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Let R be a DVR with field of fractions D, uniformizing element P , P -
adic valuation ν, and let S ⊆ R. Let Int(S,R) = {f(x) ∈ D[x] | f(S) ⊆ R}.
In [M. Bhargava, J. reine angew. Math. 490 (1997), 101-127. MR1468927
(98j:13016)] it was shown that, if S is infinite, then the R-algebra Int(S,R)
has a regular basis, i.e., an R-basis consisting of exactly one polynomial of
each degree. To obtain this basis, the author constructed a so-called P -
ordering of S: a sequence {ai : i = 0, 1, 2, . . .} ⊆ S such that ν(an) =
mina∈S ν(

∏n−1
i=0 (a − ai)) for each n. Then {

∏n−1
i=0 (x − ai)/(an − ai) : n =

0, 1, . . .} is readily seen to be a regular basis for Int(S,R).
The author of the paper under review successfully generalizes this result

to the non-commutative setting, where D is a division algebra over a local
field K with valuation ν which extends to D, R is the valuation ring of
D arising from ν, and S ⊆ R. The author defines Int(R, S) := {f(x) ∈
D[x] | f(S) ⊆ R} where D[x] denotes the polynomial ring over D with a
central indeterminate x and the value of a polynomial f(x) =

∑
i aix

i at a is∑
i aia

i. In the commutative case with ai distinct,
∏n−1

i=0 (x−ai) is simply the
monic polynomial of least degree that vanishes on {a0, a1, . . . , an−1}, hence
the author inserts into this discussion the so-called Wedderburn polynomials
(W-polynomials) introduced in [T. Y. Lam and A. Leroy, J. Pure Appl.
Algebra 186 (2004), no. 1, 43–76. MR2025912 (2005d:16046)]. Specifically,
the author defines a ν-ordering of S as a sequence {ai : i = 0, 1, . . .} ⊆ S
with the property that ν(an) = mina∈S{ν(fn(a0, a1, . . . , an−1)(a))} for each n,
where f0 = 1 and, for n > 0, fn(a0, a1, . . . , an−1)(x) is the W-polynomial for
the set {a0, a1, . . . , an−1}, i.e., the monic polynomial of least degree in R[x]
which vanishes on {a0, a1, . . . , an−1}. Thus {P−αnfn(a0, a1, . . . , an−1)(x)},
where αn = ν(fn(a0, a1, . . . , an−1)(an)) and P is a uniformizing element of R,
forms a regular R-basis for Int(S,R) as a left R-module.

The sequence {αn} is quite interesting in itself because it depends only on
the set S and not on the choice of ν-ordering – a result that fully generalizes
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Theorem 1 in Bhargava’s paper [op. cit.]. {Reviewer’s comment: Although
in the Introduction the author indicates that this is one of the results he aims
to prove, the author never explicitly comes back to this theme again in the
rest of the paper. As it turns out, the claim is a consequence of Proposition
4.2. Because of this oversight on the author’s part, a cursory glance at the
paper might leave the wrong impression that this important assertion has
not been proved.}

Although not stated in the paper, one does not need the completeness of
K – as long as the discrete valuation onK extends to D. So as an application
of the theory, the author considers the case where D is the division ring of
rational quaternions and S = H, the Hurwitz quaternions, and R is the Ore
localization of H at the prime ideal (1+ i). As a preliminary step the author
shows that, in general, when S = S1 ∪ S2 is a partition of S then, under the
right conditions, a ν-ordering of S can essentially be pieced together from
the ν-orderings of S1 and S2. This again is a generalization of a result in the
commutative case. For the case of the rational quaternions, the author splits
H into suitable pieces whose ν-orderings he was able to compute recursively,
hence ending up with a ν-ordering of the whole H, and by implication a
regular basis for Int(H,H(1+i)) as a left H-module.

Through ingenuity, the author was able to move smoothly from the
commutative setting to the noncommutative setting.
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