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Feature selection algorithms play a crucial role in identifying and discovering important genes for

cancer classi¯cation. Feature selection algorithms can be broadly categorized into twomain groups:
¯lter-basedmethods andwrapper-basedmethods. Filter-basedmethods have been quite popular in

the literature due to their many advantages, including computational e±ciency, simplistic archi-

tecture, and an intuitively simple means of discovering biological and clinical aspects. However,

thesemethods have limitations, and the classi¯cation accuracy of the selected genes is less accurate.
In this paper, we propose a set of univariate ¯lter-basedmethods using a between-class overlapping

criterion. The proposed techniques have been compared with many other univariate ¯lter-based

methods using an acute leukemia dataset. The following properties have been examined: classi¯-
cation accuracy of the selected individual genes and the gene subsets; redundancy check among

selected genes using ridge regression and LASSO methods; similarity and sensitivity analyses;

functional analysis; and, stability analysis.A comprehensive experiment showspromising results for

our proposed techniques. The univariate ¯lter based methods using between-class overlapping
criterion are accurate and robust, have biological signi¯cance, and are computationally e±cient and

easy to implement. Therefore, they are well suited for biological and clinical discoveries.

Keywords: Feature selection; ¯lter-based method; transcriptome data; between-class overlapping.

1. Background

The identi¯cation of important genes for class prediction and discovery has gener-

ated widespread attention since the inception of DNA microarray technology.1�14

Identi¯cation of genes plays a vital role in the human cancer classi¯cation problem

and in disease diagnosis. It is also possible to uncover cancer subclasses that are
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related through their susceptibility to anti-cancer drugs that are hard to predict

using only histopathological tests. The gene expression pro¯les measured by DNA

microarray technology provide accurate, reliable and objective means for cancer

classi¯cation. Feature selection algorithms are considered an important and integral

part of the identi¯cation of crucial genes. Various feature selection algorithms can be

broadly grouped into two main categories: (i) ¯lter-based methods and (ii) wrapper-

based methods.15 Filter-based methods are computationally economical and follow

an open-loop approach: the selection of genes is independent of the classi¯er.

Therefore, the relevance of the extracted genes is obtained from a scoring procedure

that uses intrinsic properties of the genes' expression pro¯les. Wrapper-based

methods can provide high classi¯cation accuracy but are computationally intensive

and follow closed-loop approaches that depend on the classi¯er for gene selection.

Although wrapper-based methods yield high classi¯cation accuracy, the gene sets

they select do not necessarily possess biologically or clinically relevant attributes.

The taxonomy of ¯lter-based methods can be represented by two paradigms, the

univariate¯lter paradigm(e.g. selection criterionbasedonan individual ranking scheme)

and the multivariate ¯lter paradigm (e.g. selection criterion based on correlation). Over

several years, a great deal of research into transcriptome data analysis has focused on

the univariate paradigm16�24 for many reasons: it is instinctively simple, pertains to

biological and clinical discoveries, and is computationally e±cient.10 Inspired by its

advantages, in this paper, we focus on the univariate paradigm and propose techniques

in this domain. In ourwork, we use between-class overlapping information fromdi®erent

cancer classes to score individual genes. A gene with no (or limited) mutual overlap will

be ranked highly. We present three method variations using between-class overlapping

for gene selection. A comprehensive comparison of the proposed techniques with

several other techniques exhibits promising results using an acute leukemia dataset.16

We ¯rst brie°y review the extant research on ¯lter-based methods under a uni-

variate paradigm. In this paradigm, various reported techniques exhibit similar

characteristics (as they fall into the same group); however, their end results (selected

genes) vary in many respects e.g. information level, robustness and sensitivity.

Some older but popular techniques such as information gain, gain ratio and Chi-

squared tests25,26 are used to score individual genes. Information gain is based on

entropy measurement and is further enhanced by the gain ratio, which is based on an

evaluation using information theory. Chi-squared tests, however, are based on

statistical theory.27 Golub's SNR, also known as the Signed-Fisher discriminant ratio

(FDR),16 uses means and class-conditional standard deviations of di®erent classes to

measure a gene's score. Genes can be rearranged with respect to their measured

scores and the top-scoring genes can be selected. Furey et al.17 proposed a modi¯-

cation to the Signed-FDR technique that involves using its absolute value. Another

method based on t-statistics21 uses a similar ranking strategy to that of Signed-FDR.

A minor modi¯cation of Signed-FDR is FDR using the squares of the di®erences of

the means and class-conditional variances.19 Mak and Kung24 proposed a symmetric

divergence (SD)-based ranking strategy, which also uses squares of the di®erences of
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the means and class-conditional variances. In the next section, we brie°y summarize

the techniques used for the comparative study undertaken in this work.

2. Univariate Filter-Based Methods

In this section, we brie°y summarize some of the ¯lter-based methods under the

univariate paradigm. Let �þ be in Rd�N þ
and �� be in Rd�N �

. Let the training

feature vector subsets �þ and �� belong to positive class !þ and negative class !�,
respectively. The terms Nþ and N� denote the number of samples in �þ and ��,
respectively, and d denotes the dimensionality of feature vectors. Let the mean,

standard deviation and sample standard deviation of jth feature (or element) of a

feature vector from �þ be denoted by �þ
j , �

þ
j and sþj , respectively. Similarly, for ��

let these terms be denoted by ��
j , �

�
j and s�j . Then, the techniques used for our

comparative study can be summarized, as shown in Table 1. The criteria in Table 1

associate a score to the corresponding gene. The genes with the highest scores will be

the choices selected. The next section illustrates the proposed scheme for selection.

3. Theory of Overlap-Based Scoring

This section provides the details of the proposed overlapping techniques. To illustrate

these techniques, let us consider xþ
jk (where j ¼ 1; . . . ; d and k ¼ 1; . . . ;NþÞ and x�

jk

(where j ¼ 1; . . . ; d and k ¼ 1; . . . ;N�Þ as elements of �þ and ��, respectively.

The symbols of the elements can be simpli¯ed by dropping the subscripts, denoting the

elements by xþ and x�. The elements xþ and x� are samples of jth feature. Let the

maximum of xþ be xþ
max and themaximum of x� be x�

max; i.e., x
þ
max ¼ maxk¼1;...;N þxþ

jk

and x�
max ¼ maxk¼1;...;N �x�

jk. Let the argument of the maximum of xþ
max and x�

max be

denoted by r (where r can be either a positive class or a negative class); i.e.,

r ¼ argmaxðxþ
max;x

�
maxÞ ð1Þ

and let the remaining class be denoted by l. An illustration is given in Fig. 1.

Table 1. Univariate ¯lter-based methods.

Technique Criterion

Signed-FDR16
�þ
j � ��

j

�þ
j þ ��

j

Absolute Signed-FDR17 j�þ
j � ��

j j
�þ
j þ ��

j

t-Statistics21 �þ
j � ��

jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsþ

j Þ 2
N þ þ ðs�

j Þ2
N �

q
FDR19 ð�þ

j � ��
j Þ2

ð�þ
j Þ2 þ ð��

j Þ2
SD24

1

2

ð�þ
j Þ2

ð��
j Þ2

þ ð��
j Þ2

ð�þ
j Þ2

 !
� 1þ 1

2

ð�þ
j � ��

j Þ2
ð�þ

j Þ2 þ ð��
j Þ2

 !
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In Fig. 1, the right-hand side samples are represented by xr, and the left-hand side

samples are represented by xl; xr
max is the maximum of xr, and xl

max is the maximum

of xl, where xr
max > xl

max; P ð!rÞ and P ð! lÞ are the a priori probabilities of classes !r

and ! l, where samples xr 2 !r and xl 2 ! l, respectively; pðxlj!rÞ and pðxrj! lÞ are
the respective class-conditional probability density functions. Let Nr and Nl denote

the number of samples in classes !r and ! l, respectively. Then a priori probabilities

can be evaluated as P ð!rÞ ¼ Nr=ðNr þNlÞ and P ð! lÞ ¼ Nl=ðNr þNlÞ. Further, let
x be any observation. There are two possibilities in which classi¯cation error could

occur; either observation x falls in the left-hand side region,Rl, and the true class is !r

orx falls in the right-hand side region,Rr, and the true class is! l. Since these events are

mutually exclusive and exhaustive,28,29 we can de¯ne average probability of error as

�p ¼ P ðx 2 !r;RlÞ þ P ðx 2 ! l;RrÞ
¼
Z
x2Rr

pðxj! lÞP ð! lÞdxþ
Z
x2Rl

pðxj!rÞP ð!rÞdx

The regions Rl and Rr can be evaluated by using a classi¯er. However, since in the

development of univariate ¯lter-based feature selector the classi¯er is not provided, the

empirical evaluation of the regions is very di±cult to ¯nd. However, instead of com-

puting the average probability of error, �p, we can considered computing the over-

lapping region which is proportional to �p. Let the overlapping region induce the error

�o, which we de¯ne as the overlapping error. The error �o is due to the sample in the

region ½xr
min;x

l
max�, which can be expressed as

�o ¼
Z x l

max

x r
min

pðxj! lÞP ð! lÞ þ pðxj!rÞP ð!rÞdx ð2Þ

Clearly, if the overlapping error �o is low, then itwill yield a small average probability of

error and can improve classi¯cation performance.28 The monotonicity between �o and

�p can also be shown (see Appendix 1 for details). The overlapping error �o can be used

to associate scores with genes. Thiswill measure the strength of the choice of individual

genes, which can be used to ¯nd gene rankings or feature selection. In practice, we have

to compute the integral in Eq. (2) using the data in training set. Therefore, we

approximate the integration operation by a summation operation as follows30:

F ¼
Z

fðyÞdy ¼ lim
n!1

Xn
k¼1

fðykÞ�y �
Xn
k¼1

fðykÞ�y

Fig. 1. An illustration of an overlap-based scoring scheme.
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Using this approximation, we can rewrite Eq. (2) as

�̂ ¼
X
x2R

ðpðxj! lÞP ð! lÞ þ pðxj!rÞP ð!rÞÞ�A ð3Þ

where �o � �̂, �A is a constant and R is the overlapping region in the range

R ¼ ½xr
min;x

l
max�. Since the ranking of features will be undeterred by the value of the

constant �A, it can be removed from Eq. (3). Therefore, we rewrite Eq. (3) for

scoring features as

� ¼
X
x2R

ðpðxj! lÞP ð! lÞ þ pðxj!rÞP ð!rÞÞ ð4Þ

In Fig. 1, xr
min > xl

min and the minimum value of region R is xr
min. However, if

xr
min < xl

min, then the overlapping region would have been R ¼ ½xl
min;x

l
max�. More-

over, if xr
min > xl

max, then there will be no overlapping region. To solve the para-

metric Eq. (4), we assume the class-conditional densities to be univariate Gaussian

for analytical tractability28.a As there are d number of genes present, the equation

will give d values of �. If these values are arranged in ascending order �1 � �2 �
� � � � �d then the top genes (with lower � values) can be selected. It is possible that

there will be no overlapping regions for some genes, which will give �i ¼ 0. In this

case, the genes with overlapping error being 0 will be ranked 1. However, further re-

ranking can be performed for this group of ranked 1 genes by using other feature

selection techniques (e.g. using techniques presented in Table 1). For brevity we refer

to this overlapping criterion as the Overlap-probability (prob) technique.

The non-parametric form of Eq. (4) can also be presented, where it is not required

to assume the form of any parametric distribution for x. The overlapping region R

may contain some samples of xl and xr. Let nl and nr denote the number of samples

of xl and xr, respectively, that fall in the region R. The number of samples in R can

be normalized by the total number of samples to give a non-parametric form of the

overlapping error function as follows:

� ¼ nl þ nr

Nþ þN� ð5Þ

Because the sum Nþ þN� is always constant, it will not a®ect the scoring.b We

refer to the criterion of Eq. (5) as the Overlap technique.

aThis is the most commonly used distribution for solving parametric form of class-conditional densities.

The normal density is also an appropriate model for a case where feature extractors are designed to extract
features that are di®erent for patterns in di®erent classes but as similar as possible for patterns in the same

class.28

bThe issue of training sample imbalance can be anticipated for scoring criteria. This is an open question for

DNA microarray gene expression data which can cause due to the limit of source of tumor samples,

budgetary constraints and reducing samples in the control group arti¯cially and factitiously.31 Di®erent
methods express di®erently for imbalanced training data. The impact of sample imbalance on various

feature selection methods have been studied in detail in Yang et al.31
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A variation of Eq. (5) can be envisaged where the number of overlapping samples

in the region R of a class can be normalized by the total number of samples of its

class. Let the total number of samples of xl and xr be denoted by Nl and Nr,

respectively (where for example Nr ¼ Nþ if xþ
max > x�

max or Nr ¼ N� if

x�
max > xþ

maxÞ. The criterion can be given as follows:

� ¼ nl

Nl

þ nr

Nr

ð6Þ

We refer to Eq. (6) as the Overlap2 technique.c All these criteria will investigate

genes by considering the minimal mutual overlapping between the classes. These

criteria are summarized in Table 2, and it is pragmatically shown in the experimental

section that gene selection using an overlapping scheme is indeed reasonable and

promising.

4. Experimentation

This section covers the experimentation portion of our work. The organization of the

experimental section is as follows. Section 4.1 describes the dataset used in the

experiment; Sec. 4.2 shows the top-ranked genes using univariate ¯lter-based

methods; Sec. 4.3 gives a comparative study of the classi¯cation accuracy of the

¯lter-based methods; Sec. 4.4 illustrates the classi¯cation accuracy and feature

selection of the ridge regression and LASSO methods; Sec. 4.5 illustrates the simi-

larity and sensitivity analyses; Sec. 4.6 covers the functional analysis of the ¯lter-

based methods and Sec. 4.7 discusses the stability of the feature selection methods.

4.1. Description of the dataset used in the experiment

We used an acute leukemia dataset16 to show the e®ectiveness of the proposed

techniques. A description of the dataset is given as follows:

The acute leukemia dataset consists of DNA microarray gene expression data of

human acute leukemias for cancer classi¯cation. Two types of acute leukemias are

provided for classi¯cation: acute lymphoblastic leukemia (ALL) and acute myeloid

leukemia (AML). The dataset is subdivided into 38 training samples and 34 test

Table 2. Between-class overlapping ¯lter-based methods.

Technique Criterion

Overlap-prob technique
X

x2R pðxj! lÞP ð! lÞ þ pðxj!rÞP ð!rÞ
Overlap technique nl þ nr

Nþ þN�

Overlap2 technique nl

Nl

þ nr

Nr

cThe issue of training sample imbalance may be considered for this criterion as the number of overlapping

samples of a class is normalized by the total number of samples of a class.
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samples. The training set consists of 38 bone marrow samples (27 ALL and 11 AML)

over 7129 probes. The test set consists of 34 samples, 20 ALL and 14 AML, prepared

under di®erent experimental conditions. All the samples have 7129 dimensions, and

all are numeric.

4.2. Gene ranking using univariate ¯lter-based methods

and the acute leukemia dataset

We selected top-10 ranked genes from various univariate ¯lter-based methods and

compared the strength of selected individual genes. A comparison was performed by

evaluating the classi¯cation accuracy of individual genes using the test dataset. The

classi¯cation accuracy is measured by using the nearest neighbor classi¯er (NNC).

Table 3 shows the selected top-10 ranked genes and the classi¯cation accuracy of

individual genes, using ¯lter-based methods (given in Table 1), and Table 4 shows

the same for our proposed techniques. The gene number and gene accession number

are shown in italics and the classi¯cation accuracy is shown in parentheses. The

individual genes (from Tables 3 and 4) that exhibit classi¯cation accuracies above

(or equal to) 85% by various ¯lter-based methods have been shown in Table 5. It can

be observed from Table 5 that the Overlap and Overlap2 techniques are able to

identify four genes with individual classi¯cation accuracies of �85%. In a similar

manner, the Absolute Signed-FDR and Overlap-prob methods identi¯ed two genes;

Signed-FDR and the FDR 1 gene. The t-Statistics and SD methods were not able to

identify any genes.

Table 3. Top 10 selected genes using ¯lter-based methods on the acute leukemia dataset.

Rank No. Sig-FDR Abs.Sig.-FDR t-Statistics FDR SD

1 5772 (68%) 2020 (74%) 5772 (68%) 2020 (74%) 5688 (74%)
U22376 cds2 s at M55150 at U22376 cds2 s at M55150 at L33930 s at

2 4328 (76%) 3320 (79%) 4328 (76%) 3320 (79%) 6277 (68%)

X59417 at U50136 rna1 at X59417 at U50136 rna1 at M30703 s at

3 2642 (79%) 4847 (91%) 6281 (82%) 4847 (91%) 4680 (65%)
U05259 rna1 at X95735 at M31211 s at X95735 at X82240 rna1 at

4 2354 (82%) 5772 (68%) 1306 (62%) 3847 (71%) 758 (68%)

M92287 at U22376 cds2 s at L13278 at U82759 at D88270 at

5 4535 (62%) 1745 (79%) 2354 (82%) 461 (74%) 1809 (44%)
X74262 at M16038 at M92287 at D49950 at M21624 at

6 1306 (61%) 1834 (100%) 2642 (79%) 5039 (62%) 1133 (68%)

L13278 at M23197 at U05259 rna1 at Y12670 at J04990 at
7 6281 (82%) 2288 (74%) 6471 (71%) 5772 (68%) 1893 (56%)

M31211 s at M84526 at U09087 s at U22376 cds2 s at M28826 at

8 6471 (71%) 5039 (62%) 5593 (59%) 4196 (82%) 6182 (68%)

U09087 s at Y12670 at D26156 s at X17042 at X04602 s at
9 5593 (59%) 3847 (71%) 4535 (62%) 2759 (53%) 4342 (59%)

D26156 s at U82759 at X74262 at U12471 cds1 at X59871 at

10 6855 (85%) 461 (74%) 6974 (65%) 1745 (79%) 4050 (65%)

M31523 at D49950 at M28170 at M16038 at X03934 at
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4.3. A comparison using classi¯cation accuracy

In this subsection, we compare the techniques listed in Table 1 with our proposed

techniques Overlap, Overlap2 and Overlap-prob. For the comparison, the genes are

¯rst selected using various ¯lter-based methods on a training sample set. Classi¯-

cation accuracy is then computed on a test sample set using several classi¯ers. The

number of genes selected is h, where h ¼ 1; 2; 5; 10 and 100. The following classi¯ers

Table 4. Top 10 selected genes using our proposed techniques on the acute
leukemia dataset.

Rank No. Overlap Overlap2 Overlap-prob

1 4847 (91%) 4847 (91%) 4847 (91%)
X95735 at X95735 at X95735 at

2 1882 (94%) 1882 (94%) 1882 (94%)

M27891 at M27891 at M27891 at

3 3320 (79%) 3320 (79%) 5648 (47%)
U50136 rna1 at U50136 rna1 at D49824 s at

4 6218 (65%) 6218 (65%) 1674 (79%)

M27783 s at M27783 s at M11147 at

5 1745 (79%) 760 (85%) 5507 (50%)
M16038 at D88422 at D86974 at

6 760 (85%) 1834 (100%) 5710 (68%)

D88422 at M23197 at M25079 s at
7 1834 (100%) 5039 (62%) 3320 (79%)

M23197 at Y12670 at U50136 rna1 at

8 2267 (32%) 1745 (79%) 5711 (35%)

M81933 at M16038 at HG1428-HT1428 s at
9 4499 (71%) 2267 (32%) 6345 (53%)

X70297 at M81933 at M63438 s at

10 5039 (62%) 4499 (71%) 4017 (44%)

Y12670 at X70297 at X00274 at

Table 5. Classi¯cation accuracy � 85% in the top 10 ranked genes.

Methods Gene number/accession (classi¯cation accuracy)

Sig-FDR 6855/M31523 at
(85%)

Abs. Sig-FDR 4847/X95735 at

(91%)

1834/M23197 at

(100%)

t-Statistics NONE
FDR 4847/X95735 at

(91%)

SD NONE

Overlap 4847/X95735 at
(91%)

1882/M27891 at
(94%)

760/D88422 at (85%) 1834/M23197 at (100%)

Overlap2 4847/X95735 at

(91%)

1882/M27891 at

(94%)

760/D88422 at (85%) 1834/M23197 at (100%)

Overlap-prob 4847/X95735 at
(91%)

1882/M27891 at
(94%)
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are employed from the Weka environment32: Bayes logistic regression, Bayes net,

naïve Bayes, linear wrapper, multilayer perceptron, RBF network, adaboost, bag-

ging and random forest. Ridge regression (from Matlab) is also used as a classi¯er.

The classi¯cation accuracy using univariate ¯lter-based methods and various clas-

si¯ers on the acute leukemia dataset has been shown in detail in Table 6. To present

Table 6. Classi¯cation accuracy using ¯lter-based methods on the acute leukemia dataset.

Feature selection methodsþ classi¯er 1 2 5 10 100

Signed-FDRþBayes Logistic Regression 58.8% 58.8% 58.8% 58.8% 76.5%
Signed-FDRþBayes Net 73.5% 76.5% 79.4% 82.4% 82.4%

Signed-FDRþNaïve Bayes 79.4% 79.4% 82.4% 85.3% 76.5%

Signed-FDRþLinear Wrapper 58.8% 41.2% 47.1% 58.8% 91.2%

Signed-FDRþMultilayer Perceptron 76.5% 76.5% 94.1% 94.1% 88.2%
Signed-FDRþRBF Network 79.4% 79.4% 82.4% 82.4% 67.6%

Signed-FDRþAdaboost 73.5% 76.5% 91.2% 97.1% 94.1%

Signed-FDRþBagging 73.5% 76.5% 79.4% 82.4% 82.4%

Signed-FDRþRandom Forest 67.6% 73.5% 82.4% 88.2% 79.4%
Signed-FDRþRidge Regression 73.5% 73.5% 91.2% 70.6% 82.4%

Abs. Signed-FDRþBayes Logistic Regression 58.8% 32.4% 85.3% 91.2% 97.1%

Abs. Signed-FDRþBayes Net 73.5% 73.5% 85.3% 88.2% 85.3%
Abs. Signed-FDRþNaïve Bayes 73.5% 82.4% 88.2% 97.1% 94.1%

Abs. Signed-FDRþLinear Wrapper 41.2% 52.9% 79.4% 73.5% 94.1%

Abs. Signed-FDRþMultilayer Perceptron 73.5% 76.5% 88.2% 91.2% 97.1%

Abs. Signed-FDRþRBF Network 76.5% 79.4% 88.2% 94.1% 94.1%
Abs. Signed-FDRþAdaboost 73.5% 79.4% 91.2% 91.2% 91.2%

Abs. Signed-FDRþBagging 73.5% 73.5% 73.5% 73.5% 73.5%

Abs. Signed-FDRþRandom Forest 73.5% 73.5% 82.3% 94.1% 85.3%

Abs. Signed-FDRþRidge Regression 70.6% 76.5% 82.4% 73.5% 82.4%
t-StatisticsþBayes Logistic Regression 58.8% 58.8% 58.8% 58.8% 73.5%

t-StatisticsþBayes Net 73.5% 76.5% 85.3% 88.4% 85.3%

t-StatisticsþNaïve Bayes 79.4% 79.4% 82.4% 82.4% 76.5%

t-StatisticsþLinear Wrapper 58.8% 41.2% 38.2% 79.4% 88.2%
t-StatisticsþMultilayer Perceptron 76.5% 76.5% 91.2% 94.1% 97.1%

t-StatisticsþRBF Network 79.4% 79.4% 79.4% 82.4% 64.7%

t-StatisticsþAdaboost 73.5% 76.5% 88.2% 91.2% 94.1%
t-StatisticsþBagging 73.5% 76.5% 79.4% 79.4% 91.2%

t-StatisticsþRandom Forest 67.6% 73.5% 79.4% 88.4% 73.5%

t-StatisticsþRidge Regression 73.5% 73.5% 82.4% 73.5% 88.2%

FDRþBayes Logistic Regression 58.8% 32.4% 79.4% 91.2% 97.1%
FDRþBayes Net 73.5% 73.5% 85.3% 85.3% 85.3%

FDRþNaïve Bayes 73.5% 82.4% 88.2% 91.2% 97.1%

FDRþLinear Wrapper 41.2% 52.9% 85.3% 82.4% 97.1%

FDRþMultilayer Perceptron 73.5% 76.5% 85.3% 82.4% 94.1%
FDRþRBF Network 76.5% 79.4% 88.2% 88.2% 97.1%

FDRþAdaboost 73.5% 79.4% 88.2% 91.2% 91.2%

FDRþBagging 73.5% 73.5% 73.5% 73.5% 73.5%
FDRþRandom Forest 73.5% 73.5% 91.2% 76.5% 76.5%

FDRþRidge Regression 70.6% 76.5% 79.4% 73.5% 82.4%

SDþBayes Logistic Regression 70.6% 82.4% 76.5% 91.2% 100%

SDþBayes Net 82.4% 64.7% 79.4% 85.3% 94.1%
SDþNaïve Bayes 88.2% 73.5% 97.1% 100% 97.1%

SDþLinear Wrapper 67.6% 52.9% 82.4% 94.1% 100%
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the results concisely, Table 7 depicts the average classi¯cation accuracy with stan-

dard deviation over various classi¯ers. In addition, Fig. 2 depicts the average

classi¯cation accuracy of the ¯lter-based methods. It can be observed from the tables

and Fig. 2 that the overlap techniques are producing very promising results. The

proposed techniques are best when the dimensionality is small (�5Þ and competent

for higher dimensionalities. The overlap techniques achieve 86.47% classi¯cation

accuracy at dimensions 1 and 2. The accuracy of the overlap techniques is in the

range 84.72%�90.90% at dimension 5; 84.72%�90.30% at dimension 10; and

89.71%�93.84% at dimension 100. The SD method also reached a classi¯cation

accuracy of above 90% at dimension 100. The standard deviation gradually drops for

Table 6. (Continued )

Feature selection methodsþ classi¯er 1 2 5 10 100

SDþMultilayer Perceptron 58.8% 61.8% 82.4% 97.1% 97.1%

SDþRBF Network 70.6% 76.5% 76.5% 100% 82.4%

SDþAdaboost 73.5% 67.6% 85.3% 82.4% 94.1%
SDþBagging 76.5% 61.8% 61.8% 70.6% 91.2%

SDþRandom Forest 70.6% 70.6% 76.5% 82.4% 85.3%

SDþRidge Regression 58.8% 58.8% 61.8% 79.4% 82.4%

OverlapþBayes Logistic Regression 52.9% 58.8% 82.4% 82.4% 97.1%
OverlapþBayes Net 91.2% 91.2% 91.2% 94.1% 91.2%

OverlapþNaïve Bayes 91.2% 94.1% 82.4% 85.3% 97.1%

OverlapþLinear Wrapper 85.2% 73.5% 73.5% 79.4% 97.1%

OverlapþMultilayer Perceptron 91.2% 91.2% 82.4% 73.5% 97.1%
OverlapþRBF Network 91.2% 94.1% 79.4% 82.4% 94.1%

OverlapþAdaboost 91.2% 91.2% 91.2% 91.2% 91.2%

OverlapþBagging 91.2% 91.2% 91.2% 91.2% 91.2%
OverlapþRandom Forest 91.2% 91.2% 94.1% 91.2% 88.2%

OverlapþRidge Regression 88.2% 88.2% 79.4% 76.5% 94.1%

Overlap2þBayes Logistic Regression 52.9% 58.8% 82.4% 82.4% 97.1%

Overlap2þBayes Net 91.2% 91.2% 94.1% 94.1% 88.2%
Overlap2þNaïve Bayes 91.2% 94.1% 82.4% 85.3% 97.1%

Overlap2þLinear Wrapper 85.2% 73.5% 73.5% 79.4% 97.1%

Overlap2þMultilayer Perceptron 91.2% 91.2% 88.3% 73.5% 97.1%

Overlap2þRBF Network 91.2% 94.1% 79.4% 82.4% 91.2%
Overlap2þAdaboost 91.2% 91.2% 91.2% 91.2% 91.2%

Overlap2þBagging 91.2% 91.2% 91.2% 91.2% 91.2%

Overlap2þRandom Forest 91.2% 91.2% 91.2% 91.2% 85.3%

Overlap2þRidge Regression 88.2% 88.2% 88.2% 76.5% 94.1%
Overlap-probþBayes Logistic Regression 52.9% 58.8% 82.4% 91.2% 94.1%

Overlap-probþBayes Net 91.2% 91.2% 91.2% 91.2% 91.2%

Overlap-probþNaïve Bayes 91.2% 94.1% 91.2% 91.2% 91.2%
Overlap-probþLinear Wrapper 85.2% 73.5% 97.1% 88.2% 82.3%

Overlap-probþMultilayer Perceptron 91.2% 91.2% 91.2% 85.3% 100%

Overlap-probþRBF Network 91.2% 94.1% 94.1% 94.1% 85.3%

Overlap-probþAdaboost 91.2% 91.2% 91.2% 91.2% 91.2%
Overlap-probþBagging 91.2% 91.2% 91.2% 91.2% 91.2%

Overlap-probþRandom Forest 91.2% 91.2% 91.2% 94.1% 82.4%

Overlap-probþRidge Regression 88.2% 88.2% 88.2% 85.3% 88.2%
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all methods as the dimensionality increases. The lowest standard deviation noted is

3.09, obtained by the Overlap technique at dimension 100.

4.4. Comparison using ridge regression and LASSO methods

In this subsection, we compare the univariate ¯lter-based methods using ridge

regression33 and LASSO34 methods.

The univariate ¯lter-based methods select features based on individual rankings

and therefore do not fully account for redundancy among features. In this case, ridge

regression methods can be used which diminish multiple correlations among the

features and thus reduce collinearity e®ects. First, we select genes using the uni-

variate ¯lter-based methods used in the preceding sections. We then apply ridge

regression for classi¯cation purposes. The dimensionality of the feature vectors starts

from 1 and increases to 300 in intervals of 50. The ridge regression parameters are

estimated using the training samples and the classi¯cation accuracy is computed on

1 2 5 10 100
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Fig. 2. A curve of average classi¯cation accuracy (for all the classi¯ers used) in percentages as a function

of feature dimensionality.

Table 7. Average classi¯cation accuracy and standard deviation (given in parentheses) for all the clas-
si¯ers studied.

Filter-based methods 1 2 5 10 100

Signed-FDR 71.45% (7.1) 71.18% (11.45) 78.84% (14.09) 80.01% (12.61) 82.07% (7.38)
Abs. signed-FDR 68.81% (10.28) 70.00% (14.69) 84.40% (4.93) 86.76% (8.96) 89.42% (7.24)

t-Statistics 71.45% (7.1) 71.18% (11.45) 76.47% (15.18) 81.80% (9.68) 83.23% (10.03)

FDR 68.81% (10.28) 70.00% (14.69) 84.40% (5.11) 83.54% (6.74) 89.14% (8.64)

SD 71.76% (8.75) 67.06% (8.42) 77.97% (9.95) 88.25% (9.30) 92.37% (6.46)
Overlap 86.47% (11.35) 86.47% (10.79) 84.72% (6.42) 84.72% (6.68) 93.84% (3.09)

Overlap2 86.47% (11.35) 86.47% (10.79) 86.19% (6.18) 84.72% (6.68) 92.96% (4.01)

Overlap-prob 86.47% (11.35) 86.47% (10.79) 90.90% (3.59) 90.30% (2.96) 89.71% (5.14)
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test samples. Figure 3 shows classi¯cation accuracy using ridge regression as a

classi¯er.

It can be observed from Fig. 3, that Overlap and Overlap2 outperform other

techniques. However, the Overlap-prob technique nears 100% at dimension 300. The

SD and Absolute Signed-FDR techniques show high classi¯cation accuracies after

dimension 150.

Next, we applied the LASSO method using Glmnet35,36 for feature selection. The

LASSO method also de°ates the collinearity e®ect on the features. It produces sparse

parameters that can be used to identify important genes. We ¯rst select the top 100

genes using various univariate ¯lter-based methods and then we apply the LASSO

method to select genes from the obtained gene subset. The number of genes obtained

using this procedure is depicted in Table 8. Techniques with higher values in the

table produce less redundant genes when used for gene selection. The highest value is

obtained by the Overlap-prob technique.

4.5. Similarity and sensitivity analyses

In this subsection, we show a similarity between ¯lter-based methods in terms of

producing a common number of genes from a subset of selected genes. To do this,
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Fig. 3. Classi¯cation accuracy using ridge regression on univariate ¯lter-based methods.

Table 8. Gene selection using the LASSO method on the top 100 genes selected by the ¯lter-based

methods.

Sig.-FDR

Abs.

Sig.-FDR t-Statistics FDR SD Overlap Overlap2 Overlap prob

Number of selected

genes using LASSO

18 20 18 20 3 12 13 23
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¯lter-based methods are used to select top 100 genes and then a common number of

genes are drawn in the following confusion matrix form (Table 9).

The values in the confusion matrix indicate the similarity between the corre-

sponding two techniques in selecting genes. For example, it can be observed that

Signed-FDR and t-statistics select very similar genes from the acute leukemia

dataset. This can also be con¯rmed by Fig. 2, where both these methods produce

roughly similar average classi¯cation accuracies over a number of classi¯ers. The SD

and overlap techniques are quite competent in producing higher classi¯cation

accuracies, and the number of common genes between SD and the overlap techniques

is also quite low. This presents the possibility of combining these techniques to

extract more information from a given subset of genes.

In our sensitivity analysis, we ¯rst selected the top 100 genes by using various

univariate ¯lter-based methods on the dataset. The data were then contaminated by

Gaussian noise and the same techniques were applied to ¯nd the top 100 genes. The

generated noise levels are 1%, 5%, 10% and 15% of the standard deviation of the

original expression values. The number of genes that were in common both before

and after contamination was noted. This contamination and selection of genes was

repeated 50 times. The average number of common genes obtained over 50 iterations

is reported in Table 10.

It can be observed from Table 10 that Overlap-prob is a very robust technique.

This technique maintains selection of several of its original genes, even at high

additive noise levels.

Table 9. Common genes obtained in the top 100 ranked genes.

Techniques
Signed

FDR

Abs.

Signed
FDR t-Statistics FDR SD Overlap Overlap2

Overlap
prob.

Signed-FDR X 50 91 41 14 42 25 8

Abs. Signed-FDR 50 X 50 76 10 57 53 19

t-Statistics 91 50 X 38 9 40 24 8

FDR 41 76 38 X 4 51 52 20
SD 14 10 9 4 X 16 15 3

Overlap 42 57 40 51 16 X 73 23

Overlap2 25 53 24 52 15 73 X 24

Overlap-prob. 8 19 8 20 3 23 24 X

Table 10. Average number of genes obtained (over 50 iterations) after contamination of data at di®erent
noise levels.

Added noise Sig.-FDR Abs. Sig.-FDR t-Statistics FDR SD Overlap Overlap2 Overlap-prob

1% 95.9 94.8 96.2 95.7 89.7 85.8 85.8 86.4

5% 49.2 40.7 50.1 48.3 15.3 30.0 28.7 68.0
10% 22.9 16.9 22.9 23.3 1.4 10.5 10.6 68.1

15% 10.5 7.5 8.5 9.5 1.0 4.0 4.5 70.0
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4.6. Functional analysis

In this subsection, we use the acute leukemia dataset to demonstrate the biological

signi¯cance of our selection methods using an ingenuity pathway analysis (IPA,

http://www.ingenuity.com). The top 100 genes selected using ¯lter-based methods

are used for this purpose. This will generate di®erent 100 genes for di®erent methods.

Table 11 lists some of the cancer-causing functions of these genes, with their

p-valuesd and number of genes attributed to the function in parentheses. All the

methods provide signi¯cant p-values above the threshold (as speci¯ed in IPA); the

methods therefore provide biologically relevant results. The lowest p-value is

achieved by the Overlap-prob technique (3.15E-14), followed by the Overlap2

technique (9.16E-13).

4.7. Stability analysis

In this subsection, we perform an empirical study to analyze the stability of various

feature selectionmethods. In order to do this, we use mixture normal distribution as an

error model; i.e., an expression data x is generated from x ¼ �j þ e, where �j ¼ E½x�
and e is an error term following a mixture normal e � aNð0; s2Þ þ ð1� aÞNð0;u2Þ.
The mixing rate, a, is set to be a ¼ 0:9, and u is set to be u ¼ 3s, where s ¼ 0:8.

Numerically, an expression data x following a mixture normal is generated as follows:

¯rst the acute leukemia data is rescaled to ½0; 1�; let w be any feature of the dataset,

then if w < a, e is generated from Nð0; s2Þ, otherwise e is generated from Nð0;u2Þ.
Since the dimensionality of acute leukemia dataset is 7129, we generated 7129

features. The training set has 38 samples (27 samples in one class and the remaining

Table 11. Cancer functions with their corresponding p-values and number of genes in parentheses,
obtained by ¯lter-based methods.

Functions Sig.-FDR
Abs.
Sig.-FDR t-Statistics FDR SD Overlap Overlap2

Overlap-
prob

Cancer 2.61E-7 4.63E-11 8.30E-7 4.01E-11 2.34E-12 3.79E-10 9.16E-13 3.15E-14

(#42) (#49) (#42) (#51) (#51) (#49) (#52) (#47)

Tumor 4.39E-03 7.65E-06 6.85E-03 2.45E-08 2.48E-06 7.13E-06 7.90E-05 5.59E-10

(#23) (#30) (#23) (#36) (#31) (#31) (#28) (#33)
Carcinoma 1.14E-02 3.34E-04 1.56E-02 9.19E-05 3.34E-04 6.16E-04 2.66E-03 1.12E-08

(#16) (#20) (#16) (#22) (#20) (#20) (#18) (#25)

Malignant

tumor

6.15E-03 6.78E-05 8.94E-03 2.14E-05 7.20E-06 1.45E-04 1.51E-03 9.15E-08
(#19) (#24) (#19) (#26) (#26) (#24) (#21) (#26)

Digestive
organ

tumor

1.45E-04 3.72E-05 2.75E-03 3.13E-06 1.62E-04 2.48E-04 2.53E-03 6.50E-07
(#12) (#13) (#10) (#15) (#12) (#12) (#10) (#14)

d In IPA, the p-value re°ects the enrichment of a given function to a set of focused genes. The smaller the

p-value is, the less likely that the association is random, and the more signi¯cant the association. In general
p-values less than 0.05 indicate a statistically signi¯cant, non-random association. The p-value is calcu-

lated using the right-tailed Fisher exact test (IPA, Available at: http://www.ingenuity.com).
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11 samples in another class). The test set consists of 34 samples (20 samples in one

class and the remaining 14 samples in another class). The samples for class 1 is

centered at �1 and the samples for class 2 is centered at �2. Various values of �1 and

�2 are used for this study. The feature selection methods are used to select leading

¯ve features, and NNC is used using Euclidean measure to compute the average

classi¯cation accuracy over 20 iterations of data generation. The values are depicted

in Table 12.

It can be observed from Table 12 that overlap techniques perform as well as other

feature selection methods. In fact, in many cases the average classi¯cation accuracy

over 20 iterations is leading for the overlap techniques. This empirical study depicts

that the overlap techniques are gauged well against the error model and therefore the

proposed criteria are not unstable.

5. Conclusion

Three univariate ¯lter-based methods are here proposed using the between-class

overlapping criterion. The proposed techniques are compared with several other

univariate ¯lter-based methods and promising results were noted using an acute

leukemia dataset.
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Appendix 1

In this section we show the monotonicity between the overlapping error, �o, and the

average probability of error, �p. In order to show this, two cases are depicted in

Fig. A.1:

. In the ¯rst case, the left-hand side samples have distribution pðxlj! lÞP ð! lÞ, the
right-hand side samples have distribution pðxrj!rÞP ð!rÞ, the overlapping error is

�o 1 and the average probability of error is �p 1.

. In the second case, the samples of di®erent classes (left and right) are moved away

from each other. The left-hand side samples have distribution p 0ðxlj! lÞP ð! lÞ, the
right-hand side samples have distribution p 0ðxrj!rÞP ð!rÞ, the overlapping error is

Table 12. Empirical study using real data for performing stability analysis for various feature selection
methods used in the paper.

�1 �2 Sig.-FDR Abs. Sig.-FDR t-Statistics FDR SD Overlap Overlap2 Overlap-prob

�1 1 99.3% 99.4% 99.0% 99.3% 99.4% 99.4% 99.4% 99.4%
�0:75 0.75 96.6% 97.2% 95.9% 96.9% 96.8% 98.5% 98.5% 98.5%

�0:5 0.5 85.0% 91.2% 85.6% 91.6% 92.8% 93.1% 92.8% 90.9%
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�o 2 (where �o 2 < �o 1Þ and the average probability of error is �p 2. The class-

conditional density function p 0 is same as p except that the centroid is changed due

to moving the samples.

Point c de¯nes the decision boundary between the distributions; i.e. samples left to

point c are classi¯ed in class l and samples right to point c are classi¯ed in class r. It is

shown in the following section that if �o 1 > �o 2 then �p 1 > �p 2 holds.

From the assumption �o 1 > �o 2, the expression for �o 1 can be given as

�o 1 ¼
Z x l

max 1

x r
min 1

pðxj! lÞP ð! lÞ þ pðxj!rÞP ð!rÞdx

¼
Z c

x r
min 1

pðxj! lÞP ð! lÞdxþ
Z x l

max 1

c

pðxj! lÞP ð! lÞdx

þ
Z c

x r
min 1

pðxj!rÞP ð!rÞdxþ
Z x l

max 1

c

pðxj!rÞP ð!rÞdx: ðA:1Þ

Since

�p 1 ¼
Z c

x r
min 1

pðxj!rÞP ð!rÞdxþ
Z x l

max 1

c

pðxj! lÞP ð! lÞdx; ðA:2Þ

we can write Eq. (A.1) as

�o 1 ¼ �p 1 þ q1; ðA:3Þ

where q1 is the remaining terms of Eq. (A.1).

Fig. A.1. An illustration for proving the monotonicity between �o and �p.
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Since from the assumption �o 1 > �o 2, we have xr
min 1 < xr

min 2 and xl
max 1 >

xl
max 2. It can be observed from Fig. A.1 that the area of the shaded region of case 2 is

equivalent to the area of the shaded region of case 1. Therefore,

A 0
2 ¼

Z x l
max 2

c

p 0ðxj! lÞP ð! lÞdx ¼
Z x l

max 1

cþx l
max 1

�x l
max 2

pðxj! lÞP ð! lÞdx: ðA:4Þ

Moreover, from case 1 we have

A2 ¼
Z x l

max 1

c

pðxj! lÞP ð! lÞdx

¼
Z cþx l

max 1�x l
max 2

c

pðxj! lÞP ð! lÞdx

þ
Z x l

max 1

cþx l
max 1�x l

max 2

pðxj! lÞP ð! lÞdx: ðA:5Þ

From Eqs. (A.4) and (A.5), we get

A2 ¼
Z cþx l

max 1�x l
max 2

c

pðxj! lÞP ð! lÞdxþ A 0
2;

Since
R cþx l

max 1�x l
max 2

c
pðxj! lÞP ð! lÞdx > 0, we can say that A2 > A 0

2.

In a similar way, if

A 0
1 ¼

Z c

x r
min 2

p 0ðxj!rÞP ð!rÞdx

and A1 ¼
Z c

x r
min 1

pðxj!rÞP ð!rÞdx;

then A1 > A 0
1.

From Eq. (A.2), we have �p 1 ¼ A1 þ A2, and �p 2 can be given as �p 2 ¼ A 0
1 þ A 0

2.

Since A1 > 0, A2 > 0, A 0
1 > 0 and A 0

2 > 0, we have �p 1 > �p 2.
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