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Degenerated simplex search
method to optimize neural
network error function

Shamsuddin Ahmed
Graduate School of Business, The University of the South Pacific, Suva, Fiji

Abstract

Purpose – The purpose of this paper is to present a degenerated simplex search method to optimize
neural network error function. By repeatedly reflecting and expanding a simplex, the centroid property
of the simplex changes the location of the simplex vertices. The proposed algorithm selects the location
of the centroid of a simplex as the possible minimum point of an artificial neural network (ANN) error
function. The algorithm continually changes the shape of the simplex to move multiple directions in
error function space. Each movement of the simplex in search space generates local minimum.
Simulating the simplex geometry, the algorithm generates random vertices to train ANN error
function. It is easy to solve problems in lower dimension. The algorithm is reliable and locates
minimum function value at the early stage of training. It is appropriate for classification, forecasting
and optimization problems.

Design/methodology/approach – Adding more neurons in ANN structure, the terrain of the error
function becomes complex and the Hessian matrix of the error function tends to be positive
semi-definite. As a result, derivative based training method faces convergence difficulty. If the error
function contains several local minimum or if the error surface is almost flat, then the algorithm faces
convergence difficulty. The proposed algorithm is an alternate method in such case. This paper
presents a non-degenerate simplex training algorithm. It improves convergence by maintaining
irregular shape of the simplex geometry during degenerated stage. A randomized simplex geometry is
introduced to maintain irregular contour of a degenerated simplex during training.

Findings – Simulation results show that the new search is efficient and improves the function
convergence. Classification and statistical time series problems in higher dimensions are solved.
Experimental results show that the new algorithm (degenerated simplex algorithm, DSA) works better
than the random simplex algorithm (RSM) and back propagation training method (BPM).
Experimental results confirm algorithm’s robust performance.

Research limitations/implications – The algorithm is expected to face convergence complexity
for optimization problems in higher dimensions. Good quality suboptimal solution is available at the
early stage of training and the locally optimized function value is not far off the global optimal
solution, determined by the algorithm.

Practical implications – Traditional simplex faces convergence difficulty to train ANN error
function since during training simplex can’t maintain irregular shape to avoid degeneracy. Simplex
size becomes extremely small. Hence convergence difficulty is common. Steps are taken to redefine
simplex so that the algorithm avoids the local minimum. The proposed ANN training method is
derivative free. There is no demand for first order or second order derivative information hence
making it simple to train ANN error function.

Originality/value – The algorithm optimizes ANN error function, when the Hessian matrix of error
function is ill conditioned. Since no derivative information is necessary, the algorithm is appealing for
instances where it is hard to find derivative information. It is robust and is considered a benchmark
algorithm for unknown optimization problems.

Keywords Programming and algorithm theory, Neural nets, Searching, Simplex search, Derivative free,
Artificial neural networks, Training algorithm, Robust, Benchmark solution
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1. Introduction
Derivative free optimization has recently gained attractions for neural network training
(Ghosh et al., 2005). Usually artificial neural network (ANN) error function contains many
local minima. Adding more hidden layer ANN structure, training poses difficulty.
Random simplex method (RSM) (Ahmed, 2001), is a variant of simplex search (Nelder and
Mead, 1965) deigned to train ANN error function without derivative information. ANN
training with simplex based methods is rare in literature. Given some connecting points in
Euclidean space (E) a pattern is formed. For example, a tetrahedron is formed in E 3 and a
triangle in E 2. This pattern or geometry is called simplex. It must always enclose finite
volume in m dimensional space. It starts with an initial simplex and by repeatedly
replacing its vertices with reflection points a search path is formed in error space. The
method generates lower function values. A randomized simplex method that maintains
irregular simplex shape at the time of degeneracy is designed. As a search mechanism, the
simplex repeatedly reflects its vertex along the centroid so that the vertices represent
minimum ANN error function value. A three layered ANN error function is constructed
with embedded log activation function in hidden layer. The simplex algorithm without
randomized enlarge step is stationary. During training, the algorithm encounters a stage,
where the simplex degenerates. Simplex’s centroid property is pivotal to develop the
proposed computational search scheme. Convergence difficulty occurs only when
extremely small and an almost equal edge length of simplex is formed during search. The
simplex optimization (Nelder and Mead, 1965) works better with problems in small
dimension. As the problem size grows, the simplex training faces convergence difficulty.
The RSM randomly reinitiates search by redefining simplex when the search tends to
cycle or reaches a face flat surface of the error function. At this stage algorithm fails
to converge on set termination criteria. During such difficulty, the algorithm is designed to
take random step to escape the local minimum and simplex expands in new search
direction. As and when the simplex becomes small; the simplex shape is changed to
explore new search directions with an aim to find descent directions. The simplex vertex is
extended to find search directions. The new algorithm at degenerated stage changes the
search location and the simplex is redefined at the contraction phase. This step is taken to
construct a favorable simplex whose vertex stores the best value of the locally trained
ANN error function in the neighborhood of search space. The search is designed to explore
in higher dimension. The algorithm is named degenerated simplex algorithm (DSA). It
takes large step length to improve error function value when the successive search is
success and the algorithm reduces number of function evaluations. This is a significant
development to train ANN in higher dimensions. The DSA is efficient for ANN error
functions with several local minimum. Better ANN training results of the algorithm is
reported comparing the RSM. It also finds superior results in training multivariate
statistical time series model. The salient features of the training method are presented first
followed by the methodology to construct the algorithm. DSA is experimented with test
problems and simulation results are compared with the RSM. The DSA is also raked with
the back propagation method (BPM) due to Rumelhart and McClelland (1986) and
Rumelhart et al. (1986). Finally results are discussed and summarized.

1.1 ANN training with RSM
Few methods are available that are derivative free in ANN training. Such method does
not demand first or second order derivative information. It is convenient for
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applications and user needs no information of function derivatives, making it simple to
train ANN error function. Among the derivative free search, simplex (Nelder and Mead,
1965) is one important method. It is robust for problems with discontinuity (McKinnon,
1998) or where the function values are noisy (McKinnon, 1998). The search (Dennis and
Torczon, 1991; Torczon, 1989) maintains uniform linear independence of the simplex
edges and requires only reduction in the function value during search (Lagarias et al.,
1998). Kelley (1999) proposed a simplex search which guarantee convergence of the
Nelder and Mead (1965) iteration to a stationary point, if the objective function is
smooth and the diameters of the Nelder and Mead (1965) simplex converges to zero.
The method reconstitutes a smaller simplex with orthogonal edge whose orientation is
determined by an approximate descent direction.

The computational complexity of the simplex algorithm is of the order O(m 2) and
according to Nelder and Mead (1965); the number of function calls increases
approximately as O(m 2.11) based on results up to ten variables (Schwefel, 1981). The
method is efficient in finding better function value even though it faces difficulty with
large size problem. Simplex search is popular (Lagarias et al., 1998) in industrial process
control where the interest is to find parameter values that improve performance
measures in early stage of computations. The Nelder and Mead (1965) method require
fewer function evaluations to find a better solution particularly with small problem size.

The search is reliable when working with few variables (Lagarias et al., 1998;
McKinnon, 1998; Tseng, 1995). McKinnon (1998) observes that Nelder and Mead (1965)
method is inefficient when the search direction becomes orthogonal to the gradient
directions. McKinnon (1998) experimented with family of functions to show that the
Nelder and Mead (1965) method converge to a non-stationary point. The example
identified that the search repeats in contraction step and the best vertex remaining
fixed. The result demonstrates the need to improve the Nelder and Mead (1965)
method, which in general have convergence properties (McKinnon, 1998). RSM
(Ahmed, 2001) is a modified simplex method that repeatedly reflects and expands
simplex to move out of stationary points. A large step length along simplex reflection
point accelerates the search efforts.

1.2 Derivative based training methods
There are many derivative based methods detailed in Bishop (1995) and Haykin (1994).
Few derivative based methods are discussed here. Mizutani and Dreyfus (2008)
construct derivative based multi-stage feed-forward neural network learning with
sigmoidal-shaped hidden-node functions. The stage wise second order back
propagation; is computationally efficient, making exact Hessian matrix evaluation
feasible for fairly large practical problems. Hervás-Martı́neza et al. (2008), propose a
multilogistic regression model to construct product-unit nonlinear functions. They
estimate the model with evolutionary neural network algorithm. They also estimate
coefficients by a standard maximum likelihood optimization method. The statistical test
shows that the proposed model is competitive in terms of the accuracy of the classifier.

Kuo et al. (2008) utilize fuzzy neural network (FNN), which is able to eliminate the
unimportant weights, for the sake of learning fuzzy IF-THEN rules obtained from the
marketing experts with respect to promotion. The result from FNN is further integrated
with the time series data through an ANN. Both the simulated and real-world problem
results show that FNN with weight elimination can have lower training error compared
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with the regular FNN. Besides, real-world problem results also indicate that the
proposed estimation system outperforms the conventional statistical method and single
ANN in accuracy. Usually time series predication is a highly nonlinear and complex
due to inherent nonlinearity of the objective function (Lin, 2001). Jeong et al. (2005) fixed
the adaptive system’s weights while the testing the algorithm. They present information
theoretic learning approach based on density divergence minimization. The method
uses a boosting-like algorithm with a learning based cost function. The algorithm
improves the performance of classifiers in the application phase. The algorithm
developed by Nakanishi et al. (2005) employs nonlinear function approximation with
automatic growth of the learning network according to the nonlinearities and the
working domain of control system. They approximate unknown function by piecewise
linear models using a nonparametric regression technique. The proposed adaptive
learning control algorithm uses tracking error and estimation error to update the
parameters. The study evaluates theoretical control framework in numerical
simulations to illustrate the effectiveness of the proposed learning adaptive controller
for rapid convergence and high accuracy of control. Ran et al. (2010) adopted genetic
algorithm to optimize the architectural parameter of back propagation neural network to
avoid error occurrence and propose trial-and-error method to improve training
performance. Widrow and Kamenetsky (2003) compare two gradient descent adaptive
algorithms, namely, the LMS and the LMS/Newton. They define statistical efficiency of a
learning algorithm as the ratio of the quality of the converged solution to the amount of
data used in training the weights. Efficiency is computed by averaging over an ensemble
of learning experiences. They define high-quality solution as close to optimal, while a
low-quality solution corresponds to noisy weights and less than optimal performance.
They test both algorithms with statistically non-stationary input signals and found
average performances are equal and under worst-case initial conditions, the learning
time of LMS is greater than that of LMS/Newton. This is a disadvantage of the LMS
algorithm. Bortoletti et al. (2003) present a new class of quasi-Newton methods for the
effective learning in multilayer neural networks. This algorithm requires second order
derivative information and theoretically faster in convergence. Second order training
algorithms are of different class. Other derivative based ANN application-training
algorithms are discussed in Wang and Lin (1998), Van Ooyen and Nienhuis (1992),
Towsey et al. (1995), Subramanian and Hung (1990) and Nachtsheim (1994).
Dissimilarity should therefore be made to exhibit the computational complexity
between derivative free, first and second order derivative based training methods.

2. Degenerated simplex algorithm
To maintain irregular shape of the simplex as it becomes small during search space,
DSA is outlined next. The algorithm takes the simplex out of the degenerated state and
the simplex is redesigned such that the search algorithm explores new search
directions in the neighborhood of other local minimum. In general, simplex in E m

consists of (m þ 1) points. All convex combination of these points does not rest on
hyper plane. Consider the problem of minimizing an ANN error function f(wj), where
w ¼ ðw1;w2; . . . ;wmÞ is the vector containing ANN connection weights as variables.
The variables wj are stored in a vertex of the simplex. Let v1 be an initial estimate of the
simplex at vertex 1, which is set initially to an arbitrary value stored in wj. The scalar
lt is a magnitude that characterizes the simplex at vertex t and d t is the search
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direction vector at vertex t with d t ¼ 1 at given position and 0 otherwise. The other
vertices of the simplex are formed according to equation (1):

v tþ1 ¼ v tð1 þ l tÞd t: ð1Þ

The values of l td t should be such that the quantities d t ¼ j f ðv t þ l td tÞ2 f ðv tÞj are
different. It is a measure of function improvement in descent direction. The index t is
defined as t ¼ 1; 2; . . . ; ðmþ 1Þ and f(v t) is the function value. All the vertices
ðv1; v 2; . . . ; vmþ1Þ of the initial simplex are, therefore indexed and defined for
computational proposes. The error function value is evaluated using all the vertices to
determine the lowest, highest and an intermediate or second highest function value.
The corresponding vertex positions are marked l, h, s and these pointers are defined in
the following expressions:

l ¼ arg½mint{ f ðv
tÞ}� ð2Þ

h ¼ arg½maxt{ f ðv
tÞ}� ð3Þ

s ¼ arg½maxt{ f ðv
tÞ}t – h}� $ f ðv tÞ: ð4Þ

The average value of the simplex vertices corresponds to the centroid. It is a midway
point defined as:

Centroid : c ¼
1

m

Xmþ1

t ¼ 1

t – h

ðv tÞ: ð5Þ

An iteration of the algorithm corresponds to the evaluation of equation (5). The
algorithm replaces the vertex with the highest error function value by a new vertex
situated at a reflection point along the midway of other m vertices. This principle
locates the new vertex at a minimum point. The newest vertex is reflected according to
equation (6) to explore other minimum in the neighborhood:

Reflection : r ¼ cþ aðc2 vhÞ: ð6Þ

The refection point r is the line joining v h and c on the extreme side of c form v h.
The notation a is the reflection coefficient. The function value f(r) is evaluated
and three main strategies are followed to generate a new exploration point. They are
defined as expansion, contraction and enlarge. The decision to follow a specific
strategy is based on the function value f(r) with reference to four search intervals.
These intervals are defined below through the expressions (7)-(10):

Interval 1 : f ðrÞ # f ðv lÞ ð7Þ

Interval 2 : f ðv lÞ , f ðrÞ #
1#t#mþ1

max {f ðv tÞ; t – h} ð8Þ

Interval 3 :
1#t#mþ1

max { f ðv tÞ; t – h} , f ðrÞ # vh ð9Þ

Interval 4 : f ðvhÞ , f ðrÞ: ð10Þ
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If f(r) is in interval 1, an expansion, with expansion coefficient b of the simplex
according to expression (11) is recommended:

Expansion : eˆ cþ bðr 2 cÞ: ð11Þ

If f (e) is in interval 1, the simplex search updates function value v h with e, otherwise v h

is updated with r. When the function value f(r) due to reflection falls in interval 2, it is
only recommended to replace v h with r. A contraction step is followed if f(r) is in
interval 3 and the simplex with highest function value v h is replaced with r. The
simplex is then contracted according to equation (12) to maintain descent direction:

Contraction : g ˆ cþ gðvh 2 cÞ: ð12Þ

If the function value f (g) is in interval 1, 2 or 3, the vertex with highest function value
v h is replaced by e. At this stage g is defined as contraction coefficient. If f(g) is in
interval 4, the algorithm at this stage enlarge the current simplex with reference to the
low vertex of the simplex given by equation (13):

v t ¼ v t þ
ðv l 2 v tÞ

uð1; 3Þ

2
 !

: ð13Þ

The evaluation of this step in equation (13) is defined as enlarge effort. Algorithm is said
to have converged when the relative improvement in function value is insignificant. The
notation u(1, 3) is uniform distribution generating values at random between 1 and 3.
The standard deviation s of the function value along all the vertices is calculated. The
algorithm is terminated if the standard deviation is significantly smaller than ‘ which is
a small quantity. To terminate the algorithm, the following termination (equation (14))
criterion is used:

Convergence : If s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXmþ1

t¼1

ð f ðv tÞ2 �fÞ2

m

vuuuut
, ‘: ð14Þ

where:

�f ¼

Xmþ1

t¼1

f ðv tÞ

mþ 1

and set v* ˆ v l as the best point found so far.
The performance of the search method is measured in total number of function

evaluations for desired amount of precession.

2.1 Degenerated simplex training phase
The restart phase replaces r by v h if the condition f ðv lÞ # f ðrÞ , f ðvhÞ is true. A long
step length is taken in the form of reflection. If the reflection step is successful, the
algorithm updates the minimum if f ðrÞ , f ðv lÞ. The algorithm decides that
the direction is descent and expansion step is chosen. Depending on the magnitude
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of the function values in f (r) and f (e) either r or e replaces vertex v l to improve function
value. The algorithm updates the function value by computing centroid of the simplex
and reflection phase is followed. The search is in wrong direction when the condition
f ðrÞ $ f ðvhÞ is true. In this case the algorithm performs contraction. If the condition
f ðgÞ , f ðv lÞ is true, an expansion is recommended. When the condition f ðgÞ $ f ðvhÞ is
true, simplex is expanded. The simplex contour is changed to avoid degeneracy and
expansion phase is commenced. Also, if the search fails to improve function value, the
descent direction is wrong. Now the search vector d rs is defied in order to change the
direction of search. The simplex initiates new search directions with a redefined
simplex. In equation (15), the scaling factors are generated randomly as 21 and 1.
Expression (15) enlarges the simplex and initiates new search direction.

vt ¼ d rs v tuð21; 1Þ þ v l 2
v t

j t

� �� �
ð15Þ

The direction vector d rs is changed randomly with a normally distributed parameter
n(1, 0.5) to create new centroid with improved function value. The search begins with
new centroid while retaining the best function value during epoch. This is enlarge
phase and reflection is attempted when f ðrÞ , f ðvhÞ. The algorithm continues to
reflect simplex if the condition f ðrÞ . f ðvsÞ is satisfied and v h is replaced with
reflection point. A new centroid is defined when f ðrÞ # f ðvsÞ and the simplex index h is
replaced by s. The new search begins with a simplex of different edge lengths so that
the reflections, expansions or contractions steps are in descent direction. This step is
suggested to maintain non-degenerate simplex. The degeneracy of a simplex implies
degeneracy of all other subsequent simplex. The proposed algorithm tests this
condition with convergence properties given in equation (14). If a non-contraction
phase occurs owing to degeneracy, the trial simplex replaces the worst vertex and the
search direction is changed. If a contraction phase occurs, equation (15) replaces
the current simplex such that the geometry of the new simplex is non-degenerate. The
reflection, expansion or contraction step produce a convergent sequence in
{ f ðvlkÞ; f ðv

l
kþ1Þ; f ðv

l
kþ2Þ. . .} when the search starts with a non-degenerate simplex.

The notation k is embedded in f ðvlkÞ to represent the lowest error function value at
iteration k. The algorithm is shown in Figure 1. The algorithm performs a randomized
enlarge phase instead of contraction step. The complexity of the DSA is the same due
to same efforts in expansion phase. The simplex method requires one function
evaluation when it terminates in reflection step. It requires two function evaluations
when it terminates in expansion or contraction step. There are m þ 2 function
evaluations, if a contraction step occurs (Lagarias et al., 1998).

2.2 Multidirectional search with DSA
Initially the scaling factors j tðt ¼ 1; 2; . . . ;mþ 1Þ in equation (15) is set to unit scalar
value and incremented three times the value if simplex degenerates in early stages of
iterations. The geometry of the current simplex is modified to explore local minimums in
the search space. When the simplex enlarge phase is over, the factor is set back to initial
setting. Attempt is now made for enlarge phase. The direction vector d rs is changed such
that multiple locations are explored. The direction vector is randomly generated with a
normal distribution. The mean is set to 1 and standard deviation is 0.5. The shape
parameter value j t is set randomly between 0.5 and 1 during enlarge operation.
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Figure 1.
DSA training algorithm

f(r) <  f(vl)

r = c + a(c-vh)

f(e) < f(r)

vl = e

l = h : e = c + b(r-c)

f(g) < f(vl) f(g) ≥ f(vh)

g = c+ g (r-c)

vt = u(1, -1)vt + (vl–vt/ξ)

c = 1/mS(vt)tπh

l∫tfimin{f(vt)} h∫tfimax{f(vt)} s∫tfimax{f(vt)}t≠h&≥ f(vl)

vl = r

f(r) < f(vh)

vh = r

f(r) > f(vs)

h = s

Convergence ?

a

aa

Start

Stop

vt = n(1,0.5) vt
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Simulation experiment identified that these parameter setting improves function
convergence. A constant value is not favorable always to redefine a generated simplex.
The parametersa,b, and g influence function convergence. Assigning the values ofa,b
and g, the directions of search are generated by the DSA from its centroid using the
reflection, expansion and contraction steps. The algorithm assigns values of a, b and g
in the range 1 and 2 to improve the simplex convergence.

3. Analysis with DSA
The DSA is tested with XOR, 5-5-1 parity and time series data. The results are
compared with RSM and Back propagation training method (BPM) (Rumelhart and
McClelland, 1986; Rumelhart et al., 1986).

3.1 Sample calculations with 2-2-1 ANN XOR training
To demonstrate the efficiency and robust features of the DSA, computations with a
2-2-1 XOR training problem is solved. Figure 2 shows a trained XOR with
appropriate ANN trained weights in early stage of training in less than ten epochs.
The training initiates with a starting vector (1, 5, 3, 1, 1, 2)T and the sample
calculations are shown below.

Sample calculations with 2-2-1 trained ANN XOR:

xp¼1
1 ¼ 0; xp¼1

2 ¼ 0;

hp¼1
1 ¼ ð6; 718:9Þ*0 þ ð5; 821:28Þ*0 ¼ 0;

hp¼1
2 ¼ ð64; 472:2Þ*0 þ ð251; 934:73Þ*0 ¼ 0

g p¼1
1 ¼

1

1 þ lnj1025j
¼ 20:078; g p¼1

2 ¼
1

1 þ lnj1025j
¼ 20:078;

z p¼1
1 ¼ ð52:38Þ*ð20:078Þ þ ð252:38Þ*ð20:078Þ ø 0:0

xp¼2
1 ¼ 1; xp¼2

2 ¼ 0;

hp¼2
1 ¼ ð6; 718:9Þ*1 þ ð5; 821:28Þ*0 ¼ 6; 718:9;

hp¼2
2 ¼ ð64; 472:2Þ*1 þ ð251; 934:7Þ*0 ¼ 64; 472:2

g p¼2
1 ¼

1

1 þ lnj6; 718:9j
¼ 0:102; g p¼2

2 ¼
1

1 þ lnj64; 472:2j
¼ 0:083;

z p¼2
1 ¼ ð52:38Þ*ð0:102Þ þ ð252:38Þ*ð0:083Þ ø 1:0045

Figure 2.
A trained 2-2-1 ANN XOR

6,718.9

64,472.2

5,821.3

–51,934.7

52.38

–52.38
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xp¼3
1 ¼ 0; xp¼3

2 ¼ 1;

hp¼3
1 ¼ ð6; 718:9Þ*0 þ ð5; 821:28Þ*1 ¼ 5; 821:28;

hp¼3
2 ¼ ð64; 472:2Þ*0 þ ð251; 934:7Þ*1 ¼ 251; 934:7

g p¼3
1 ¼

1

1 þ lnj5; 821:28j
¼ 0:1034; g p¼3

2 ¼
1

1 þ lnj2 51; 934:7j
¼ 0:0843;

z p¼3
1 ¼ ð0:1034Þ*ð52:38Þ þ ð0:0843Þ*ð252:38Þ ø 1:0015

xp¼4
1 ¼ 1; xp¼4

2 ¼ 1;

hp¼4
1 ¼ ð6; 718:9Þ*1 þ ð5; 821:28Þ*1 ¼ 12; 540:18;

hp¼4
2 ¼ ð64; 472:2Þ*1 þ ð251; 934:73Þ*1 ¼ 12; 537:47

g p¼4
1 ¼

1

1 þ lnj12; 540:18j
¼ 0:0958; g p¼4

2 ¼
1

1 þ lnj12; 537:47j
¼ 0:09582;

z p¼4
1 ¼ ð0:0958Þ*ð52:38Þ þ ð0:09582Þ*ð252:38Þ ø 0:0010

When there is zero input to the hidden layer neurons, the input to the hidden layer
neuron is approximated to the value 1 £ 1025 for computational convenience. The
input layer (h1), hidden layer (g1) and output layer (z1) computations are shown with
data in sequence. The results show the robust computational perforce of the proposed
algorithm. Hidden layer uses long activation function.

3.2 Comparison with RSM
Table I compares the performance of the DSA with RSM. The experimental results
suggest that the proposed method converge faster than the standard back propagation
method. The relative efficiency of the proposed method over the standard back

DSA RSM
Experiment
no. Epoch

Function
evaluations

Terminal
function value Epoch

Function
evaluations

Terminal
function value

1 147 361 0.0000300 212 490 0.0014500
2 720 1,505 0.0000000 2,123 5,462 0.0000987
3 181 416 0.0000011 829 1,860 0.0089848
4 228 474 0.0000001 1,760 4,387 0.0005788
5 315 653 0.0000000 212 573 0.0098298
6 416 868 0.0000001 1,662 4,237 0.0000001
7 216 581 0.0000000 1,170 3,328 0.0093412
8 187 436 0.0000000 977 2,149 0.00739532
9 215 482 0.0000000 174 434 0.00020344

10 157 373 0.0000000 474 1,469 0.01304295
Mean 278.2 614.9 0.0000031 959.3 2438.9 0.0050925
Median 215.5 478 0.0000000 903 2,004.5 0.0044227
SD 174.99 348.17 0.0000094 708.67 1,814.056 0.0050834
Range 573 1,144 0.0000300 1,949 5,028 0.0130429
Minimum 147 361 0.0000000 174 434 0.000000
Maximum 720 1,505 0.0000300 2,123 5,462 0.013043

Table I.
Comparison with RSM
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propagation training in average number of epoch and function evaluations is
(595.3/278.2) 2.14 and (2,438.9/614.9) 3.97, respectively.

To test the hypothesis that the DSA performs better than the RSM in ANN training
the following null hypothesis (Ho) and alternative hypothesis (H1) are proposed and
tested with the t-test for the mean difference (mD). A 0.05 percent significance (a ¼ 0.05
percent) level is considered for the hypothesis test. Assume that DSA follows N(mDSA,
sDSA) and BPM follows N(mBPM, sBPM), let mD ¼ mDSA 2 mBPM; Di ¼ X1i 2 X2i;
i ¼ 1; 2; . . .n; SD ¼ standard deviation of S(X1i 2 X2i); X1i ¼ Xi

DSA; X2i ¼ Xi
BPM;

n ¼ number of experiments.
Define:

�D ¼
1

n

Xn
1¼1

ðx1i 2 x2iÞ;

and let the null hypothesis Ho:mD ¼ Do. The statistics is:

T0 ¼
ð �D2 D0Þ

ffiffiffi
n

p

SD
; D0 ¼ a small value close to zero:

The rejection criteria are defined as:

H1:mD – Do(to( . ta/2,n21

H1:mD . Doto . ta,n21

H1:mD , Doto , 2 ta,n21.

3.2.1 Following propositions are tested.

Hoae. mD $ 0, average number of epoch to train ANN with DSA is higher than or
equal to the average number of epoch to train ANN using RSM.

H1ae. mD , 0, average number of epoch to train ANN with DSA is lower than the
epoch to train ANN using RSM.

Considering (1 2 a) ¼ 0.95 confidence level, the computed t value is 23.55687 with
9 degrees of freedom, while the critical t-value is 21.83311. The corresponding p-value
is 0.003075 ,a (significance) ¼ 0.05. Therefore, the null hypothesis is rejected, and we
conclude that the DSA performs better than the RSM in epoch performance.

3.2.2 Following propositions are tested for the function evaluation.

Hoaf. mD $ 0, average number of function evaluation to train ANN with DSA is
higher than or equal to the average number of function evaluation to train
ANN using RSM.

H1af. mD , 0, average number of function evaluation to train ANN with DSA is
lower than the function evaluation to train ANN using RSM.

Considering (1 2 a) ¼ 0.95 confidence level, the computed t-value is 3.6206 with
9 degrees of freedom, while the critical t-value is 21.83311. The corresponding p-value
is 0.0028 ,a (significance) ¼ 0.05. Therefore, the null hypothesis is rejected, and we
conclude that the DSA performs better than the RSM in function evaluation.

The mean terminal function value is 3.10 £ 1026 with the DSA against 5.10 £ 1023 in
RSM and is therefore is better in training results. The maximum and minimum numbers of
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epoch are 720 and 147 resulting in the range statistics 573. The corresponding values with
RSM are 2,123 and 174, respectively, and the rage statistics is 1,419. The total number of
maximum and minimum function evaluations are 1,505 and 361, respectively, and the
range statistics is 1,144 with DSA. The related figures are 5,462 and 434, respectively, with
RSM. The range statistics is 5,028. The experimental results suggest that the average and
median performances of the DSA are better than the RSM.

3.3 Analysis with XOR problem
Figure 3 shows that error function convergence to almost zero value within 36 epochs.
More epochs are taken to achieve higher precision. Table II shows the training results
with large random starting weights. The large weighs affect its convergence. The
average performance is reported. It takes 269.5 epoch and 631.1 number of function
evaluations to train a 2-2-1 XOR ANN. The corresponding figures for the standard
back propagation method are 5,142.3 and 30,006, respectively.

DSA BPM

Experiment
no. Epoch

Function
evaluations

Terminal
function

value Epoch
Gradient

evaluations

Total no. of
function

evaluations

Terminal
function

value

1 147 361 2.90 £ 10205 25 156 183 6.18 £ 10204

2 354 737 3.40 £ 10208 27 168 197 8.21 £ 10203

3 181 416 1.10 £ 10206 26 162 190 1.50 £ 10202

4 85 246 3.00 £ 10207 24 150 176 1.00 £ 10202

5 124 300 1.40 £ 10208 1,751 10,512 12,265 1.30 £ 10204

6 132 316 7.00 £ 10209 30 186 218 5.60 £ 10203

7 856 2,169 8.60 £ 10202 2,687 16,128 18,817 3.95 £ 10203

8 270 589 2.30 £ 10205 20 126 148 8.97 £ 10203

9 262 613 2.10 £ 10206 23 144 169 1.40 £ 10203

10 284 564 5.40 £ 10207 23 144 169 1.80 £ 10203

Mean 269.5 631.1 0.008606 463.6 2,787.6 3,253.2 0.005568
Median 221.5 490 8.2 £ 10207 25.5 159 186.5 0.004775
SD 223.19 563.65 0.02719 951.12 5,706.73 6,657.849 0.004892
Range 771 1,923 0.086 2,667 16,002 18,669 0.01487
Minimum 85 246 7.00 £ 10209 20 126 148 0.00013
Maximum 856 2,169 0.086 2,687 16128 18,817 0.015

Table II.
Comparison with

BPM and DSA

Figure 3.
Convergence with DSA
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The median performance of the proposed algorithm with epoch size and total function
evaluations corresponds to the values 221.5 and 490, while with the standard back
propagation method these counts are 3,579 and 25,061, respectively.

The information that must be found from Table II is whether or not the DSA is
better than the back propagation method (BPM). In other words is there evidence that
significantly less effort is required by DSA to train ANN error function at a given
significance level (a). Hypothesis test is designed to focus on the difference between the
two algorithms. Thus, a null and an alternate hypothesis are proposed.

3.3.1 Hypothesis to evaluate epoch performance.

Hobe. mD $ 0, average number of epoch to train ANN by DSA is higher than or
equal to the average number of epoch to train ANN by BPM.

H1be. mD , 0, average number of epoch to train ANN by DSA is lower than the
average number of epoch to train ANN by BPM.

Considering (1 2 a) ¼ 0.718 confidence level, the computed t-value is 0.6 with 9
degrees of freedom, while the critical t-value is 20.6. The corresponding p-value is 0.28
,a (significance) ¼ 0.282. Therefore, the null hypothesis is rejected, and we conclude
that the DSA performs better than the BPM.

3.3.2 Hypothesis to evaluate function convergence.

Hocf. mD $ 0, average number of function evaluation to train ANN by DSA is higher
than or equal to the average number of function evaluation to train by BPM.

H1cf. mD , 0, average number of function evaluation to train ANN by DSA is lower
than the average number of function evaluation to train by BPM.

Considering (1 2 a) ¼ 0.89 confidence level, the computed t-value is 21.3249 with
9 degrees of freedom, while the critical t-value is 21.3182. The corresponding p-value
is 0.10892 ,a (significance) ¼ 0.11. Therefore, the null hypothesis is rejected, and we
conclude that the DSA performs better than the BPM.

The maximum and minimum numbers of epoch are 856 and 85, respectively, with the
DSA. The corresponding numbers are 2,687 and 20, respectively, with the BPM. The
maximum and minimum numbers of total function evaluations are 2,169 and 246,
respectively, with DSA. The related values are 18,817 and 148, respectively, with the BPM.

3.4 Analysis with seasonal time series
Time series data is used to solve regression model of the form y ¼ S[aif(xi)],
1 ¼ 1,2,3, . . . ,n. Table III summarizes the results. The statistics of interest are mean
absolute percentage error (MAPE), mean absolute error (MAE), coefficient of
determination (R 2), sum of square error (SSE), mean square error (MSE) and mean
percentage error (MPE). Notice that the MAPE, MAE, SSE measures are competitive

Error measure SSE MSE MPE MAE MAPE R 2

Multivariate regression 46,924,099 461,723.8 20.04952 566.1418 1.801725 0.986
DSA 45,853,091 686,848.5 0.16 550.72 1.75 0.972

Table III.
Results with multivariate
statistical method
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with DSA training. Therefore, this algorithm works as a benchmark for test problems in
ANN training. This is an important outcome of the result.

The seasonal time series is constructed with 5-5-1 ANN configuration. It is trained
with DSA and RSM. The DSA converges with less number of function evaluations,
restart attempts and number of iterations in comparison with BPM. The DSA evaluates
functions 41,779 numbers of times and converges. The corresponding number of
function evaluation is 75,941 with the BPM. The quality of solution, judged by mean
function value with DSA is better in comparison with the BPM.

The average function value is 46,924,312 with the BPM and the range statistics is
1,308.79 (Table IV), while the DSA finds function value that is much lower at
46,809,690. The multivariate statistical method identifies the function value as
46,924,099. Figure 4 shows the convergence of the DSA with time series model. The
forecast performance in training and validation period is shown in Figure 5. The
average number of epoch to train this problem is 30,372.6 and the average numbers of
function evaluations are 41,779. The average terminal function value is 46,809,690. The
minimum function value for this training algorithm is 45,853,060, which is less than the
statistical regression method.

Experiment no. DSA BPM
Seasonal time
series Epoch

Function
evaluation

Function
value Epoch

Total function
evaluations Function value

1 7,058 11,288 46,924,030 7,417 28,657 46,924,242.06
2 52,217 27,772 46,894,170 5,390 22,100 46,924,279.59
3 45,529 28,725 46,920,720 36,219 153,159 46,924,366.13
4 12,411 18,025 46,922,080 32,426 154,826 46,924,175.58
5 84,829 162,497 46,889,040 2,960 10,130 46,924,202.92
6 48,698 96,635 45,853,060 18,236 65,966 46,925,407.64
7 7,958 13,091 46,923,890 59,002 221,452 46,924,099.67
8 21,953 39,011 46,923,790 11,816 36,986 46,924,147.59
9 6,892 10,708 46,923,020 6,229 25,729 46,924,098.85

10 16,181 10,038 46,923,100 10,319 40,409 46,924,100.65
Mean 30,372.6 41,779 46,809,690 19,001.4 75,941.4 46,924,312
Median 19,067 22,898.5 46,922,550 11,067.5 38,697.5 46,924,189
SD 26,247.6 49,717.1 336,381.6 18,086.9 73,200.9 394.6892
Range 77,937 152,459 1,070,970 56,042 211,322 1,308.792
Minimum 6,892 10,038 45,853,060 2,960 10,130 46,924,099
Maximum 84,829 162,497 46,924,030 59,002 221,452 46,925,408

Table IV.
Time series model

comparison with BPM

Figure 4.
Function convergence

with DSA (seasonal time
series problem)
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3.4.1 Following propositions are tested.

Hoke. mD $ 0, average number of epoch to train ANN with DSA is higher than or
equal to the average number of epoch to train ANN using RSM.

H1ke. mD , 0, average number of epoch to train ANN with DSA is lower than the
epoch to train ANN using RSM.

Considering (1 2 a) ¼ 0.825 confidence level, the computed t-value is 20.9947 with
9 degrees of freedom, while the critical t-value is 20.9858. The corresponding p-value
is 0.1729 ,a (significance) ¼ 0.175. Therefore, the null hypothesis is rejected,
and we conclude that the DSA performs better than the RSM in epoch performance.

3.4.2 Following propositions are tested for the function evaluation.

Hokf. mD $ 0, average number of function evaluation to train ANN with DSA is
higher than or equal to the average number of function evaluation to train
ANN using RSM.

H1kf. mD , 0, average number of function evaluation to train ANN with DSA is
lower than the function evaluation to train ANN using RSM.

Considering (1 2 a) ¼ 0.825 confidence level, the computed t-value is 1.0709 with
9 degrees of freedom, while the critical t-value is 20.9858. The corresponding p-value
is 0.1560 ,a (significance) ¼ 0.175. Therefore, the null hypothesis is rejected, and we
conclude that the DSA performs better than the RSM in function evaluation.

3.5 Comparison with 5-5-1 parity problem
The DSA and BPM are tested with 5-5-1 ANN structure. The average epoch is 11,310
for DSA and 17,354 in case of BPM as reported in Table VI. This is about 35 percent
relative improvements relating to BPM. On random experiment, the function
convergence shows a relative improvement about 96 percent. The corresponding
function evolutions are 16,583 and 538,072 for DSA and BPM, respectively.

3.5.1 Following propositions are tested.

Hole. mD $ 0, average number of epoch to train ANN with DSA is higher than or
equal to the average number of epoch to train ANN using RSM.

H1le. mD , 0, average number of epoch to train ANN with DSA is lower than the
epoch to train ANN using RSM.

Considering (1 2 a) ¼ 0.808 confidence level, the computed t-value is 0.9187 with
9 degrees of freedom, while the critical t-value is 20.9151. The corresponding p-value

Figure 5.
Forecast performance in
training and validation
period (seasonal
time series)
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is 0.1911 , a (significance) ¼ 0.192. Therefore, the null hypothesis is rejected, and we
conclude that the DSA performs better than the RSM in epoch performance.

3.5.2 Following propositions are tested for the function evaluation.

Holf. mD $ 0, average number of function evaluation to train ANN with DSA is
higher than or equal to the average number of function evaluation to train
ANN using RSM.

H1lf. mD , 0, average number of function evaluation to train ANN with DSA is
lower than the function evaluation to train ANN using RSM.

Considering (1 2 a) ¼ 0.95 confidence level, the computed t-value is 3.1870 with
9 degrees of freedom, while the critical t-value is 21.8331. The corresponding p-value
is 0.0055 ,a (significance) ¼ 0.05. Therefore, the null hypothesis is rejected, and we
conclude that the DSA performs better than the RSM in function evaluation.

3.6 Comparison with the other training methods
Table V compares the results with the proposed method, standard back propagation
method and the methods reported in Jacobs (1988) with the XOR problem.

The DSA needs 278.2 epochs on average to train the 2-2-1 ANN XOR problems. The
back propagation method such as delta bar delta method reported in Jacobs (1988)
takes 250 epochs, while BPM (Rumelhart and McClelland, 1986; Rumelhart et al., 1986)
needs 463.6 numbers of epochs to train the 2-2-1 ANN XOR problems. The DSA
improves over BPM in average epoch as well against RSM as reported earlier. The
DSA needs no gradient information. As reported in Kamarthi and Pittner (1999), the
Polak and Ribiere conjugate gradient method (CG) takes 14 epochs to train XOR
problem. This method requires second order derivative information and is highly
efficient in performance (Table VI).

4. Discussions
The DSA is derivative free and only requires function evaluations. The function
minimization technique is adaptive in nature. It has the ability to modify the search path
if unpredicted search terrain is encountered. For complex error function, the derivative
information of the error function is not necessary. This is an important characteristic of
this training method. The DSA maintains favorable simplex geometry when simplex
contractions phase degenerates. An enlarge phase randomly generates improved
simplex so that the algorithm spans in search space. The RSM maintains simplex that
are static and changes simplex geometry in degenerated stage. In DSA, the geometry of
the simplex is changed dynamically at the degenerated stage and the search directions
are changed to escape the algorithm from local minimum. The algorithm explores in
multidirections as a results many minimum valleys are evaluated to improve the global
function value. The proposed algorithm is efficient in identifying optimized training
weights at the early stage of training. The convergence analysis shows that almost by

Derivative free First order Second order
RSM DSA BPM Jacobs (1988) P-R (CG)

959.3 278.2 463.6 250 14

Table V.
Comparison with other

training methods
(derivative free, first and

second order)
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almost a factor of 8 the function value can be reduced by less than half of the total epoch
length. The quality of the minimum function value is closer to the minimum function
value. Figures 3 and 4 show examples of function convergence.

Comparison of the DSA with RSM shows improvements in epoch and function
evaluations with factors (959.3/278.2) 3.45 and (2,438.9/614.9) 3.97, respectively, (XOR
problem). Also, the DSA improves against the BPM training method in average
number of epoch and total number of function evaluations. A factor (463.6 /269.5)
1.72 in number of epoch and (3,253.2/631.1) 5.15 in total number of function evaluations
indicate the relative improvement. The same is true with the time series problem.
The terminal function value is significantly low with the proposed method, implying a
well-trained ANN is found. The training is robust.
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