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Abstract In multivariate stratified sampling more than one characteristic are defined on every
unit of the population. An optimum allocation which is optimum for one characteristic will
generally be far from optimum for others. To resolve this problem, a compromise criterion is
needed to work out a usable allocation. In this manuscript, a compromise criterion is discussed
and integer compromise allocations are obtained by using goal programming technique. A
numerical example is presented to illustrate the computational details, which reveals that the
proposed criterion is suitable for working out a usable compromise allocation for multivariate
stratified surveys.

Keywords Compromise allocation · Goal programming · Multiobjective nonlinear
programming · Multivariate stratified sampling

1 Introduction

The main problem in stratified sampling is the optimum choice of the size of the samples to
be selected from various strata either to maximize the precision of the estimate for a fixed
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cost or to minimize the cost of the survey for a fixed precision of the estimate. The sample
sizes allocated according to either of the above criteria is termed as “Optimum Allocation”.
According to Cochran (1977), Tschuprow (1923) was first to give the optimum allocation for
a fixed sample size. But his result remained unknown. Neyman (1934) rediscovered it. Later
on Stuart (1954) used Cauchy-Schwarz inequality to work out optimum allocation in more
general conditions. However, in multivariate populations where more than one characteristic
on each selected unit of the population are to be measured, the optimum allocation for one
characteristic may be far from optimum for others. In such situations it is almost impossible
to find an allocation that is optimum for all the characteristics simultaneously.

Thus one has to use an allocation that is optimum in some sense for all the characteristics.
Such allocations are called compromise allocations in sampling literature, because they are
based on some compromised criterion. Various criteria to work out a compromise allocation
are available. Dalenius (1957), Ghosh (1958), Yates (1960), Aoyama (1962), Folks and Antle
(1965), Chatterjee (1967, 1968), Kokan and Khan (1967), Ahsan (1975–76, 1978), Ahsan
and Khan (1977, 1982), Bethel (1985, 1989), Schittkowski (1985–86), Chromy (1987),
Kreienbrock (1993), Jahan et al. (1994, 2001), Jahan and Ahsan (1995), Rahim (1995),
Khan et al. (1997), Khan et al. (2003, 2008), Singh (2003), Semiz (2004), Díaz-García and
Cortez (2006, 2008), Kozak (2006a, b), Ansari et al. (2009, 2011), Varshney et al. (2012) and
many others either suggested new compromise criterion or explored the existing criteria under
various situations such as the presence of nonresponse, availability of auxiliary information,
use of double sampling technique for stratification etcetera.

In the present manuscript the problem of determining the compromise allocation in mul-
tivariate stratified random sampling is viewed as a multiobjective integer nonlinear program-
ming problem.

2 An overview of the literature and the proposed approach

In multivariate stratified surveys the individual optimum allocations are of no practical use
and we need an allocation that is optimum for all characteristics in some sense. As men-
tioned in Sect. 1, many authors contributed to obtain a compromise allocation using different
compromise criteria. Another approach to this problem is to formulate it as a multiobjective
programming problem and convert it into a single objective problem by scalarizing the mul-
tiple objectives. Some of the compromise criteria used by these authors are the averaging of
individual optimum allocations, minimizing the sum of the relative increases in the variances
of estimates due to not using the individual optimum allocations, minimizing the sum of vari-
ances of the individual estimates, minimizing the weighted sum of variances of the individual
estimates, minimizing the sum of coefficients of variation (CVs) of the individual estimates,
minimizing the total cost of survey with tolerance limits on the variances of the estimates,
minimizing the total sample size with tolerance limit on the CVs of the estimates, etc. (see
Chatterjee 1968; Cochran 1977; Arthanari and Dodge 1981; Sukhatme et al. 1984; Bethel
1989; Khan et al. 2003; Díaz-García and Cortez 2008; Ansari et al. 2011, etc.). Many authors
also suggested the criteria by minimizing the variances or CVs of some selected character-
istics, such as minimizing the maximum CV of the estimate (see Kozak 2006a). It has been
noticed that these criteria works well, especially, to minimize the maximum variance among
the estimates. However, most of the criteria failed to minimize the variances of the estimates
simultaneously of all characteristics, especially, the characteristics that have smaller vari-
ances. It is, therefore, a multiobjective criterion is needed that may minimize the variances
of all characteristics simultaneously and hence the sum of variances of all characteristics.
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In this paper, the authors have made an attempt to determine a compromise criterion by
considering the problem as a multiobjective programming problem that minimizes the CVs
of the estimates of the population means of all the characteristics simultaneously.

Furthermore, for practical application of any allocation the integer sample sizes are
required, which is not considered by most of the authors. The integer values are obtained by
rounded off the continuous values of sample sizes. Rounding off works well in general but it
may produce a non-optimum and/or infeasible solution (see Khan et al. 1997) in some cases.
To avoid this, the authors formulated the problem of determining the compromise allocation
in multivariate stratified sampling as a multiobjective integer nonlinear programming prob-
lem (MINLPP) and developed a solution procedure using Goal Programming Technique.
For each study variable, the proposed technique introduces a goal variable to ensure that the
increase in the variance of its estimate due to not using the individual optimum allocation
will not exceed the goal variable. The sum of the goal variables is then minimized under the
cost and other restrictions.

This approach provides a compromise allocation which minimizes the total loss in pre-
cession of the estimates for not using the individual optimum allocations with respect to
different characteristics.

3 Formulation of the problem

Let the population be divided in to L non-overlapping strata of sizes N1, N2, . . . , NL and

Wh = Nh
N denotes the stratum weight of hth stratum such that N = ∑L

h=1 Nh . Let nh be the
number of units drawn by simple random sampling without replacement (SRSWOR) from the
hth stratum consists of Nh units of the population. Let p ≥ 2, characteristics are defined on
each population unit and the estimation of unknown population means Ȳ j ; j = 1, 2, . . . , p
is of interest. It is assumed that the characteristics are independent. The sampling variances
V (ȳ jst ) of the estimates ȳ jst , of the unknown population means Ȳ j are given by

V (ȳ jst ) =
L∑

h=1

W 2
h S2

jh

nh
−

L∑

h=1

W 2
h S2

jh

Nh
=

L∑

h=1

W 2
h S2

jh

nh
(1 − fh); j = 1, 2, . . . , p,

where fh = nh
Nh

is the sampling fraction in the hth stratum.
Ignoring the finite population correction (1 − fh) we get

V (ȳ jst ) =
L∑

h=1

W 2
h S2

jh

nh
; j = 1, 2, . . . , p (1)

where S2
jh = 1

Nh−1

∑Nh
i=1(y jhi − Ȳ jh)2; j = 1, 2, . . . , p are the stratum variances of the

jth characteristic in hth stratum, y jhi is the value of the ith unit of the hth stratum for jth

characteristic and Ȳ jh = 1
Nh

∑Nh
i=1 y jhi is the stratum mean of y jhi .

Furthermore, stratified sample mean for the jth characteristics
ȳ jst = ∑L

h=1 Wh ȳ jh; j = 1, 2, . . . , p is an unbiased estimate for Ȳ j = 1
N

∑L
h=1

∑Nh
i=1

y jhi , the overall population mean of the jth characteristic, where ȳ jh = 1
nh

∑nh
i=1 y jhi , is the

sample stratum mean for jth characteristic in the hth stratum.
Assume that we know the population variances S2

jh and means Ȳ j . These are unknown in
real surveys but can be approximated or known from a recent or preliminary survey (Kozak
2006a).
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Let the pre-fixed cost C of the survey is a linear function of nh given by

C = c0 +
L∑

h=1

chnh, (2)

where c0 = overhead cost and ch = per unit cost of measurement of all the characteristics
in hth stratum; h = 1, 2, . . . , L .

Then the required compromise allocation will be the solution to the following MINLPP

Minimize

⎛

⎜
⎜
⎜
⎝

CV (ȳ1st )

CV (ȳ2st )
...

CV (ȳpst )

⎞

⎟
⎟
⎟
⎠

subject to
∑L

h=1 chnhc ≤ C0

2 ≤ nhc ≤ Nh

and nhc integers; h = 1, 2, . . . , L ,

(3)

where CVj = CV (ȳ jst ) =
√

V (ȳ jst )

Ȳ 2
j

; j = 1, 2, . . . , p.

Let

Z j = CVj =
√
√
√
√ 1

Ȳ 2
j

L∑

h=1

W 2
h S2

jh

nhc

=
√
√
√
√

L∑

h=1

a jh

nhc

(4)

where a jh = W 2
h S2

jh

Ȳ 2
j

; j = 1, 2, . . . , p, h = 1, 2, . . . , L .

Also C0 = C − c0 and nhc ; h = 1, 2, . . . , L denote the compromise allocation.

4 The solution using goal programming

Let Z∗
j be the optimum value of Z j defined by (4) under optimum allocation for the jth

characteristic obtained by solving the following all integer nonlinear programming problem
(AINLPP)

Minimize Z j

subject to
∑L

h=1 chnh ≤ C0

2 ≤ nh ≤ Nh

and nh integers; h = 1, 2, . . . , L .

(5)

Note that the solution to (5) will give the individual optimum allocation for the jth charac-
teristic.
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If Z̃ j denote the value of Z j for a compromise allocation then Z̃ j ≥ Z∗
j or Z̃ j − Z∗

j ≥
0; j = 1, 2, . . . , p will give the increase in Z j due to not using the individual optimum

allocation of jth characteristic.
Consider the following problem:

“Find nh such that for jth characteristic ( j = 1, 2, . . . , p), the increase in the value of the
Z j for each j due to the use of a compromise allocation, instead of its individual optimum
allocation, is less than or equal to x j , where x j ≥ 0 ( j = 1, 2, . . . , p) are the goal variables”
(Schniederjans 1995).
To achieve these goals we must have

Z̃ j − Z∗
j ≤ x j ; j = 1, 2, . . . , p

or Z̃ j − x j ≤ Z∗
j ; j = 1, 2, . . . , p (6)

or

√
√
√
√

L∑

h=1

a jh

nhc

− x j ≤ Z∗
j ; j = 1, 2, . . . , p. (7)

The total increase in the values of Z j ; j = 1, 2, . . . , p for not using the individual optimum
allocations is given by

∑p
j=1 x j . Minimizing this total increase will be a suitable compromise

criterion to obtain a compromise allocation.
Consequently we have to solve the following goal programming problem (GPP)

Minimize
∑p

j=1 x j

subject to
√∑L

h=1
a jh
nhc

− x j ≤ Z∗
j ; j = 1, 2, . . . , p

∑L
h=1 chnhc ≤ C0

2 ≤ nhc ≤ Nh

and x j ≥ 0; j = 1, 2, . . . , p and nhc integers; h = 1, 2, . . . , L .

(8)

The GPP (8) may be solved by using a mixed integer nonlinear programming technique.
However, many optimization softwares are now available. One such software is LINGO
(2001). The authors used this software to solve GPP (8). For more information about LINGO
one may visit the site: http://www.lindo.com.

5 Some other compromise criteria

For the sake of comparison of the performance of proposed compromise allocation with
some other well-known compromised allocations, the following compromise criteria are
considered.

5.1 Cochran’s average compromise allocation (ACA)

Cochran (1977) suggested the character-wise average of individual optimum allocations of
each characteristic as compromise allocation. The allocations are rounded off to the nearest
integer. The Cochran’s average compromise allocation nh(AC A) is given by
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nh(AC A) = 1

p

p∑

j=1

n∗
j,h; h = 1, 2, . . . , L , (9)

where, n∗
j,h; j = 1, 2, . . . , p; h = 1, 2, . . . , L denote the individual optimum allocation for

the jth characteristic given by

n∗
j,h = C0Wh Sjh/

√
ch

∑L
h=1 Wh Sjh

√
ch

; h = 1, 2, . . . , L; j = 1, 2, . . . , p. (10)

5.2 Chatterjee’s compromise allocation (CCA)

Chatterjee’s compromise allocation, nh(CC A), is obtained by minimizing the sum of the
relative increases in the variances of the estimates (Chatterjee 1967), is given as

nh(CC A) =
C0

√∑p
j=1 n∗2

j,h

∑L
h=1 ch

√∑p
j=1 n∗2

j,h

; h = 1, 2, . . . , L , (11)

where n∗
j,h; h = 1, 2, . . . , L; j = 1, 2, . . . , p are as given by (10).

5.3 Allocation obtained by minimizing the maximum CV (MaxCV)

The compromise allocation can be obtained by minimizing the maximum CV of the estimates
by solving the following AINLPP as suggested by Kozak (2006a)

Minimize Zr

subject to Z j ≤ Z∗
j ; j = 1, 2, . . . , p; j �= r

∑L
h=1 chnh ≤ C0

2 ≤ nh ≤ Nh

and nh integers; h = 1, 2, . . . , L ,

(12)

where Zr = CVr ≥ Z j = CVj for all j = 1, 2, . . . , p.
The resulting compromise allocation is denoted by nh(MaxCV).

6 A numerical illustration

The following numerical example illustrates the Goal Programming approach. The data are
from 2002 Agricultural Censuses in Iowa State conducted by National Agricultural Statistics
Service, USDA, Washington D.C. cited in Khan et al. (2010) (source: http://www.agcensus.
usda.gov/). The 99 counties in the Iowa State are divided into four strata. Two characteristics:
(i) The quantity of corn harvested Y1 and (ii) The quantity of oats harvested Y2, are of interest.
The total amount available for conducting the survey is assumed to be C = 350 units with an
expected overhead cost c0 = 50 units. This gives C0 = C −c0 = 300 units. Table 1 gives the
strata variances for the two characteristics and per unit cost of measurement with in stratum,
ch ; h = 1, 2, 3 & 4.
Also Ȳ1 = 474,973.90 and Ȳ2 = 1,576.25.
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Table 1 Data for four strata with two characteristics

h Nh S2
1h S2

2h ch

1 8 29,267,524,195.5 777,174.1 12

2 34 26,079,256,582.8 4,987,812.9 9

3 45 42,362,842,460.8 1,074,510.6 10

4 12 30,728,265,336.9 388,378.5 8

To find the values of Z∗
1 and Z∗

2 , we have to solve the AINLPP (5) for j = 1 & 2.
Using LINGO the solutions for the values given in Table 1 are:

For j = 1 : n∗
1,1 = 2, n∗

1,2 = 9, n∗
1,3 = 16 and n∗

1,4 = 4 with Z∗
1 = 0.0697399.

For j = 2 : n∗
2,1 = 2, n∗

2,2 = 18, n∗
2,3 = 9 andn∗

2,4 = 3 with Z∗
2 = 0.157701.

Thus the GPP (8) becomes

Minimize
2∑

j=1

x j

subject to (13)
√

0.000847142

n1c

+ 0.013634624

n2c

+ 0.038797187

n3c

+ 0.002001201

n4c

− x1 ≤ 0.0697399

√
0.002042574

n1c

+ 0.236781300

n2c

+ 0.089354235

n3c

+ 0.002296662

n4c

− x2 ≤ 0.157701

12n1c + 9n2c + 10n3c + 8n4c ≤ 300

2 ≤ nhc ≤ Nh; h = 1, 2, 3&4

and x j ≥ 0; j = 1 & 2 and nhc integers; h = 1, 2, 3 & 4.

Using LINGO, the proposed compromise allocation is found to be

n∗
1c

= 2, n∗
2c

= 15, n∗
3c

= 12 and n∗
4c

= 2

with x∗
1 = 0.004867374 and x∗

2 = 0.001676615 and the optimum value of the objective func-
tion x∗

1 + x∗
2 = 0.00654399, and Z1 = CV1 = 0.074607272, Z2 = CV2 = 0.159377615

and CV1 + CV2 = 0.233984887.
For the data given in Table 1, the individual optimum allocations n∗

j,h; h = 1, 2, . . . , L; j =
1, 2, . . . , p using formula (10) are given as:

For j = 1 : n∗
1,1 = 2.09960, n∗

1,2 = 9.72632, n∗
1,3 = 15.56497, n∗

1,4 = 3.95229

and for j = 2 : n∗
2,1 = 1.45114, n∗

2,2 = 18.04109, n∗
2,3 = 10.51400, n∗

2,4 = 1.88458.

Using (9), the Cochran’s average compromise allocation rounded off to the nearest integer
is:

n1(AC A) = 2, n2(AC A) = 14, n3(AC A) = 13, n4(AC A) = 3

with Z1 = CV1 = 0.071055883, Z2 = CV2 = 0.159916208 and CV1 + CV2 =
0.230972091.
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Table 2 Various allocations with sum of CVs and the cost incurred

S. no. Allocations n1 n2 n3 n4 Sum of CVs Cost incurred

1 Proportional 3 11 14 4 0.240006425 307

2 Cochran’s 2 14 13 3 0.230972091 304

3 Chatterjee’s 2 14 13 3 0.230972091 304

4 Minimizing Maximum CV 2 9 16 4 0.252740241 297

5 Proposed allocation 2 15 12 2 0.233984887 295

Using the above value of n∗
j,h , the Chatterjee’s compromise allocation given by (11), rounded

off to nearest integer is:

n1(CC A) = 2, n2(CC A) = 14, n3(CC A) = 13, n4(CC A) = 3

with Z1 = CV1 = 0.071055883, Z2 = CV2 = 0.159916208 and CV1 + CV2 =
0.230972091.
The allocation nh(MaxCV) obtained by minimizing the maximum CV (MaxCV) is obtained
by solving the following AINLPP:

Minimize Z2 =
√

0.002042574

n1c

+ 0.236781300

n2c

+ 0.089354235

n3c

+ 0.002296662

n4c

subject to
√

0.000847142

n1c

+ 0.013634624

n2c

+ 0.038797187

n3c

+ 0.002001201

n4c

≤ 0.0697399

12n1c + 9n2c + 10n3c + 8n4c ≤ 300

2 ≤ nhc ≤ Nh; h = 1, 2, 3&4

and nhc integers; h = 1, 2, 3 & 4, where nhc = nh(MaxCV). (14)

Using LINGO the solution to the AINLPP (14) is given as:

n1(MaxCV ) = 2, n2(MaxCV ) = 9, n3(MaxCV ) = 16, n4(MaxCV ) = 4

with Z1 = CV1 = 0.069739899, Z2 = CV2 = 0.183000342 and CV1 + CV2 =
0.252740241.
Also the proportional allocation is given as:

nh(prop) = C0Wh
∑L

h=1 ch Wh
; h = 1, 2, . . . , L (see Sukhatme et al. 1984).

For the data of Table 1 we get

n1(prop) = 3, n2(prop) = 11, n3(prop) = 14, n4(prop) = 4

with Z1 = CV1 = 0.069234527, Z2 = CV2 = 0.170771899 and sum of CVs =
0.240006425.
These allocations, sum of CVs and the cost incurred are given in Table 2.
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7 Conclusion

Usually the trace of the variance-covariance matrix is used as a measure of performance
of a compromise allocation (see Sukhatme et al. 1984). As the trace is the sum of individ-
ual variances that usually differ in their units of measurement to add the variances are not
mathematically feasible.

In this paper we considered the sum of the CVs as a measure of the performance of a
compromise allocation because they are unit free and can be added.

The cost incurred given in the last column of Table 2 reveals that Proportional, Cochran’s
and Chatterjee’s allocations are infeasible because they violate the cost constraints.

Among the feasible compromise allocations the proposed allocation gives the minimum
value of the sum of CVs hence it can be said that its performance is best as regards the sum
of CVs is concerned.
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