first stage (k = 1), at y∗1 = d1

f (1, d1)

= SQRT
{
θ20

(
1+

2
r

)[
e
−

(
x0
θ

)r
− e
−

(
d1+x0
θ

)]
×

[
Q
(
1+

2
r
,
(x0
θ

)r)
− Q

(
1+

2
r
,

(
d1 + x0
θ

)r)]
− θ2

[
0

(
1+

1
r

)[
Q
(
1+

1
r
,
(x0
θ

)r)
−Q

(
1+

1
r
,

(
d1 + x0
θ

)r)]]2}
(32)

And for stages k ≥ 2

f (k, dk )

= min
0≤yk≤dk

{
SQRT

{
θ20

(
1+

2
r

)
×

[
e
−

(
dk−yk+x0

θ

)r
− e
−

(
dk+x0
θ

)]
×

[
Q
(
1+

2
r
,

(
dk − yk + x0

θ

)r)

−Q
(
1+

2
r
,

(
dk + x0
θ

)r)]
− θ2

[
0

(
1+

1
r

)[
Q
(
1+

1
r
,

(
dk − yk + x0

θ

)r)
−Q

(
1+

1
r
,

(
dk + x0
θ

)r)]]2}
+ f (k − 1, dk − yk )

}
(33)

C. COMPARISON STUDY
In this section, a comparative study is conducted to investigate
the effectiveness of the proposed clustering method with four
other methods available in the literature.

1) K-means algorithm (KM);
2) Fuzzy c-means algorithm (FCM);
3) Expectation-maximization Clustering algorithm (EM);

and
4) Genie++ hierarchical clustering algorithm (GH)
To ensure comparability of the results, the sum of the

weighted standard deviations of the clusters obtained by the
four algorithms above was determined using a sequence of
steps. First, the clustering algorithm for each method was
executed, and the cluster membership was determined. The
cluster standard deviation can be easily calculated by deter-
mining the standard deviations between the data points in
each cluster. The weight of each cluster is determined by
dividing the number of data points in the cluster by the total
number of data points in the dataset. The cluster standard
deviation and cluster weight obtained resulted in the weighted
sum of the cluster standard deviation, which is the measure
used for comparison. The efficiencies of the clustering meth-
ods were also compared using the following metrics: relative
efficiency (RE), adjusted Rand index (ARI), Dunn index (DI),
and silhouette coefficient (SC).

1) SIMULATED AND REAL DATASETS
Ten datasets that followed a normal distribution were sim-
ulated using R software for various arbitrary combinations
of parameters, such as the location parameter (µ = 5 -
100), scale parameter (σ = 0.5 - 2), and total data points
(N ) that varied from 100 to 10, 000 data points. For each
dataset, clustering was performed for five different numbers
of clusters, that is L = 2, 3, 4, 5, and 6. The sum of the
weighted cluster standard deviations

∑
Whσh was calculated

and used to compare the optimality of the different methods.
Similarly, ten datasets that follow the Weibull distribution
were also simulated for various arbitrary combinations of
parameters, such as the shape parameter (r = 1), scale
parameter (θ) that varies from 1 to 7, and total data points
(N ) that varies from 3, 000 to 12, 000 data points, and five
clustering methods were used to cluster the ten datasets.

Six real datasets, listed in Table 1, were taken from the
UCI dataset repository [39] and used in the comparison
study. Dataset 1 is the real Wine dataset, which contains
178 data points and three clusters of wine types. From the
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TABLE 1. Real datasets.

TABLE 2. Comparison result on Wine data.

TABLE 3. Comparison results on the six real datasets.

TABLE 4. Comparison result with different methods for simulated normal distribution Dataset 1 [N = 500, µ = 80, σ = 2].
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FIGURE 3. Illustration of the proposed clustering method for L = 3 on Wine dataset.

TABLE 5. Comparison result with different methods for simulated normal distribution Dataset 2 [N = 2,000, µ = 15, σ = 1.5].

13 variables present, we considered the variable, ‘‘Total phe-
nols’’ as the clustering variable because it had a normal
distribution with a location parameter of µ = 99.74, and
a scale parameter of σ = 14.24. Dataset 2 contains the
laboratory values of 615 blood donors and hepatitis C patients
with 14 variables and five clusters.We considered the variable
‘‘Acetylcholinesterase (CHE)’’ which fits a normal distri-
bution, having a location parameter of µ = 8.20, and a
scale parameter of σ = 2.20. Acetylcholinesterase (CHE) is
an excellent biomarker of liver cirrhosis [40], which makes

it an interesting variable to study. Dataset 3 is a Banknote
Authentication dataset containing 1372 instances with two
clusters and five variables, of which we used ‘‘Skewness of
Wavelet Transformed image’’ as the main clustering variable,
which follows a normal distribution with a location parameter
of µ = 1.92, and a scale parameter of σ = 5.87. Dataset
4 contained audit data with 777 instances, and two clusters.
From the 18 variables present, we chose ‘‘Inherent Risk’’ as
the clustering variable, which fits the Weibull distribution
with a shape parameter of r = 0.61 and a scale parameter
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TABLE 6. Comparison result with different methods for simulated normal distribution Dataset 3 [N = 3,000, µ = 20, σ = 1.5].

TABLE 7. Comparison result with different methods for simulated normal distribution Dataset 4 [N = 10,000, µ = 5, σ = 0.5].

TABLE 8. Comparison result with different methods for simulated normal distribution Dataset 5 [N = 1,500, µ = 50, σ = 1].

of θ = 9.96. Dataset 5 is a blood transfusion service center
dataset that contains 748 data points with two clusters and
five features.We used the feature ‘‘Frequency’’ for clustering,
which fits the Weibull distribution with a shape parameter of
r = 1.11 and a scale parameter of θ = 5.77. Dataset 6 is from
the chemical composition of ceramic sample dataset, which
contains 88 data points with 19 variables and two clusters.
The variable ‘‘Na2O’’ is used, which follows the Weibull
distribution with a shape parameter of r = 1.40 and a scale

parameter of θ = 0.52. Table 3 highlights the results of the
comparison study conducted on the above datasets using the
five clustering methods.

2) DISCUSSION OF RESULTS
From the results presented in Tables 4 - 13 in Appendix A for
the comparison of the five clusteringmethods using simulated
normal distribution data, they demonstrate the efficiency of
the proposed clusteringmethod over the other fourmethods in
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TABLE 9. Comparison result with different methods for simulated normal distribution Dataset 6 [N = 4,000, µ = 25, σ = 1.5].

TABLE 10. Comparison result with different methods for simulated normal distribution Dataset 7 [N = 5,000, µ = 30, σ = 1].

TABLE 11. Comparison result with different methods for simulated normal distribution Dataset 8 [N = 7,000, µ = 100, σ = 1].

all ten datasets. Similarly, in Tables 14 - 23 in Appendix B for
the simulated Weibull distribution data, the results reveal that
the proposed method outperforms all other methods while
constructing different numbers of clusters in all ten simulated
datasets. Optimum results are highlighted in bold.

Table 2 shows the results obtained when theWine dataset’s
‘‘Total phenols’’ feature was clustered using the five different
methods with three clusters. This feature has a minimum
value of 70 and a maximum value of 162. KM has an OCP

at x∗1 = 93.00 and x∗2 = 111.00 and an objective function
(
∑
Whσh) value of 5.900. This means that all data points less

than 93 belonged to Cluster 1, data points between 93 and
111 belonged to Cluster 2, and those that were more than
111 made up Cluster 3. Similarly, for the proposed method,
the OCP was x∗1 = 93.28 and x∗2 = 108.31 and the objective
function (

∑
Whσh) value was 5.827. This means that all data

points less than 93.28 belong to Cluster 1, data points between
93.28 and 108.31 belong to Cluster 2, and those that are more
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TABLE 12. Comparison result with different methods for simulated normal distribution Dataset 9 [N = 100, µ = 10, σ = 0.8].

TABLE 13. Comparison result with different methods for simulated normal distribution Dataset 10 [N = 800, µ = 10, σ = 0.8].

TABLE 14. Comparison result with different methods for simulated Weibull distribution Dataset 1 [N = 3,000, r = 1, θ = 1].

than 108.31 make to Cluster 3. An illustration of the results
of the proposed method is shown in Fig. 3. From the results
in Table 2, it can be observed that the proposed method had
the lowest value of the objective function

∑
Whσh whereas

EM produced the highest value of
∑
Whσh. The relative

efficiency (RE) was calculated as follows:

RE =
(
Max

∑
Whσh

Method
− 1

)
× 100%

The results show that the proposed method has the highest
efficiency (53.2%) compared to the other methods.

Furthermore, we modified the Wine dataset by adding
10% noise to the data to compare the performances of the
five clustering methods in the presence of noisy data. The
results presented in the last three columns of Table 2 indicate
that the proposed method produced the optimum value of∑
Whσh while clustering with noisy data. This demonstrates

the robustness of the proposed method in terms of the effects
of noise on the dataset.

From the comparison results presented in Table 3, it can
also be observed that the proposed clustering method out-
performed the other four clustering methods for all six real
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TABLE 15. Comparison result with different methods for simulated Weibull distribution Dataset 2 [N = 3,000, r = 1, θ = 2].

TABLE 16. Comparison result with different methods for simulated Weibull distribution Dataset 3 [N = 4,000, r = 1, θ = 3].

TABLE 17. Comparison result with different methods for simulated Weibull distribution Dataset 4 [N = 5,000, r = 1, θ = 7].

datasets used, using their known number of clusters, both in
terms of

∑
Whσh and RE. With respect to the ARI, Dunn

index and silhouette coefficients, the proposed method pro-
duced optimum and near-optimum results when compared to
the other clustering methods.

V. CONCLUSION
This paper presents a novel clustering method using a
stochastic approach. The goal is to determine the optimal

cluster partitions by minimizing the sum of the weighted
standard deviations of the clusters. To perform clustering
using this stochastic method, we utilized the stochastic values
of the data by determining the appropriate probability distri-
bution. This method is particularly useful because the goal of
clustering is mostly to determine the optimal partitions under
uncertainty; hence, the proposed method helps overcome the
effect of such uncertainties or noise in the data. Moreover,
this approach allows for the formulation of a global optimum
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TABLE 18. Comparison result with different methods for simulated Weibull distribution Dataset 5 [N = 6,000, r = 1, θ = 1].

TABLE 19. Comparison result with different methods for simulated Weibull distribution Dataset 6 [N = 10,000, r = 1, θ = 1].

TABLE 20. Comparison result with different methods for simulated Weibull distribution Dataset 7 [N = 8,000, r = 1, θ = 3].

partitioning problem as an MPP. While applicable mostly
for a priori assumptions based on some past/previous data,
practically, the proposed technique can also be applied to
successfully construct clusters in situations where data are not
available; in this case, the distribution and its parameters are
hypothetically chosen.

We demonstrate the formulation of the problem of deter-
mining the optimum cluster partitions (OCP) as an MPP for
datasets with a known frequency distribution of the main

clustering variable. We also developed an algorithm using a
dynamic programming technique to solve theMPP and deter-
mine the OCP. To demonstrate the proposed technique with
a probability distribution, we successfully applied it to the
normal and Weibull distributions. An R program was devel-
oped to implement the proposed method, which implements
a dynamic programming procedure for solving the MPP. The
performance of the proposed method was compared with that
of four state-of-the-art clustering methods: k-means, fuzzy
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TABLE 21. Comparison result with different methods for simulated Weibull distribution Dataset 8 [N = 12,000, r = 1, θ = 1].

TABLE 22. Comparison result with different methods for simulated Weibull distribution Dataset 9 [N = 9,000, r = 1, θ = 2].

TABLE 23. Comparison result with different methods for simulated Weibull distribution Dataset 10 [N = 11,000, r = 1, θ = 5].

c-means, expectation-maximization, and Genie++ hierar-
chical clustering. The results from both simulated and real
data reveal that the proposed method provides promising
results, whereby it produces relatively more efficient clusters
than other advanced methods. In this study, the proposed
clustering method was demonstrated on univariate data only,
because of its simplicity. A limitation of this study was that
we only considered clustering a single variable from a given
dataset. Future studies will involve a demonstration of the

proposed technique in a more general and practical multivari-
ate case, and also extend it to various other distributions not
discussed in this study.

APPENDIX A
NORMAL DISTRIBUTION SIMULATED DATA
COMPARISON RESULTS
See Tables 4–13.
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APPENDIX B
WEIBULL DISTRIBUTION SIMULATED DATA
COMPARISON RESULTS
See Tables 14–23.
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