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Abstract—This paper proposes a neural based full-order
Luenberger adaptive speed observer for sensorless linear induc-
tion motor (LIM) drives, where the linear speed is estimated
with the total least squares (TLS) EXIN neuron. A novel state
space-vector representation of the LIM has been deduced, taking
into consideration its dynamic end effects. The state equations of
the LIM have been rearranged into a matrix form to be solved, in
terms of the LIM linear speed, by any least squares technique. The
TLS EXIN neuron has been used to compute online, in recursive
form, the machine linear speed. A new gain matrix choice of the
Luenberger observer, specifically taking into consideration the
LIM dynamic end effects, has been proposed, overcoming the
limits of the gain matrix choice based on the rotating-induction-
machine model. The proposed TLS full-order Luenberger adap-
tive speed observer has been tested experimentally on an
experimental rig. Results have been compared with those
achievable with the TLS EXIN MRAS, the classic MRAS, and the
sliding-mode MRAS observers.

Index Terms—Dynamic end effects, linear induction motor
(LIM), Luenberger observer, neural networks (NNs), state model,
total least squares (TLS).

NOMENCLATURE

us = usD + jusQ Inductor voltage space-vector in the in-
ductor reference frame.

is = isD + jisQ Inductor current space-vector in the in-
ductor reference frame.

i′r = ird + jirq Induced part current space-vector in the
inductor reference frame.
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ψs = ψsD + jψsQ Inductor flux space-vector in the inductor
reference frame.

ψ′
r = ψrd + jψrq Induced part flux space-vector in the in-

ductor reference frame.
LS , LR, LM Inductor, induced part, and three-phase

magnetizing inductances.
Lσs, Lσr Inductor and induced part leakage

inductances.
Rs, Rr Inductor and induced part resistances.
p Number of pole pairs.
ωr = (pπ/τp)v Equivalent angular speed of the induced

part (in electrical angles per second).
ωmr Angular speed of the induced part flux (in

electrical angles per second).
ρr Angular position of the induced part flux.
v Linear speed.
τm Length of the inductor.
τp Polar pitch.

I. INTRODUCTION

L INEAR induction motors (LIMs) have been attracting a lot
of scientific interest for many years [1], [2]. The option

that LIMs offer to develop a direct linear motion without the
need of any gearbox for the motion transformation (from rotat-
ing to linear) has been the key issue for their study. The coun-
terpart of this potential advantage is the increase of complexity
of the machine model, which presents the so-called end effects
and border effects. These effects, which are due to the absence
of a cylindrical symmetry in the inductor structure with respect
to the rotating machine, both in the longitudinal and in the
transversal direction, are the cause of a limited capability of the
LIM drive to achieve optimal performance. It calls for proper
models that can suitably take into consideration these effects.

The speed control of the LIM, moreover, requires the adop-
tion of a linear encoder, which is typically more expensive
and less reliable than the corresponding counterpart in the
rotating machine. As a matter of fact, in the LIM case, the
cost of the encoder increases with the length of the induced
part track, which could be very demanding in applications like
railway traction systems and in general movement systems
with long tracks where, typically, the linear encoder would
also be exposed to potentially damaging environmental factors
(sun, humidity, mechanical stress, etc.). Those considerations
lead up to the need of adopting suitable sensorless techniques
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[3], [4]. So far, very few applications of sensorless techniques
for LIMs have been proposed in the literature, among which
are those in [5] and [6], probably because of the increase of
complexity of the speed observer, which should consider also
the end effects of the machine. In particular, Huang et al. [5]
propose a complex adaptive speed sensorless controller for the
LIM, while Ryu et al. [6] propose a sensorless technique for
LIMs based on the high frequency signal injection. In general,
signal injection techniques are difficult to be applied to LIMs.
From one side, the rotor slotting effect typically tracked in
RIMs is absent in the induced part track (typical case of flat
aluminum sheet secondary). From the other side, the saturation
of the main flux is hard to be detected because of the big air-
gap length making the LIM hardly saturable. Speed estimation
is even worsened in this case by the high resistance of the
induced part, resulting in very high percent slip speeds during
LIM operation, and by the induced part time constant, which
is variable with the position of the inductor because of the
variable air gap. Cirrincione et al. [7] and Accetta et al. [8]
propose a neural based MRAS observer, where the adaptive
model is a linear neural network (NN) [total least squares (TLS)
EXIN neuron], in numerical simulation and experimentally,
respectively. This NN-based MRAS observer has been devised
on the basis of a LIM dynamic model, including its dynamic
end effects, resulting in better performance than the classic
MRAS [9] and sliding mode (SM) MRAS observers [10] de-
vised for rotating induction machines (RIMs), in terms of speed
estimation accuracy.

This paper proposes a neural based full-order Luenberger
adaptive speed observer, where the linear speed is estimated on
the basis of the TLS EXIN neuron. A novel state space-vector
representation of the LIM has been devised, considering its
dynamic end effects; finally, the state equations of the LIM have
been discretized and rearranged into a matrix form to be solved,
in terms of the LIM linear speed, by any least squares (LS)
technique. It has been then recognized that the speed compu-
tation corresponds more to an orthogonal regression problem,
and for this reason, the TLS EXIN neuron has been employed
to compute online and recursively the machine linear speed:
indeed, it is the only NN able to solve online and in a recursive
form the TLS problem [17]. A new choice of the gain matrix
of the Luenberger observer, explicitly taking into consideration
the LIM end effects, has been proposed, overcoming the limits
of the choice of a gain matrix based on the RIM model. The
proposed TLS full-order Luenberger adaptive speed observer
has been assessed experimentally on a suitably developed test
setup and compared with the TLS MRAS [8], the classic MRAS
[9], and the SM-MRAS [10] observers. The proposed observer
is the extension to the LIMs of the already proposed TLS full-
order Luenberger speed observer, initially developed for RIMs
[11]–[13]. It is noteworthy, however, that the method proposed
here is not simply the straightforward application of a technique
already developed for a RIM to a LIM: the whole state space-
vector model, which is the core of the observer, has been
analytically developed to consider also the dynamic end effects,
making the observer suitable for LIM drives. As a consequence,
the matrix equation suitable for the application of the TLS
EXIN neuron has been properly rewritten. The observer has

been tested twice: with null gain matrix and with non-null gain
matrix.

II. SPACE-VECTOR EQUIVALENT CIRCUIT OF THE LIM
INCLUDING END EFFECTS

Unlike a RIM, in a single-sided LIM, the secondary (induced
part) consists of a sheet of aluminum with a back core of
iron. During the motion of the inductor, a continuous variation
of the surface magnetically linked with the primary circuit
occurs, since the inductor presents a limited length. This leads
up to a variation of the induced currents in the sheet and the
corresponding magnetic flux density in the air gap, close to the
entrance (front of the motion) and exit (back of the motion)
of the inductor. This flux in the entrance is different from
the one in the exit. When the moving inductor comes across
with a new part of aluminum sheet, new induced currents are
generated starting from a null value. This generation is quite
fast because of the absence of previously induced currents and
tries to prevent the induced flux variation. The effect is a deep
reduction of the resulting flux in the proximity of the entrance.
At the same time, at the exit, the induced current opposes a
sudden flux reduction from the inducer, creating an overall flux
increase. In general, the higher the speed of the inductor, the
higher the end effect phenomenon. This corresponds to the so-
called “dynamic end effect” [1], and it has been taken into
consideration in the literature by the “end effect factor Q” [14],
inversely proportional to the “goodness factor” defined in [1] as

Q =
τmRr

(Lm + Lσr)v
. (1)

In general, the lower the value of Q, the higher the impact of
the dynamic end effects.

From (1), it is apparent that Q decreases for an increase of
the speed, an increase of the air-gap thickness (higher leakage
inductance), or a decrease of the inductor length.

Correspondingly, the three-phase magnetizing inductance
varies with Q in the following way:

L̂m = Lm (1− f(Q)) (2)

with

f(Q) =
1− e−Q

Q
(3)

which states that the inductance value reduces with the increase
of end effects (that is the inverse of Q).

A computation of the overall losses of the machine shows
that an additional resistance appears in the transversal branch,
taking into consideration the eddy current joule losses and
accounting for the LIM braking force due to the dynamic end
effects. This resistance is equal to

R̂r = Rrf(Q). (4)

Correspondingly, the space-vector equivalent circuit of the LIM
can be deduced (see Fig. 1). It can be observed that the main
difference with the equivalent circuit of the RIM is in the
magnetizing inductance and in the eddy current resistance, both
present in the transversal branch.
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Fig. 1. Space-vector equivalent circuit of the LIM in the inductor reference
frame.

III. TLS-BASED FULL-ORDER SPEED OBSERVER

INCLUDING END EFFECTS

A. Space-Vector State Equations of the LIM

Starting from the space-vector equivalent circuit in the induc-
tor reference frame in Fig. 1, after applying the Kirchhoff law,
the following set of space-vector equations of the LIM can be
written in the inductor reference frame:{
us = Rsis +Rrf(Q)

[
is + i′r

]
+ dψs

dt (5a)

0 = Rri
′
r +Rrf(Q)

[
is + i′r

]
+ dψ′

r

dt − jωrψ
′
r (5b)

with{
ψs = [Lσs + Lm (1− f(Q))] is + Lm (1− f(Q)) i′r (6a)
ψ′

r = Lm (1− f(Q)) is + [Lσr + Lm (1− f(Q))] i′r (6b)

where us, is, i′r, ψs, and ψ′
r are respectively the inductor volt-

age and current, the induced part current, and the inductor and
induced part flux linkage space-vectors written in the inductor
reference frame, Rs and Rr are the inductor and induced part
phase resistances, Lσs and Lσr are the inductor and induced
part leakage inductances, ωr is the electrical rotating speed of
the inductor, Q is the previously defined end effect factor, and
j is the imaginary unit. Equations (5a) and (5b) are respectively
the inductor and induced part voltage equations, while (6a)
and (6b) are respectively the inductor and induced part flux
equations. Writing (6b) as a function of i′r and substituting it
in (5a), the space-vector equations of the voltage model of the
LIM can be deduced

dψ′
r

dt
=

Lσr + Lm (1− f(Q))

Lm (1− f(Q))

×
{
us−

[
Rs+Rrf(Q)−Rrf(Q)Lm (1− f(Q))

Lσr+Lm (1−f(Q))

]
is

− σ̂ [Lσs + Lm (1− f(Q))]
dis
dt

− Rrf(Q)

Lσr + Lm (1− f(Q))
ψ′

r

}
(7)

where σ̂ has been previously defined as

σ̂ = 1− L2
m (1− f(Q))2

[Lσr + Lm (1− f(Q))] [Lσs + Lm (1− f(Q))]
.

σ̂ is an equivalent global leakage factor, taking into considera-
tion the end effects of the LIM.

Equation (7) has been deduced under the simplifying as-
sumption that the rate of change of the linear speed is limited,
i.e., dv/dt ∼= 0; otherwise, some additive terms depending on
the linear acceleration of the motor would appear. This implies
that the mechanical acceleration of the LIM is not considered
only limited to the fast parameter variation. It is considered
therefore the variation of the parameters with the LIM speed
while the effect of the acceleration on the parameters is ne-
glected. This simplifying assumption is reasonable since the
mechanical time constant is much bigger than the electric one.
This is particularly true for LIMs where the inductance terms
are all very small because of the big air gap and the resistances
are big, particularly that of the induced part track (limited
thickness of the track).

Writing (6b) as a function of i′r and substituting it in (5b),
the space-vector equations of the current model can be deduced

dψ′
r

dt
= Rr

(
Lm (1− f(Q)) (1 + f(Q))

Lσr + Lm (1− f(Q))
− f(Q)

)
is

+

(
j
pπ

τp
v − Rr (1 + f(Q))

Lσr + Lm (1− f(Q))

)
ψ′

r (8)

where τp is the polar step of the inductor and p is the number
of pole pairs. Even in this case, (8) has been deduced under
the simplifying assumption that the rate of change of the linear
speed is limited, i.e., dv/dt ∼= 0.

From (8), an equivalent induced part time constant of the
machine taking into consideration the end effects, depending
on the linear machine speed itself, can be defined as

T̂r =
Lσr + Lm (1− f(Q))

Rr (1 + f(Q))
. (9)

To obtain the full-order Luenberger observer, a state space-
vector representation should be deduced. From this standpoint,
(5) and (6) have been properly manipulated so as to obtain the
state representation of the LIM including the end effects.

For the sake of simplicity, the following modified electrical
parameters of the LIM (variable with the machine speed) are
defined:

L̂s =Lσs + Lm (1− f(Q)) (10a)

L̂r =Lσr + Lm (1− f(Q)) (10b)

permitting the state model to be rewritten in a more compact
form. These parameters can be considered as the generalized
version of the machine parameters and clearly have a physical
meaning. To deduce the state representation of the space-vector
model of the LIM taking into consideration the end effects, the
first space-vector equation to be considered is the voltage model
represented in (7), which must be rewritten as a function of
dis/dt, after substituting the expression of dψ′

r/dt taken from
the current model of (8). The second space-vector equation
is given directly by the current model, given by (8). As a
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result, the following set of two space-vector equations can be
obtained:

dis
dt

=
1

σ̂L̂s

{
us−

[
Rs+R̂r

(
1− L̂m

L̂r

)
+
L̂m

L̂r

(
L̂m

T̂r

−R̂r

)]
is

+
L̂m

L̂r

[
j
pπ

τp
v − 1

T̂r

− R̂r

L̂m

]
ψ′

r

}
(11)

dψ′
r

dt
=

[
L̂m

T̂r

−R̂r

]
is+

[
j
pπ

τp
v− 1

T̂r

]
ψ′

r (12)

which can also be written as

d

dt

[
is
ψ′

r

]
=

[
A11 A12

A21 A22

] [
is
ψ′

r

]
+

[
B1

0

]
us

=Ax+Bus (13a)

is =Cx (13b)

where C = [I 0], I =

[
1 0
0 1

]
, J =

[
0 −1
1 0

]
, and

A11 = a11I

= − 1

σ̂L̂s

[
Rs + R̂r

(
1− L̂m

L̂r

)

+
L̂m

L̂r

(
L̂m

T̂r

− R̂r

)]
I (14a)

A12 = â12

[(
1

T̂r

+
R̂r

L̂m

)
I− pπ

τp
vJ

]

=
L̂m

σ̂L̂sL̂r

[(
1

T̂r

+
R̂r

L̂m

)
I− pπ

τp
vJ

]
(14b)

A21 = â21I =

(
L̂m

T̂r

− R̂r

)
I (14c)

A22 = â22

[
1

T̂r

I− pπ

τp
vJ

]
= −1

[
1

T̂r

I− pπ

τp
vJ

]
(14d)

B1 = b̂1I =
1

σ̂L̂s

I. (14e)

It can easily be observed that, if the end effects were neglected
(f(Q) = 0), the coefficients of the LIM state space-vector
equation would coincide with those of the classic RIM [11]–
[13], [15].

B. Full-Order Luenberger Observer

The full-order Luenberger observer is a deterministic state
observer estimating the inductor current and the induced part
flux linkages. It is described by the following equations:

dx̂

dt
= Âx̂+Bus +G(̂is − is) (15)

where ∧ means the estimated values (not to be confused with
the speed varying parameters as explained above) and G is
the observer gain matrix which must be designed so that the
observer is stable. The matrix G acts on the inductor current
estimation error since the inductor current is only a portion of
the state vector that is a measurable quantity. For the choice
of the gain matrix, two solutions have been explored. Initially,
for the sake of simplicity, G = 0 has been set. In this case, the
dynamics of the observer coincides with that of the machine,
and no feedback action exists. Afterward, the gain matrix has
been chosen following the criterion in [15], whereby the poles
of the observer are proportional to the machine poles. It should
be remarked that the observer gain matrix expression in [15] has
been developed for the RIM. Here, under the same criterion, a
new gain matrix expression has been found which takes into
consideration the LIM dynamic end effects.

If λ is the proportionality factor (λ ≥ 1) between the ob-
server and the machine poles, the following terms of the gain
matrix G can be found:

G =

⎡
⎢⎢⎣
∣∣∣∣∣∣∣∣
ĝ1 −ĝ2
ĝ2 ĝ1
ĝ3 −ĝ4
ĝ4 ĝ3

⎤
⎥⎥⎦ (16)

where (17), shown at the bottom of the page, is obtained with

ĉ = − σ̂L̂sL̂r

L̂m

(18)

d̂ =
β

�e(â12)2 + �m(â12)
2 (19)

with β = R̂r/L̂m.
It should be remarked that (17), even if developed under

the same observer pole location as in [15], is quite different
from [15, (10)–(13)] because of the presence of some additive
terms which are multiplied for d̂. Since d̂ is proportional to
R̂r, which is an additive term not present in the RIM equiv-
alent electrical circuit but is linked to the LIM dynamic end
effects (null for zero machine speed), by setting d̂ = 0, the

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ĝ1 = (λ− 1) [�e(â11) + �e(â22)]
ĝ2 = (λ− 1)�m(â22)

ĝ3 = (λ− 1)
{
ĉ [�e(â11) + �e(â22)] + d̂ [�e(â12) (�e(â11) + �e(â22)) + �m(â22)�m(â12)]

}
−(λ2 − 1)

{
[ĉ�e(â11)−�e(â21)] + d̂�e(â11)�e(â12)

}
ĝ4 = (λ− 1)

{
ĉ�m(â22)− d̂ [�m(â12) (�e(â11) + �e(â22))−�m(â22)�e(â12)]

}
− (λ2 − 1)

{
d̂�e(â11)�m(â12)

}
(17)
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Fig. 2. (Red) LIM machine poles, (blue) observer ideal LIM poles, (black)
observer actual LIM poles, and observer actual RIM poles, with λ = 2.

corresponding RIM gain matrix described by [15, (10)–(13)]
is obtained.

It should, in any case, be borne in mind that the all âij terms
in (17) are those of the LIM model, depending on the LIM speed
and thus taking into consideration the dynamic end effects.

Fig. 2 shows the variation with the LIM speed, in a speed
range from −10 m/s to 10 m/s (LIM rated speed equal to
6.8 m/s), of the following variables:

1) LIM poles (red), corresponding to the eigenvalues of the
A matrix in (14);

2) ideal observer poles obtained under the assumption of
perfect proportionality with the LIM poles (blue), with
λ = 2;

3) actual observer poles obtained with the gain matrix
choice taking into consideration the LIM dynamic end
effects (black), with λ = 2;

4) actual observer poles obtained with the classic gain
matrix choice developed for the RIM, not taking into
consideration the LIM dynamic end effects (black), with
λ = 2.

It should be noted that the proposed gain matrix choice
in (17) considering the LIM end effects permits the actual
observer poles (black) to perfectly match the ideal ones (blue).
On the contrary, the adoption in the LIM case of the classic
gain matrix choice developed for the RIM (black) leads to a
deformation of the observer poles with respect to the ideal
ones. In practice, the adoption of the gain matrix developed
for RIMs corresponds to considering the observer to be more
overdamped than in the case in which the gain matrix choice
is made considering the end effects. It should be finally noted

Fig. 3. Block diagram of the TLS full-order Luenberger observer.

that, in the LIM under test, differently from the classic rotating
machine case, the poles related to the inductor current lie more
on the right than those related to the induced part flux linkage
(they are slower). This is caused by the very low value of the
induced part inductance and the high value of its resistance.
In particular, the inductor current dynamics is only slightly
modified by this gain matrix selection, unlike the ideal case.

C. TLS Speed Adaptation Law

The TLS speed adaptation law derives from a modification
of (13), in the sense that it exploits the two first scalar equa-
tions to estimate the rotor speed, after transforming them into
discrete form for digital implementation [11]–[13]. Moving
from the continuous domain to the discrete one and approxi-
mating the continuous derivative with the discrete filter ((1−
z−1)/(Tsz

−1)), where Ts is the sampling time of the control
systems, the matrix equation (20), shown at the bottom of the
page, can be deduced.

More details on the derivation of (20) are provided in
Appendix.

Equation (19) is a classical matrix equation of the type Ax ≈
b, where A is called “data matrix,” b is called “observation
vector,” and x is the unknown vector, equal to the estimated
linear speed v̂.

LS techniques can be adopted for the online training of
the corresponding linear NN (ADALINE) and for solving
in a recursive form this equation [17]. Among the differ-
ent types of LS techniques (OLS = Ordinary Least Squares,
TLS = Total Least Squares, and DLS = Data Least Squares),
TLS reveals intrinsically the best to solve the problem of speed
estimation. As a matter of fact, the data matrix A is composed
of the D-Q axis components of the estimated induced part flux
linkage, which is affected by errors resulting from an imperfect
tuning of the observer (parameter uncertainty) and noise from

[
â12Ts

pπ
τp
ψ̂rq(k − 1)

−â12Ts
pπ
τp
ψ̂rd(k − 1)

]
v̂(k − 1)

=

⎡
⎣ isD(k)− isD(k − 1)− â11TsisD(k − 1)− â12

(
1
T̂r

+ R̂r

L̂m

)
Tsψ̂rd(k − 1)− b̂1TsûsD(k − 1)

isQ(k)− isQ(k − 1)− â11TsisQ(k − 1)− â12

(
1
T̂r

+ R̂r

L̂m

)
Tsψ̂rq(k − 1)− b̂1TsûsQ(k − 1)

⎤
⎦ (20)
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Fig. 4. Block diagram of the FOC of the LIM.

measurements. The same considerations can be made for the
observation vector b, which is also composed of the D-Q axis
components of the estimated induced part flux linkage and the
D−Q components of the inductor current space-vector.

A further complication with respect to the RIM case is that
each component of the state model parameter is a quantity
dependent on the machine speed, which is the variable to be
estimated, that introduces further sources of errors on both the
data matrix and observation vector.

For all the aforementioned considerations, a methodology
simply based on the minimization of the error present on the ob-
servation error (OLS) is inadequate. An orthogonal regression
method (TLS) is, on the contrary, more suitable for solving the
problem under study. The TLS EXIN neuron has been chosen
to solve (19) since it is the only linear NN able to solve a TLS
problem recursively online [17]. For details about the adopted
TLS EXIN algorithm, see [13], [16], and [17]. Please mind that
the TLS EXIN neuron does not require any offline training,
while it adapts online recursively since the beginning. From
this point of view, it is a completely different kind of NN with
respect to a classic back propagation (BPN). Moreover, it is
fully implemented on a DSP on which the control system runs,
without any PC preprocessing.

Fig. 3 shows the block diagram of the TLS full-order Luen-
berger observer. The TLS EXIN neuron receives as inputs us,
is, and ψ̂r and provides as output the estimated linear speed v̂,
which is fed back to the state model. It should be remarked that
all of the parameters of the A matrix and b vector depend on the
speed, which is the unknown quantity. This problem has been
solved adopting, at each sampling time k of the control system,
the value of the parameter computed with the speed estimated in
the previous sampled instant k − 1. This obviously introduces
a further source of error in the speed computation.

IV. FOC OF THE LIM

Several attempts to adapt field-oriented control (FOC) [18]–
[20] and direct thrust control [21] to LIMs have been proposed
in the literature. This paper presents a direct induced-part-flux-

oriented control of the LIM. The block diagram of the adopted
control scheme is drawn in Fig. 4, where current control is
performed in the induced-part-flux-oriented reference frame
(x, y). On the direct axis (x), a flux control loop commands the
direct current loop, and a voltage control loop commands the
flux loop to permit the drive to work automatically in the field-
weakening region. On the quadrature axis (y), a speed loop
controls the quadrature current loop. It should be noted that the
angular position ρr, needed for the correct field orientation, is
given by the TLS full-order Luenberger observer, and therefore,
it implicitly takes into consideration the LIM dynamic end
effects. An asynchronous space-vector pulsewidth modulation
with fPWM = 5 kHz has been used to command the inverter.

Finally, to cope with the inverter nonlinearity problem caus-
ing the distortion and discontinuity of the inverter voltage vec-
tor with respect to the reference one, a methodology has been
used that approximates every power device with a threshold
voltage and a differential resistance [22], [23].

V. TEST SETUP

A Baldor LMAC1607C23D99 LIM has been adopted. It has
been equipped with a Numerik Jena LIA series linear encoder,
used only to verify the goodness of the speed estimation. The
induced part track presents a length of 1.6 m. The employed test
setup (see Fig. 5) consists of the following:

1) a three-phase LIM (parameters in Table I);
2) a 7.5-kVA three-phase VSI;
3) a dSPACE card (DS1103).

VI. EXPERIMENTAL RESULTS

The proposed TLS full-order Luenberger adaptive speed
observer including the dynamic end effects has been verified
experimentally on the test setup described in Section V. It
has been tested in several challenging working conditions. In
particular, both the null and non-null gain matrix options have
been implemented, to highlight the improvements achievable
with the non-null gain matrix choice. In all the following tests,
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Fig. 5. Photograph of the experimental test setup.

TABLE I
PARAMETERS OF THE LIM

the LIM drive has been operated with the estimated speed fed
back to the speed control loop, while the measured speed has
been used only for comparison.

A. Null Gain Matrix

All the results provided in this section refer to the case of
the null gain matrix. The first test corresponds to a set of speed
reversals at very low speed, from 0.2 to −0.2 m/s (the rated
linear speed of the LIM is 6.85 m/s), corresponding to almost
3% of the rated speed. The frequency of the square speed
reference is determined by the length of the track: Whenever
the inductor reaches the end of the track, the sign of the speed
reference is changed.

Fig. 6 shows the reference, the estimated, and the measured
speed as well as the speed estimation error during this test. The
estimated speed properly tracks its reference and the measured
one, with a transient estimation error (peak error almost equal
to 0.1 m/s) depending on the inductor position on the track.

With this specific regard, it should be noted that, differently
from the RIM where the air gap can be considered almost
uniform or very slightly variable because of the construction
tolerances, in the LIM case, the air-gap length presents signif-
icant variations along its path, which imply modifications of
the magnetizing inductance with the inductor position causing a
different accuracy of the speed estimation along the track, even
at steady-state speed. In addition, not only the speed reference
is very low, but also, the LIM drive is actually loaded (almost
30% of the rated load with a very high slip because of the high

Fig. 6. Reference, estimated, and measured linear speeds during the 0.2 →
−0.2 step with the null gain matrix (experiment).

Fig. 7. isx, isy reference and measured current components during the
0.2 → −0.2 step with the null gain matrix (experiment).

value of the induced part resistance), just because of the friction
force of the system due to the inductor wheels rotating on the
lateral tracks shown in Fig. 5.

Fig. 7 shows the corresponding isx, isy current components.
They highlight a proper field orientation, with isx correctly
controlled to a constant value and isy suddenly varying at each
speed reversal and controlled to a constant non-null value at
steady-state speed (due to the load).

Figs. 8 and 9 show respectively the time variation of the
modified electrical parameters (R̂r, L̂m, T̂r) of the LIM and
its state model parameters (â11, â12, â21, â22, b̂1). The modi-
fied electrical parameters of the LIM vary with the speed, as
expected, according to (2), (4), and (10), maintaining a constant
value during steady-state speed while varying during each
transient speed. The dynamics of both the electrical and the
state parameter variations coincides with that of the mechanical
speed of the LIM [see (2), (4), and (9)], and in this case, more
precisely with that of the estimated speed, which is very close
but not exactly equal to that of the real LIM.
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Fig. 8. Modified electrical parameters during the 0.2 → −0.2 step with the
null gain matrix (experiment).

Fig. 9. Modified state model parameters during the 0.2 → −0.2 step with the
null gain matrix (experiment).

As expected, R̂r increases with the speed, while L̂m and T̂r

reduce with it. Similar considerations are valid for the state
model parameters, which vary with the speed of the LIM in
accordance with (14). As expected, â11 and b̂1 increase with the
speed, while â12 and â21 decrease with it. It should be noted
that the variations of both the electrical and state parameters
with speed are limited. It is due to the limited variation of the
speed during the test and to the limited presence of the dynamic
end effects in the LIM under test (not high value of Q).

Afterward, a start-up plus speed reversal and a speed rever-
sal plus stopping test have been performed. The start-up test
consists of the following speed step references: 0 → −0.6 →
0.6 m/s. On the other hand, the braking one consists of the
following speed step reference: −0.6 → 0.6 → 0 m/s. Both
tests are particularly challenging since they imply a speed
reversal at medium speed, a speed transient from/to zero speed,
and a long period in which the drive is driven at zero speed with

Fig. 10. Reference, estimated, and measured linear speeds during the start-up
test with the null gain matrix (experiment).

Fig. 11. isx, isy reference and measured current components during the start-
up test with the null gain matrix (experiment).

the LIM fully magnetized. Fig. 10 (13) shows the reference, the
estimated, and the measured speed as well as the speed estima-
tion error during the start-up (braking) test, respectively. Fig. 11
(14) shows the corresponding waveforms of the reference and
measured isx, isy current components. Fig. 12 (15) shows the
corresponding waveforms of the measured and estimated isD,
isQ current components.

Figs. 10–15 show the capability of the TLS full-order Luen-
berger observer to properly track these speed references with
a good accuracy even in transient, being able to work at zero
speed with the machine fully magnetized. Figs. 12 and 15 show
that the estimated current components track the measured ones,
even if with an estimation error due to the imperfect tuning
of the observer and the null gain matrix choice. The accuracy
in the inductor current estimation is significantly improved if
a non-null gain matrix is adopted, as shown in the following.
Finally, a significant ripple appears on the isx current compo-
nent (see Fig. 14), particularly in the entire time interval when
the speed reference is null. During this working condition (zero
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Fig. 12. isD , isQ estimated and measured current components during the
start-up test with the null gain matrix (experiment).

Fig. 13. Reference, estimated, and measured linear speeds during the stopping
test with the null gain matrix (experiment).

speed at no load), the LIM speed is theoretically unobservable.
The TLS EXIN neuron is able to estimate the speed and to make
the LIM drive work at zero speed since it exploits the dynamic
equations of the LIM. Whenever the speed becomes slightly
different from zero, the TLS EXIN neuron is able estimate it,
and the control system can make a correction action to force the
LIM to work at zero speed. It means that, around zero speed,
the estimated speed presents more ripple and, consequently, the
state observer behavior is more critical. Even the estimation
of the induced part flux angle suffers from this condition with
consequent worsening of the field orientation condition, which
accounts for the ripple on the isx current component.

B. Non-Null Gain Matrix

All the results provided in this section refer to the case
of the gain matrix choice described in Section III-B. As a
consequence of the adoption of a non-null gain matrix, the
accuracy of the state variables and speed estimation improves,

Fig. 14. isx, isy reference and measured current components during the
stopping test with the null gain matrix (experiment).

Fig. 15. isD , isQ estimated and measured current components during the
stopping test with the null gain matrix (experiment).

and consequently, the minimum working speed becomes lower:
0.1 m/s against 0.2 m/s, corresponding to almost 1.4% of
the rated speed, as demonstrated in the following. Fig. 16
shows the reference, estimated, and measured speeds during the
0.1-m/s square speed reference waveform. The estimated speed
properly tracks its reference and the measured one, even if
with a transient estimation error (peak error almost equal to
0.05 m/s) depending on the inductor position on the track (see
aforementioned comment). Fig. 17 shows the corresponding
isx, isy current components that highlight a proper field ori-
entation, with isx correctly controlled to a constant value and
isy suddenly varying at each speed reversal and controlled to a
constant non-null value at steady-state speed (due to the load).
These curves present slight oscillations tracking the oscilla-
tion of the estimated speed, as expected due to the very low
speed sensorless operation. Fig. 18 shows the corresponding
waveforms of the isD, isQ estimated and measured current
components. It clearly highlights that the adoption of a non-
null gain matrix permits a more accurate estimation of the
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Fig. 16. Reference, estimated, and measured linear speeds during the 0.1 →
−0.1 step with the non-null gain matrix (experiment).

Fig. 17. isx, isy reference and measured current components during the
0.1 → −0.1 step with the non-null gain matrix (experiment).

inductor currents, as expected. Finally, a speed reference com-
posed of the following subsequent steps at very low speed has
been given to the drive: −0.1 → 0.1 → 0.2 → −0.2 → 0.2 →
0.3 → −0.3 → −0.3 → −0.3 m/s. Fig. 19 shows the speed
waveforms, Fig. 20 shows the isx, isy current components,
Fig. 21 shows the isD, isQ estimated and measured current
components, Fig. 22 shows the modified electrical parameters,
and finally, Fig. 23 shows the modified state parameters during
this test. These figures show a good tracking capability of the
estimated speed that follows its reference and the measured
speed during steps of different amplitude and sign. Each of the
zero crossings of the speed is performed quite quickly, even if
all transients are performed at very low speed. Correspondingly,
the isx is maintained constant corresponding to the magneti-
zation level of the machine, and isy tracks the variations of
the speed reference. The higher the speed reference, the higher
the isy since the friction load torque increases (with nonlinear
law) with the working speed. The modified electrical and state

Fig. 18. isD , isQ estimated and measured current components during the
0.1 → −0.1 step with the non-null gain matrix (experiment).

Fig. 19. Reference, estimated, and measured linear speeds during the -0.1 →
0.1 → 0.2 → −0.2 → 0.2 → 0.3 → −0.3 → −0.3 → −0.3 step test with
the non-null gain matrix (experiment).

parameters curve track the time variation of the estimated
speed. They present a quick variation at any transient speed
step as well as a different steady-state value at each steady-state
speed working condition.

C. Comparison With Other Observers

To verify the improvements achievable with the proposed
TLS full-order Luenberger observer taking into consideration
the LIM dynamic end effects, some experimental comparisons
with other observers in the literature have been made. The
adopted test setup is that described in Section V. In particular,
the proposed observer has been compared with the TLS EXIN
MRAS observer [8], the classic MRAS [9], and the SM-MRAS
[10] observers. These three observers are all MRASs, based on
the flux error minimization, so their comparison is consistent.
While the TLS EXIN MRAS observer has been specifically
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Fig. 20. isx, isy reference and measured current components during the
−0.1 → 0.1 → 0.2 → −0.2 → 0.2 → 0.3 → −0.3 → −0.3 → −0.3 step
test with the non-null gain matrix (experiment).

Fig. 21. isD , isQ estimated and measured current components during the
−0.1 → 0.1 → 0.2 → −0.2 → 0.2 → 0.3 → −0.3 → −0.3 → −0.3 step
test with the non-null gain matrix (experiment).

devised for LIM drives since it implicitly takes into consid-
eration its dynamic end effects, the classic MRAS and the
SM-MRAS have been originally devised for the RIM and just
rearranged here to be adopted straightforwardly for the LIM.

As shown in [8], the TLS EXIN MRAS observer permits
the speed control loop to be closed with the estimated speed,
it does not need a low pass (LP) filter on the estimated speed,
with the consequent increase of the observer bandwidth, and
permits the drive to work down to 0.2 m/s. On the contrary,
the straightforward application of the classic MRAS and SM-
MRAS, devised for RIM, to the LIM does not permit the
speed loop to be closed with the estimated speed. In such
operating conditions, the drive behavior becomes unstable. The
corresponding tests have therefore been made by closing the
speed loop with the measured speed. These considerations fur-

Fig. 22. Modified electrical parameters during the −0.1 → 0.1 → 0.2 →
−0.2 → 0.2 → 0.3 → −0.3 → −0.3 → −0.3 step test with the non-null
gain matrix (experiment).

Fig. 23. Modified state model parameters during the −0.1 → 0.1 → 0.2 →
−0.2 → 0.2 → 0.3 → −0.3 → −0.3 → −0.3 step test with the non-null
gain matrix (experiment).

ther confirm the improvements achievable with both the proper
modeling of LIM, considering the dynamic end effects, and the
TLS EXIN training of the NN adaptive model. Moreover, both
the classic MRAS and the SM-MRAS need an LP to filter the
estimated speed, with the consequent strong reduction of the
observer bandwidth.

In the following tests, the only parameter of the TLS EXIN
algorithm to be tuned is the learning rate α, which has been
selected on the basis of a tradeoff between the requirements of
high dynamic performance and the limitation of the ripple of the
estimated speed at steady state. The same logic has governed
the choice of the proportional intergral’s parameter of the
classic MRAS. As far as the SM-MRAS observer is concerned,
Comanescu and Xu [10] have proposed two different variants,
called single-manifold SM observer and double-manifold DB
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Fig. 24. Reference, estimated, and measured linear speeds with the TLS
EXIN MRAS, the classic MRAS, and the SM-MRAS observers (experiments).

observer, respectively. In the following, the tests have been
performed with the single-manifold SM-MRAS observer (see
scheme in [10, Fig. 7]). Even in this case, the gain M of the
observer has been chosen on the basis of a tradeoff between the
stability issue and the dynamic performance issue.

Fig. 24 shows the reference, the measured, and the estimated
speed, obtained with the aforementioned three observers, under
speed square references of 0.2 m/s in the TLS EXIN MRAS
case and 0.3 m/s in the classic MRAS and SM-MRAS cases.
These are the minimum working speed for each of the afore-
mentioned observers, taking into consideration that only the
TLS EXIN MRAS is operated in closed-loop control. Table II
compares the performance of each of them in terms of the
following: the minimum working speed (referred to as the
rated speed of the machine), the peak transient estimation error
(referred to as the reference speed), the steady-state percent
average estimation error (referred to as the reference speed), its
corresponding standard deviation, and, finally, the standard de-
viations of the direct and quadrature components of the inductor
currents. These last two parameters take into consideration
the oscillations typically occurring in the electrical variables
in sensorless drives at low speed (with the estimated speed
fed back to the control loop). As a final result, the following
statements can be concluded.

1) Among those tested, the only observers which can work
in closed-loop speed control, at the tested speed, are the
TLS full-order Luenberger and the TLS MRAS observer.
The speed inversion with observers based on the RIM
model is very critical and leads these observers to an
unstable behavior.

2) The minimum working speed is obtained with the TLS
full-order Luenberger: It corresponds to 1.4% of the rated
speed with G 
= 0 and to 2.95% of the rated speed with
G = 0. The TLS MRAS observer presents a minimum
working speed equal to the 2.95%, as in the case of the
TLS full-order Luenberger with G = 0. Both the classic
MRAS and SM-MRAS cannot work below 4.41% of the
rated speed.

TABLE II
COMPARISON AMONG SEVERAL SPEED OBSERVERS

3) At the minimum working speed, the average estimation
error with the TLS full-order Luenberger observer is
about 37% with G 
= 0 and 20% with G = 0. The corre-
sponding average estimation error with the TLS MRAS
observer is almost equal (22%), while those obtained
with the classic MRAS and SM-MRAS are around 30%.
This accounts for a better accuracy in the steady-state
speed estimation achievable by adopting any of the NN-
based observers and particularly adopting a modelization
accounting for the dynamic end effects.

4) During the speed reversal at the minimum working speed,
the lowest peak estimation error is achieved by the TLS
EXIN Luenberger with G = 0 (50%), followed by the
TLS MRAS (90%), the TLS EXIN Luenberger with
G 
= 0 (120%), the classic MRAS (133%), and, finally,
the SM-MRAS (160%). It should be remarked that the
slightly higher peak estimation error of the TLS EXIN
Luenberger with G 
= 0 is to be justified by the fact
that the working speed is far lower than the others. This
explains the better accuracy in transient speed achievable
with the TLS EXIN Luenberger.

5) At the minimum working speed, the standard deviation
obtainable with the TLS full-order Luenberger observer
with G 
= 0 is 1/2 of that with G = 0, 1/4 of that with
the TLS MRAS, 1/8 of that with the classic MRAS, and
1/10 of that with the SM-MRAS. This explains the closest
speed estimation to the measured value during the steady-
state phase and for the corresponding lower oscillations
achievable with the TLS full-order Luenberger.

6) The standard deviations of the isx, isy current compo-
nents achievable with TLS full-order Luenberger, slightly
lower in the case of G 
= 0 than in the case of G =
0, are almost 1/2 of those with the TLS MRAS. This
explains the lower oscillation of the flux and thrust of
the machine at steady state and, in particular, for a lower
sensitivity to saturation phenomena in the machine. No
values are present for the classic MRAS and SM-MRAS
since, in this case, the measured speed has been fed back
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to the speed control loop, and therefore, this effect is not
apparent.

VII. CONCLUSION

This paper has proposed a neural based full-order Luenberger
adaptive speed observer for LIM drives, where the linear speed
is estimated on the basis of the TLS EXIN linear neuron. In
this respect, a novel state space-vector representation of the
LIM has been deduced, taking into consideration the LIM
dynamic end effects. Starting from this standpoint, the state
equations of the LIM have been discretized and rearranged in
a matrix form to be solved, in terms of the LIM linear speed,
by any LS technique. Because of the nature of the matrix
equation to be addressed, the problem has been faced up to
as an orthogonal regression one. The TLS EXIN neuron has
been used to compute online, in recursive form, the machine
linear speed since it is the only NN able to solve online, in a
recursive form, a TLS problem. A new gain matrix choice of
the Luenberger observer, specifically taking into consideration
the LIM end effects, has been proposed. The TLS full-order
Luenberger adaptive speed observer described here has been
tested experimentally on a suitably developed test setup. It has
been further compared with the TLS EXIN MRAS, the classic
MRAS, and the SM-MRAS observers. Results show that the
sensorless LIM drive overcomes the other in the following
aspects.

1) It can work in closed-loop speed control, as TLS EXIN
MRAS, differently from the classic MRAS and the SM-
MRAS observers.

2) It presents the lowest minimum working speed, equal to
1.4% of the rated speed obtained with a non-null gain
matrix, whereas the minimum working speed of the TLS
EXIN MRAS is 2.95% and that of the classic MRAS and
the SM-MRAS observers is 4.41%.

3) It presents the lowest peak estimation error during the
low speed inversion test, equal to 50% of the reference
speed, followed by the TLS EXIN MRAS with 90%, the
classic MRAS with 133%, and, finally, the SM-MRAS
with 160%.

4) It presents the lowest value of standard deviation of the
speed, as well as of the isx, isy current components, ac-
counting for lower oscillations of the electrical variables
occurring in speed closed-loop control.

APPENDIX

DERIVATION OF MATRIX EQUATION (20)

The first two scalar equations of the matrix (11) can be
written as⎧⎨
⎩

disD
dt = â11isD+â12

(
1
T̂r

+ R̂r

L̂m

)
ψ̂rd+â12

pπ
τp
v̂ψ̂rq+b̂usD

disQ
dt = â11isQ+â12

(
1
T̂r

+ R̂r

L̂m

)
ψ̂rq−â12

pπ
τp
v̂ψ̂rd+b̂usQ

(I.1)

where the current components are measured variables and
the rotor flux and speed are estimated ones. Moving from
the continuous domain to the discrete one and approx-

imating the continuous derivative with the discrete filter
((1− Z−1)/(TsZ

−1)), where Ts is the sampling time of the
control systems, the following equations can be deduced:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

isD(k)−isD(k−1)
Ts

= â11isD(k−1)+â12

(
1
T̂r

+ R̂r

L̂m

)
ψ̂rd(k−1)

+ â12
pπ
τp
v̂(k−1)ψ̂rq(k−1)+b̂usD(k−1)

isQ(k)−isQ(k−1)
Ts

= â11isQ(k−1)+â12

(
1
T̂r

+ R̂r

L̂m

)
ψ̂rq(k−1)

− â12
pπ
τp
v̂(k−1)ψ̂rd(k−1)+b̂usQ(k−1)

(I.2)

where k is the current time sample. From (I.2), the matrix
equation (20) can be easily deduced.
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