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Abstract—Multi-step-ahead time series prediction has been
one of the greatest challenges for machine learning. Recurrent
neural networks (RNN) can efficiently model temporal sequences
and have been promising for multi-step time series prediction.
Cooperative neuro-evolution has been used for training RNNs
with promising performance for single step ahead time series
prediction. This paper employs cooperative neuro-evolution of
RNNs for multi-step ahead prediction. The RNN recursively
predicts the next values in the horizon where the output from
the single-step ahead prediction are the input for predicting
the next value in the horizon. The performance of cooperative
neuro-evolution is compared with back-propagation through time
(BPTT) learning algorithm. The results are promising which
shows that cooperative neuro-evolution performs better compared
to BPTT for most cases.

I. INTRODUCTION

Multi-step-ahead (MSA) prediction involves the task of
predicting a sequence of future values from the values observed
in the past. There is a rich literature on models and algorithms
for a single step ahead prediction for time series problems [1],
[2]. Although these models may perform very well, using them
directly for multi-step-ahead prediction gives high prediction
error due to the unavailability of nearby values to assist in
predictions for the values in the horizon [3]–[5]. In order to
overcome this problem, the single-step prediction models have
been designed to recursively predict the next values in the
horizon where the output from the single-step ahead models
are used in predicting the next value in the horizon. This multi-
step ahead approach is categorized as the recursive strategy
(also called iterated or multi-stage) [6], [7].

The ability of RNNs to extract dynamic time variation
characteristics has lead to its popularity in a wide variety
of problems such as flood forecasts, speech recognition, and
time series prediction [4], [8]. Recurrent neural networks
have architectural capabilities to efficiently model temporal
sequences and have been promising for multi-step time series
prediction [9]–[13]. The strength of any RNN lies in the mod-
els architecture and most importantly the training algorithm.

Real-time recurrent learning (RTRL), reinforced RTRL,
back-propagation through time(BPTT) [4], [5] and forward
propagation [10] have been used for training RNN’s for MSA.
RTRL makes real-time synaptic weight adjustments of the
RNN. This algorithm has been effective in training RNNs
[14] and some studies have made efforts to reduce the time

complexity of this algorithm [15]. The lack of measurements
in the forecast horizon to adjust the parameters of the models
in real-time for MSA provides unsatisfactory results [4]. Re-
inforced RTRL for two step ahead prediction inspired by [14]
performed very well for one and two step ahead predictions
but with a slight increase in the computational complexity
[4] resulting from the additional time-lag weight adjustments.
Although BPTT algorithm is one of the widely used training
algorithms, it often results in sub-optimal solutions and its
slow convergence often motivates the research and use of faster
algorithms [13].

Cooperative coevolution employs a divide-and-conquer
strategy in evolving the subcomponents that are implemented
as sub-populations [16]. The use of cooperative coevolution
for training neural networks is known as cooperative neuro-
evolution (CNE) [17], [18]. Problem decomposition determines
how the subcomponents are decomposed that typically depend
on architectural properties of the neural network [17]. The
two major problem decomposition methods are based on
decomposition at neuron level [19] and synapse level [20]
that have strengths and limitations according to the different
types of problems. Neuron level gives good performance
in pattern classification and time series prediction problems
[19]. Synapse level has shown good performance for control
and time series prediction but faces difficulties in pattern
classification problems.

Cooperative neuro-evolution has been successfully used for
a single step ahead prediction in various applications such as
financial time series prediction, cyclone track, wind intensity,
rapid intensification in wind intensity prediction and chaotic
time series prediction [8], [19] where it outperformed several
methods from the literature. However, not much work has been
done for its application on multi-step time series prediction.

This paper applies coevolutionary recurrent neural net-
work (CNE-RNN) for multi-step ahead prediction using the
recursive strategy. We train Elman RNNs using cooperative
neuro-evolution with NL decomposition. The prediction per-
formance of the RNN is tested using simulated and real-world
benchmark chaotic time series problems. BPTT is used for
comparison of the results.

The rest of the paper is organised as follows. Section 2
presents related work while Section 3 presents the proposed
method where coevolutionary recurrent neural network are



used for multi-step time series prediction. Section 4 presents
details of the experimental setup along with the results and
discussion. Section 5 concludes the paper with directions for
future work.

II. BACKGROUND AND RELATED WORK

Recurrent neural networks have been successfully applied
to noisy and non-stationary time series prediction [21]. RNNs
project dynamic properties of the system automatically which
makes them computationally powerful [22]. A reinforced two-
step ahead RNN was proposed by [4] to make two-step ahead
forecasts for an inflow of reservoir in Taiwan using reinforced
real time recurrent learning algorithm. Although the two-step
ahead weight adjustment RNN presented high accuracy, its
performance on predicting further in the horizon is yet to be
explored. A hybrid approach of self-organizing maps (SOM)
combined with RNNs was proposed by [9] for MSA prediction
of noisy and large datasets. This study used the SOM to
develop clusters which were then used as subsets for training
the RNN using BPTT and tested on the instruction address
pre-fetching problem. The results show that learning perfor-
mances had improved, however, the generalisation capabilities
decreased. This decrease was evident in hybrid structures
composed of a large number of RNNs.

A non-parametric Gaussian process model was proposed
for a discrete-time non-linear system [23] for multi-step-ahead
prediction problem. The study used the analytical Gaussian
approximation to incorporate the variance about intermediate
regressor values and updating this variance on the current
prediction. The results achieved using this method provided
comparable results to Monte Carlo simulation. The inclusion
of variance information allowed for a more realistic prediction
in the cases of noisy data.

A support vector regression (SVR) model was designed
by [6] to use the iterative and direct strategy for multi-step-
ahead prediction. The study made a comparative study of the
performance of the iterative SVR model, direct SVR model and
multiple SVR models. This multiple SVR model performed
effectively when tested on time series data. The multiple SVR’s
were trained independently on same datasets with different
targets. The prediction outputs from these models were then
used as input to perform further predictions.

State space reconstruction is one of the foremost step
in any non-linear time series analysis of data from chaotic
systems including estimation of invariants and prediction [24].
For an observed time series x(t), a embedded phase space
Y (t) = [x(t),x(t − T ), ...,x(t − (D− 1)T )] can be generated,
where T is the time delay and D is the embedding dimension,
t = 0,1,2, ...,N = (D−1)T, and N is the actual length of the
observed time series. The time lag (T ) defines the interval
at which the data points are selected and the embedding
dimension (D) specifies the size of the sliding window which
is used to produce the reconstructed state space [25]. The
time series data must be preprocessed and reconstructed into
a suitable space state vector for use for prediction by the
neural network. This preserves the topological properties of the
original unknown attractor [24] and reproduces the important
characteristics of the time series [26].

For a time series,

x(t) = (xi,xi+1, ....xn), (1)

the data vector y with d data points,

y(i) = (xi+1,xi+2, ...,xi+d), (2)

is used by a single step predictor to accurately predict xi+d+1.
On the other hand, in a multi-step-ahead approach, the predic-
tor is to predict k data points in the future (xi+d+1, ...,xi+d+k).
The three broad categories of multi-step-ahead prediction
strategies include the recursive strategy, direct strategy and a
combination of both [27]. In a direct strategy the prediction
horizon is fixed and it becomes computationally demanding
if the preferred horizon is different and requires a larger
training set to achieve a good prediction performance [28].
In a recursive multi-step ahead strategy, for a time series
1, and H being the prediction horizon, the kth future value
k ∈ (1,2...H), is predicted based on d inputs presented to the
RNN. In this strategy, the next prediction in the horizon uses
the previous forecasted value in it’s input. Equation 3 and 4
describes recursive strategies prediction equation.

x̂(t +1) = f (xt+1−d , ...,xt−1,xt) (3)

x̂(t +2) = f (xt+1−d , ...,xt , x̂(t +1)) (4)

III. COEVOLUTIONARY RECURRENT NEURAL NETWORK
FOR MULTI-STEP-AHEAD PREDICTION

In this section, we provide details of the RNN that employs
the neural level problem decomposition for cooperative neuro-
evolution.

A. Recurrent Neural Networks for Multi-Step Ahead Time
Series Prediction

RNNs differ from feedforward networks in the way infor-
mation is processed from input to output layer. RNNs feature
feedback connections which make them a dynamical system
suitable for modeling temporal sequences. RNNs have shown
powerful capabilities for modeling computational structures
[29]. The ability of the RNNs to maintain information from
the calculations of the previous time steps makes it a more
favored architecture for time series prediction. The dynamics
of the change of hidden state activations in Elman RNN is
given by

yi(t) = f (
k

∑
k=1

vikyk(t−1)+
J

∑
j=1

wi jx j(t−1)) (5)

where yk(t) and x j(t) represent the output of the context state
neuron and input neurons respectively. vik) and wi j repre-
sent their corresponding weights. f (.) is a sigmoid transfer
function, and i and j represents the number of input and
hidden/context neurons, respectively.

In the proposed method, we have employed the recursive
multi-step-ahead strategy. Figure 1 illustrates the structure
of our RNN for MSA prediction. We have used CNE and
BPTT to train our neural networks. The validation data sets
are used to prevent overtraining of the RNN. The optimal
network structure achieved during single-step-ahead training
is used for multi-step-ahead forecasting. The MSA prediction
performance of the network is tested on four benchmark times
series problems.
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Fig. 1: Recursive Multistep ahead RNN model unfolded in time

B. Training Algorithm: Cooperative Neuro-evolution

In cooperative neuro-evoluton, the subcomponents are im-
plemented as sub-populations and evolved in a round-robin
fashion for n generations(depth of search). Figure 2 illustrates
the CNE-RNN implementation given in the Algorithm 1.

Alg. 1 Cooperative Coevolution of Elman Recurrent Neural
Network
Step 1: Decompose the problem into k subcomponents according to
the number of hidden, context and output neurons
Step 2: Encode each subcomponent in a sub-population in the
following order:

i Hidden layer sub-populations
ii State(recurrent) neuron sub-populations

iii Output layer sub-populations
Step 3: Initialise and cooperatively evaluate each sub-population
foreach cycle until termination do

foreach sub-population do
foreach n generations do

Select and create offspring
Cooperatively evaluate the new offspring
Add the new offspring to the sub-population

end
end

end

In Algorithm 1, the RNN is decomposed into k subcom-
ponents using neural level problem decomposition. k is the
sum of all the hidden neurons, context neurons and output
neurons(Figure 2). Therefore, in a RNN with a single hidden
layer, the subcomponents composed of Hidden layer subcom-
ponents, State(context/recurrent) neuron subcomponents plus
the Output layer subcomponents are as follows: Hidden layer
subcomponents include all the weight links from each neuron
in the hidden layer connected to all input neurons and the bias
of the hidden. State neuron subcomponents comprise of all
weight links from each neuron in the hidden layer connected
to all hidden neurons in the previous time step. The output
layer subcomponents are made up of all weight links from each

neuron in the output layer connected to all hidden neurons and
the bias of the output.

The subpopulations use the generalized generation gap
with parent-centric crossover(G3-PCX) operator evolutionary
algorithm [30]. The algorithm selects n best fit and m random
individuals to make up the new subpopulation. The crossover
operator is applied to the individuals(parents) to generate
a new offspring. This offspring is evaluated for fitness by
comparing it with a new set of x parents which are randomly
chosen from the sub-population. The x best individuals from
this pool are selected and replaced in the main population.
This algorithm is stopped when the termination condition is
met which is when a minimum specified error is reached or
when maximum function evaluations have been completed. At
this point, we achieve a neural network with an optimal set of
weights.

C. Performance Evaluation

The performance of the neural network is measured by
the root mean squared error(RMSE) and the mean absolute
error(MAE). These are given in Equations 6 (RMSE) and
equation 7 (MAE).

RMSE =

√√√√ 1
N

N

∑
i=1

(yi− ŷi)2 (6)

MAE =
1
N

N

∑
i=1
|(yi− ŷi)| (7)

where yi and ŷi are the observed and predicted values
respectively.

IV. EXPERIMENTS AND RESULTS

In this section, we provide experimental analyses for multi-
step-ahead prediction using RNNs training with two distinct
algorithms. Firstly, the data sets are prepared for training the
RNN for a single step ahead prediction. Taken embedding
theorem [26] is used to reconstruct the datasets. The RNN
is trained for one step ahead prediction and then the trained
RNN is tested for multiple ahead prediction using recursive
strategy.

A. Data Sets

Three datasets, the train set, the validation data set and the
test set are prepared and Taken’s embedding theorem is used
to reconstruct it. The train set is used for training the neural
network, the validation set is used to test the performance of
the neural network. A validation dataset is used to prevent
over-training of the neural network. Overtraining occurs when
the neural network model learns and focuses on the noisy
details in the training data which results in the model giving
poor generalisation capabilities when presented with new data
[31].

The benchmark time series data employed are Mackey-
Glass times series [32] and Lorenz time series [33], the two
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Fig. 2: (a)The time series data used. (b)Taken’s Embedding Theorem is used to reconstruct the times series data. (c)Elman Recurrent Neural
Network - uses context neurons to store computations from the previous time steps. (d)Neuron Level problem decomposition method is used

to decompose the recurrent neural network

simulated time series while the real-world time series are the
Sunspot time series [34] and ACI time series [35].

The Sunspot time series has 2000 Sunspot activity data
points from November 1834 to June 2001. The time series
is scaled between [0,1]. Out of the 2000 data points, 60% of
the dataset is set as the training set, 20% is the validation
set while the other 20% makes up the data set for testing the
neural network. The resulting set is then reconstructed using
Takens’ Embedding theorem with the embedding dimension D
= 5 and T = 3.

The ACI financial time series data is taken from the
NASDAQ stock exchange which has 800 data points scaled
between [-1,1] and this data set is divided into train, validation
and test data set using a 60-20-20 split. The dataset is then
reconstructed using the Takens’ Embedding theorem with the
embedding dimension D = 5 and T = 2.

The Mackey-Glass time series is a simulated time series
generated by the differential equation given in Equation 8 with
a set of 1000 data points. It has been split 60-20-20 for a train
set, validation and test set. This time series is scaled between
[0,1]. The data sets are reconstructed into a phase space using
the Takens’ embedding theorem with the embedding dimension
D = 3 and T = 2.

dx
dt

=
ax(t− τ)

[1+ xc(t− τ)]
−bx(t) (8)

The Lorenz time series is made up of a set of 1000 data
points scaled between [-1,1] and this data set is divided into a
train, validation and test data set using a 60-20-20 split. The
dataset is reconstructed using the Takens’ Embedding theorem
with the embedding dimension D = 3 and T = 2. Note that

the parameter values D and T used for our data sets have been
empirically tested in previous experiments to provide optimum
results [8], [19], [36].

B. Experimental Setup

We use Elman RNN using neuron level problem decompo-
sition via cooperative neuro-evolution (CNE). We use the C++
implementation of the cooperative coevolution algorithm from
the Smart Bilo Computational Intelligence Framework [37].
The Elman RNN employs sigmoid units in the hidden layer,
context layer of the four different problems. In the output layer,
a sigmoid unit is used for the Mackey-Glass and ACI time
series while hyperbolic tangent is employed for the Lorenz
and Sunspot time series as used in previous experiments [8],
[19], [36].

The training of the RNN is terminated when the RMSE of
the validation dataset is below the specified minimum error or
when 50000 function evolutions have been reached.

The validation dataset is run to check how well the trained
RNN performs on an unfamiliar dataset.

At this point, an optimal set of weights are achieved which
is then used to initialise our proposed CNE RNN (Figure 1) for
multistep-ahead prediction. In this paper, our MSA predictor
uses the recursive prediction strategy for predicting k future
values. Similarly, the BPTT RNN is trained and tested for
MSA predictions using the recursive prediction strategy.

C. Single Step Ahead Prediction

This section reports the performance of CNE and BPTT for
training the RNN for single step ahead prediction using a val-
idation data set for chaotic times series prediction.The results



are given for the different number of hidden neurons using the
two learning algorithms in Table I with the optimisation time
given in terms of function evaluations. The results report the
mean RMSE and MAE with a 95% confidence interval from
50 experimental runs on the test set.

We evaluate the result by comparing the two different
learning algorithms with the number of hidden neurons (H).
Lower values for RMSE and MAE represents the best results.
The results for the two best performing hidden neurons are
presented.

For the two real world times series where noise is present, it
can be seen that CNE-RNN outperformed BPTT-RNN. For the
two simulated times series, CNE-RNN achieved better results
for Lorenz time series only while BPTT-RNN did well with
Mackey-Glass time series. The greatest optimisation time was
taken by the Sunspot times series, this phenomenon could be a
result of noise present in the data. Overall, it can be concluded
that CNE-RNN performs better than BPTT-RNN for chaotic
time series data.

From these generalisation results, it is valuable to point out
that using the validation datasets over-training of the neural
network was prevented and the best results were achieved
before a maximum number of function evaluations was reached
for all the datasets, resulting in a lower optimisation time.

D. Multi-Step-Ahead Prediction

The results in this section summarize the performance of
the RNN for MSA predictions for each of the two algorithms
namely CNE and BPTT.

Tables II,III,IV and V report the comparison of the two
learning algorithms performance in multi-step-ahead predic-
tions. The results report the prediction horizon (Step), the mean
RMSE and MAE with 95% confidence interval. Figure 3, 4,
5 and 6 presents these results showing the prediction horizon
vs the mean RMSE of each of the learning algorithms.

TABLE II: MULTISTEP-AHEAD PREDICTION PERFORMANCE
(RMSE) FOR SUNSPOT TIME SERIES

Alg. CNE BPTT

Step RMSE MAE RMSE MAE

1 0.0303±0.0047 4.1128±0.3868 0.0373±0.0021 6.6017±0.4012
2 0.0874±0.0135 23.461±2.2687 0.1748±0.0121 55.434±3.8168
3 0.1733±0.0273 69.549±7.3280 0.4595±0.0355 208.49±15.396
4 0.2859±0.0437 153.34±17.832 0.9198±0.0649 539.87±36.569
5 0.4386±0.0677 289.55±36.261 1.5300±0.0813 1101.7±57.006

TABLE III: MULTISTEP-AHEAD PREDICTION PERFORMANCE
(RMSE) FOR ACI TIME SERIES

Alg. CNE BPTT

Step RMSE MAE RMSE MAE

1 0.0113±0.0007 0.3408±0.0229 0.0372±0.0004 1.3429±0.0164
2 0.0296±0.0021 1.7458±0.1323 0.1128±0.0012 7.7934±0.0847
3 0.0541±0.0044 4.7511±0.4088 0.2083±0.0015 21.489±0.1758
4 0.0844±0.0078 9.8744±0.9449 0.3197±0.0018 43.937±0.2744
5 0.1215±0.0126 17.738±1.8720 0.4449±0.0022 76.444±0.4027

The results reveal that CNE has a smaller RMSE for three
out of the four cases studied when compared to BPTT. In
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Fig. 3: MSA prediction performance for Sunspot time series

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.45

1 2 3 4 5

R
M

S
E

Prediction Horizon

CNE

BPTT

Fig. 4: MSA prediction performance for ACI time series

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

1 2 3 4 5

R
M

S
E

Prediction Horizon

CNE

BPTT

Fig. 5: MSA prediction performance for Lorenz time series

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0.14

 0.16

 0.18

 0.2

1 2 3 4 5

R
M

S
E

Prediction Horizon

CNE

BPTT

Fig. 6: MSA prediction performance for Mackey-Glass time series



TABLE I: GENERALIZATION PREDICTION PERFORMANCE OF CNE-RNN AND BPTT-RNN

Algorithm CNE BPTT
Time Series H Mean FE Generalization MAE H Mean FE Generalization MAE

Sunspot 3 22672 0.0303±0.0047 4.1128±0.3868 5 10001 0.0373±0.0021 6.6015±0.4012
5 25463 0.0379±0.0108 4.3748±0.4895 11 10001 0.0370±0.0011 6.4948±0.3227

ACI 7 3762 0.0115±0.0007 0.3517±0.0244 9 10001 0.0373±0.0004 1.3440±0.0169
9 2706 0.0113±0.0007 0.3408±0.0229 11 10001 0.0372±0.0004 1.3429±0.0164

Lorenz 3 14986 0.0362±0.0027 0.4584±0.0354 9 6534 0.0426±0.0151 0.6193±0.2156
5 15061 0.0369±0.0031 0.4643±0.0374 11 6334 0.0386±0.0129 0.5540±0.1835

Mackey-Glass 9 8452 0.0082±0.0006 0.0083±0.0007 5 4083 0.0036±0.0001 0.0028±0.0001
11 5840 0.0079±0.0003 0.0082±0.0003 7 4663 0.0037±0.0000 0.0028±0.0000

TABLE IV: MULTISTEP-AHEAD PREDICTION PERFORMANCE
(RMSE) FOR LORENZ TIME SERIES

Alg. CNE BPTT

Step RMSE MAE RMSE MAE

1 0.0362±0.0027 0.4584±0.0354 0.0386±0.0129 0.5540±0.1835
2 0.1159±0.0191 2.7858±0.4230 0.1747±0.0577 4.4274±1.4444
3 0.2714±0.0604 9.3785±1.9552 0.4273±0.1224 15.614±4.5429
4 0.4705±0.1080 21.565±4.9178 0.7906±0.1842 38.029±9.3095
5 0.7230±0.1527 41.643±9.0557 1.2574±0.2325 75.193±15.0917

TABLE V: MULTISTEP-AHEAD PREDICTION PERFORMANCE
(RMSE) FOR MACKEY-GLASS TIME SERIES

Alg. CNE BPTT

Step RMSE MAE RMSE MAE

1 0.0079±0.0003 0.0082±0.0003 0.0036±0.0001 0.0028±0.0001
2 0.0262±0.0011 0.0515±0.0022 0.0151±0.0004 0.0213±0.0005
3 0.0588±0.0027 0.1683±0.0077 0.0367±0.0011 0.0751±0.0021
4 0.1050±0.0058 0.3954±0.0200 0.0696±0.0023 0.1871±0.0058
5 0.1672±0.0109 0.7812±0.0434 0.1142±0.0041 0.3825±0.0129

the Mackey-Glass time series which is a simulated problem
without noise, BPTT performed better than CNE. The RMSE
and MAE increase with the prediction horizon. This increase
is due to the error incurred in the earlier stages of prediction
and gets accumulated as the prediction value gets used in
forecasting the next horizon.

E. Discussion

The results show that in general, CNE has given better
performance when compared with BPTT. The only exception
is the results for Mackey-Glass times series where BPTT
performed better than CNE. The superior performance of
BPTT for could be a result that the times series was simulated
and free of noise.

It is observed that the prediction performance into the
greater horizon for our model elevates the prediction error. This
increase in the error can be largely due to the error accumulated
at the initial stages of prediction since we used the predicted
values to make forecasts into the horizon. The Figure 7 illus-
trates how the error from initial stages of predictions affects the
long term prediction performances. The performance of both
the learning algorithms is presented with the original data.

It can also be seen from the results that our CNE achieved
faster convergence in case of real world time series and one
of the simulated time series while achieving better results
compared to BPTT. Although BPTT has shown to converge
faster in other cases, it is not able to achieve optimal results.

We note that during training, the termination criteria for
the RNN by both algorithms was when a minimum error
was reached through the validation dataset. However, it was
observed that CNE performed much better for single and
multiple-ahead prediction when compared to BPTT. This fur-
ther asks several theoretical questions about the RNN archi-
tecture and performance in predicting multiple horizons. Since
the same termination criteria were applied for both algorithms,
CNE seems to find a better set of weights during training
when compared to BPTT. This with further experimentation
and analysis could lead to a conclusion that RNN is a multi-
modal optimisation problem - with several unique solutions
that have the same fitness but produce different generalisation
performance via the two algorithms.

V. CONCLUSION

In this paper, we used the recursive multi-step-ahead
strategy with CNE for time series prediction. The promising
performance of CNE in single step ahead prediction has been
a major motivation in this study.

We compared the prediction performance for four bench-
mark data sets (two simulated and two real-world) and found
that CNE outperformed BPTT in most of the cases. There
was a notable increase in the error as the prediction horizon
was increased especially for the real-world problems as they
contained more noise and seem to be more chaotic in nature.
This increase was directly the result of the small prediction
error at the earlier stages of prediction. The RMSE and MAE
for BPTT increased considerably for predictions further in the
horizon.

In future work, other evolutionary strategies can be ap-
plied for training that includes multi-objective and competitive
coevolutionary algorithms. The RNN architecture can also be
amended to facilitate multiple time step prediction so that there
is not a need for the recursive strategy which accumulates
errors from previous prediction horizon.
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