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Abstract The main objective of this paper is to develop a new technique for the supercapacitor’s

parameter identification that can handle the issue of initial voltage. An effective approach is pro-

posed using the fractional-order derivative for accurate identification of a well-known series

Resistance-Capacitance (R-C) model. An expression is derived using the Caputo definition and

the Haar wavelet operational matrix, which is sufficient for both charging and discharging phase

data of supercapacitors. To extract impedance parameters, voltage stimulated step response is uti-

lized and parameters are calculated despite random initial voltage stored in a supercapacitor. This

operational matrix approach transforms complex fractional derivative terms into simple algebraic

expressions and reduces the overall complexity. The proposed technique shows a very good agree-

ment with experimental data that exhibit different initial voltages and different time-frames. Inves-

tigations and experiments with various supercapacitors clearly reveal the importance of the

developed equation for a fractional R-C model.
� 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Supercapacitors (SCs) have become unanimously vital ele-
ments in the diverse fields for energy accumulation and storage
applications. They exhibit outstanding and exceptional proper-
ties like high power density, improved reliability, long lifespan,

and instantaneous power supply compared to conventional
capacitors and batteries. These properties render it as a
promising technology, and increase the growth in the con-
sumption of SCs in various energy management systems and

power quality regulators, like electric vehicles, hybrid electric
vehicles, uninterruptible power supplies, solar array systems,
wind turbine systems, renewable systems, AC line filtering,

and so on [1,2]. Unlike normal batteries that are heavy and
bulky, the SC can store the energy without any chemical reac-
tion, and accumulate the energy electrostatically. Due to

higher surface area and capacitance with thinner dielectrics,
it exhibits ten times higher power density than a battery and
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a hundred times the higher energy density than the conven-
tional capacitor.

Though there are many benefits of employing SCs, efficient

energy storage is only possible with the precise modeling of the
component characteristics. It is desirable to model SCs with
high precision for safe and reliable operations. To note that

the precise model can also help to improve the maintenance
of many critical applications. Various techniques have been
illustrated so far in the literature to deal with the parameter

extraction of the SC. Mostly, these techniques have character-
ized the standard calculus-based models and followed the
international standard IEC 62391. It is found that the SC mod-
els, based on conventional transfer functions, are similar to

normal electrolytic capacitors. However, it is reported that
the conventional model is not sufficient to extract information
precisely [3]. There is a possibility of progressively worse

energy efficiency due to the distinct diffusion phenomena of
SCs. Because of unfitting characterization, it may provide inef-
ficient modeling advantages of SCs in various energy applica-

tions. Moreover, the SC’s characteristics change significantly
with variations in the initial condition, aging, charging/dis-
charging profile, and voltage excitation [1,2]. Therefore, esti-

mating a standard SC model is not an easy problem.
Various techniques have been illustrated for the parameter

extraction of the SC with different types of models. The online
parameter estimation technique for SC using recursive least square

was illustrated in [4] andusingweighting bat algorithmwas depicted
in [5]. Considering distribution of relaxation times, another model-
ing approach using a dynamic equivalent circuit was described in

[6]. The above techniques are based on classical approach.
Nowadays, fractional-order modeling has shown an increas-

ing consideration due to their excellent ability to match exper-

imental data even with less number of parameters [7,8].
Fractional model for electrical circuits such as RLC circuit
was derived using Mittag-Leffler function (MLF) in [9]. The

review of supercapacitor modeling with respect to fractional
order electrical characterization in [2] and mathematical ways
in [10] presented for quick understanding the research topic.
The series Resistance-Capacitance (R-C) fractional-order

impedance model was applied most commonly and also studied
in detail by Freeborn et al. [11] and further revisited in [12,13]
with more analysis related to real-time embedded applications

and issues. A new SC model that consists of two parallel frac-
tional capacitors, and a fractional order element was developed
and analyzed by Martynyuk and Ortigueira [14]. A flexible SC

model was discussed in [15] that omits the requirement of impe-
dance structure selection and automatically select the best suit-
able structure that accurately fit the experimental data. Zhang
et al. [16] suggested a new model for SC and addressed the issue

of state-of-charge estimation. Abro et al. [17] analyzed De-
Levie’s model using fractional calculus for SC applications.
Another model of SC for electrical vehicle applications, was

described in [18]. Recently, a modeling technique of SC with
analytical formulation in terms of power, energy, and efficiency
was illustrated in [3]. Various state-of-art materials for SC were

reviewed and analyzed in [19] with performance metrics and
real-time application related issues.

Though some of the presented works followed the fractional

calculus approach for the modeling and characterization, they
have considered zero initial conditions. Moreover, the different
initial conditions can modify the parameter values for the same
SC data. Some of the previously reported methods yield a very
high equivalent series resistance (ESR), which contradicts the
low ESR property of SCs as per data-sheet information. Say,
for example, the technique described in [11], was developed

using zero initial conditions, and even though a very good curve
fitting with the actual data, this method produced a high ESR
value. This method was then extended in [20] with non-zero ini-

tial conditions. However, both methods [11,20] were developed
for constant input and it can not be applied to the other types of
inputs. For this work, authors have noted the above issues for

future investigation to estimate the R-C series SC impedance
parameters. Motivated by the unavailability of a generalized
formulation for the SC impedance modeling technique, the
work is presented in this paper to estimate the SC parameters

independent of initial conditions, time range behavior, and exci-
tation constraint.

This paper deals with the non-integer (fractional) derivative for

the time-domain equationusing theHaar operationalmatrices.An
effective approach pertaining to an operational matrix method is
developed by using Caputo derivative and the Haar wavelet, con-

sidering the non-zero initial condition. Analytical expressions of
the non-integer (fractional) derivatives are developed using the
Haar operational matrix in the time-domain. The investigation

was carried out experimentally to check the robustness against
the aforementioned limitations. It has been noted that the initial
voltage in SCs can change the real-time model behavior and thus
fails to perform consistently. When the initial voltage is being

ignored, the identifiedESR can be significantly larger than the sug-
gested value in datasheet bymanufacturers (see for example: AVX
branded SC datasheet [21] suggests a very small value utmost 1 X).
Hence, the proposed technique is developed with consideration of
initial conditions. Furthermore, themethod simplifies the handling
of fractional differentiation of themeasured data by converting

derivative terms into an algebraic expression. A single expression
of theoutput voltage is sufficient forboth charging anddischarging
cycles. The proposed estimation scheme for SCs’ impedance also

significantly outperforms with the charging-discharging cycle
together. The experimental observations are pointed out the prac-
tical use of this accurate identification scheme. The contribution
and novelties are summarized below.

� An operational matrix approach has been opted using the
Haar wavelet that resulted in the more generalized output

expression to represent the charging and discharging pro-
files of SCs.

� The developed output expression is sufficient for both

charging and discharging data.
� For different values of supercapacitors, the parameters have
been identified and analyzed with zero and non-zero initial
conditions.

� The approach works accurately with different initial volt-
ages and time frame data.

� The proposed technique deals with real-time noisy data

without denoising or pre-processing

2. Prerequisites

2.1. Selection of fractional derivatives

Even though the fractional derivatives are being applied to the
various scientific domain, it is crucial to understand the key
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value of each definition in application fields. The fractional cal-
culus with the Riemann-Liouville (RL) and Caputo (CP)
derivatives are studied most commonly and alternatively used

in the literature for the linear system theory, modeling, and
identification purposes. Let’s define the RL derivative as below
[7],

RD
kxðtÞ ¼ 1

Cðn� kÞ
d

dt

� �n Z t

a

xðsÞ
ðt� sÞkþ1�n

ds; ð1Þ

where k is a non-integer order (n� 1 < k < n; n 2 N) and C
denotes Euler’s gamma function. The Laplace transform with
non-zero initial condition can be characterized as,

L RD
kxðtÞ� � ¼ skXðsÞ �

Xn�1

k¼0

sk RD
k�k�1xðtÞ� �

t¼0
: ð2Þ

The renowned CP derivative can be characterized by [7],

CD
kxðtÞ ¼ 1

Cðn� kÞ
Z t

0

xðnÞðsÞ
ðt� sÞk�nþ1

ds: ð3Þ

After s-domain representation with non-zero initial condition,
it can be illustrated by

L CD
kxðtÞ� � ¼ skXðsÞ �

Xn�1

k¼0

sk�k�1xkð0Þ: ð4Þ

Here, we are going to emphasize ‘‘initial conditions” and in
particular case, we cannot always consider zero initial condi-

tions for the SCs. The state of charge plays a vital role and
can not be ignored for modeling purposes. It is studied that
the RL derivative may be inappropriate as its Laplace trans-

form has no physical interpretation with the non-zero initial
conditions [22]. On the contrary, the Laplace transform of
the CP derivative has known physical interpretation, and it

handles the initial conditions similar to classical integer-order
derivatives [23]. However, the CP definition is limited to
fractional-order k P 0 which shows differentiation. Therefore,
the study with the Haar wavelet operational matrix of frac-

tional order derivative using CP definition forms the base for
our investigation to identify SC’s impedance parameters with
the non-zero initial conditions. In fact, this investigation devel-

ops a more comprehensive operational matrix approach that
can handle the initial conditions in the model equation.

2.2. Fractional derivative with Haar operational matrix

The orthogonal Haar wavelet functions are utilized in this
work due to high precision, mathematical simplicity, noise

immunity, and ease of implementation with other standard
algorithms. Computationally, Haar wavelets are faster com-
pared to other functions of the wavelet family and exhibit
the advantage of noise immunity [24]. The Haar wavelets can

be defined as [25]

hmðtÞ ¼ h1 ð2it� kTfÞ; ð5Þ
where Tf is the total time period, m ¼ 2i þ k, whereby i (i P 0)

and k (0 6 k 6 2i) are integers,

h0ðtÞ ¼ 1 for 0 6 t < Tf and h1ðtÞ ¼
1 0 6 t <

Tf

2
;

�1
Tf

2
6 t < Tf;

0 otherwise:

8><
>:
Now, an arbitrary function xðtÞ 2 L2½0;Tf� can be written in

terms of Haar wavelets for the first M number of terms as

xðtÞ ¼
XM�1

i¼0

xihiðtÞ ¼ XT
MHMðtÞ; ð6Þ

where XM , ¼ ½x0; x1; . . . ; xM�1�T is the Haar coefficient vec-

tor andHMðtÞ , ¼ ½h0ðtÞ; h1ðtÞ; . . . ; hM�1ðtÞ�T is the Haar func-
tion vector. If collocation points are considered at the interval
of ti ¼ ð2i� 1ÞTf=2M; ði ¼ 1; 2; ::;MÞ, the M-square Haar

matrix UM�Mcan be defined by,

UM�M , HM

1

2M
Tf

� �
HM

3

2M
Tf

� �
. . .HM

2M� 1

2M
Tf

� �� �
:

ð7Þ
It is important here to use the merit of the Haar operational

matrix in order to simplify the fractional-order derivatives

(FOD). The Haar wavelet operational matrix of FOD can be
obtained by using the operational matrix of FOD of the block
pulse functions which is given by

Dk
M�M ¼ Fk

M�M

� ��1
; ð8Þ

where M-square matrix Fk
M�M is the operational matrix of

fractional-order integration for block pulse functions, and
written as

Fk
M�M ¼ Tf

M

� �k
1

C kþ 2ð Þ

f1 f2 f3 . . . fM

0 f1 f2 . . . fM�1

..

. . .
.

f1 . . . fM�2

..

. . .
. . .

. ..
.

0 . . . . . . 0 f1

0
BBBBBBBB@

1
CCCCCCCCA

ðM�MÞ

;

ð9Þ
where f1¼1;fq¼qkþ1�2ðq�1Þkþ1þðq�2Þkþ1

and q¼2;3;...;M.

Now, the FOD of Haar wavelets can be obtained by its

multiplication with the M-square matrix Bk
M�M. The algebraic

expression of FOD of the Haar wavelet is written as

DkHM

� 	ðtÞ � Bk
M�MHMðtÞ; ð10Þ

where Bk
M�M is called the Haar wavelet operational matrix of

FOD, which is computed as

Bk
M�M ¼ UM�MD

k
M�MU

�1
M�M: ð11Þ

In this way, the operational matrix approach transforms frac-
tional differentiation problem into simple matrix
multiplication.

3. Supercapacitor impedance model

In literature, various models have been reported to represent

the SC based on its dynamic behavior. In this work, the ele-
mentary series R-C model is studied and analyzed due to its
structural simplicity, and resemblance with the exact dynamic
behavior of the actual SC. However, the proposed operational

matrix method can be developed or extended to any other type
of model or even a flexible SC model as discussed in [15]. It is
shown in [11] that SCs follow closely non-integer (fractional)

behavior and have fractional impedance composed of a series
resistor (Rs) and fractional-order capacitor ðCkÞ. The total
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equivalent impedance of the R-C series SC model can be char-
acterized as

ZðsÞ ¼ Rs þ 1

Cksk
; ð12Þ

where Ck is the pseudo-capacitance with 0 6 k 6 1 order.
Most common traditional capacitors are a small subset of a

generalized form (12) when k ¼ 1. Fig. 1 shows the presented
structure of fractional series R-C model.

3.1. Problem formulation

As illustrated in [11], the charging and discharging expressions
for the SC impedance model are as below.

vochargeðtÞ ¼ VCC

tk

CkðRþ RsÞEk; kþ1

�tk

CkðRþ RsÞ
� �� �

þ VCC

Rs

ðRþ RsÞEk; 1
�tk

CkðRþ RsÞ
� �� �

ð13Þ

vodischarge ðtÞ ¼ vð0Þ R

Rþ Rs

Ek;1
�tk

CkðRþ RsÞ
� �

; ð14Þ

where E denotes MLF and VCC is the magnitude of a step
function. The following observations and limitations of these
expressions are found:

� Expressions can fit the charging and discharging character-
istics individually.

� The charging and discharging equations are explicitly

dependent on time.
� Possibly the estimated model parameters are related to the
time-frame of the data.

� It makes the estimation procedure more complex when the
measured data is continuous for charging-discharging
cycles.

� The charging expression was developed considering the zero
initial voltage in SC.

� Static with only step input type.

Considering the fact that impedance parameters from out-
put voltage vary with not only initial voltage or input’s ampli-
tude but also time range. It is vital to prove the parameters

calculated from these expressions are independent of the initial
state-of-charge and time-range. This warrants researchers for
further investigation on how to estimate more accurate and

reliable parameters for SC model.

4. Proposed parameter identification technique

The prime work is to stress on the identification of impedance
parameters for SCs, considering initial conditions. The frac-
tional R-C series SC model can give a response from the step

input as [11]
VoðsÞ ¼
VinðsÞ 1

CkðRþRsÞ þ VinðsÞ sk Rs

ðRþRsÞ þ vð0Þ sk�1 R
ðRþRsÞ

sk þ 1
CkðRþRsÞ

; ð15Þ

where Vo;Vin and vð0Þ are the output, input and SC initial volt-
age, respectively. This can be simplified as

VoðsÞ ¼ VinðsÞ þ VinðsÞ skRsCk þ vð0Þ sk�1RCk

CkðRþ RsÞsk þ 1
: ð16Þ

It can be further rearranged and divided by sk�1 to both

sides of expression yields,

VoðsÞCkðRþRsÞs1þV0ðsÞs1�k ¼VinðsÞs1�kþVinðsÞs1RsCkþvð0ÞRCk:

ð17Þ
Since 0 6 k 6 1, therefore ð1� kÞ P 0, which ensures frac-
tional differentiation and CP derivative is applicable. Taking

inverse Laplace of (17), a time domain relation can be obtained
as

D1voðtÞCkðRþ RsÞ þD1�kvoðtÞ
¼ D1�kvinðtÞ þD1vinðtÞRsCk þ dðtÞvð0ÞRCk; ð18Þ

where D1�k indicates a fractional-order derivative of order
ð1� kÞ and dðtÞ depicts a Dirac delta function. According to
signal theory and conventional calculus, the first-order deriva-

tive of a unit step function is a Dirac delta function, therefore,

DuðtÞ ¼ dðtÞ; ð19Þ
where uðtÞ denotes unit step function. Therefore, expression
(18) can be updated as

D1voðtÞCkðRþ RsÞ þD1�kvoðtÞ
¼ D1�kvinðtÞ þD1vinðtÞRsCk þD1uðtÞvð0ÞRCk: ð20Þ

Considering the Haar wavelet features as illustrated in [24],
input vinðtÞ, output voðtÞ, and unit step function uðtÞ can be
expressed as below.

voðtÞ ¼ VT
oHMðtÞ; ð21Þ

vinðtÞ ¼ VT
inHMðtÞ; ð22Þ

uðtÞ ¼ UTHMðtÞ; ð23Þ
whereHMðtÞ is the Haar function vector,M indicates total dat-

apoints, preferablyM ¼ 2q (q ¼ 1; 2; 3:.),VT
o ¼ ½vo1 ; vo2 ; . . . ; voM �

and VT
in ¼ ½vin1 ; vin2 ; . . . ; vinM � and UT ¼ ½u1; u2; . . . ; uM�. Substi-

tuting the values of (21)–(23), expression (20) can be rewritten
as,

VT
oCkðRþ RsÞD1HMðtÞ þ VT

oD
1�kHMðtÞ ¼

VT
inD

1�kHMðtÞ þ VT
inRsCkD

1HMðtÞ þ vð0ÞRCkU
TD1HMðtÞ

ð24Þ

Now, differentiation can be replaced by an operational matrix
of derivative as depicted in (10), one can obtain a simple alge-
braic equation as

VT
oCkðRþ RsÞB1HMðtÞ þ VT

oB
1�kHMðtÞ ¼ VT

inB
1�kHMðtÞ

þ VT
inRsCkB

1HMðtÞ þ vð0ÞRCkU
TB1HMðtÞ:

ð25Þ
Note that, the complex integral-differential equation of arbi-
trary fractional-order is transformed into a simple matrix alge-
bra for accurate estimation without much computational
complexity. It can be further simplified as
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VT
o CkðRþ RsÞB1 þ B1�k
� 	 ¼ VT

inB
1�k þ VT

inRsCkB
1 þ vð0ÞRCkU

T

Therefore,

VT
o ¼ VT

in B1�k þ RsCkB
1

� 	 þ vð0ÞRCkU
TB1

� �
CkðRþ RsÞB1 þ B1�k
� 	�1

:
ð27Þ

Finally, using (21), one can obtain time domain output expres-
sion as

voðtÞ ¼ VT
in B1�k þ RsCkB

1
� 	 þ vð0ÞRCkU

TB1
� �

CkðRþ RsÞB1 þ B1�k
� 	�1

HMðtÞ:
ð28Þ

This derived equation is sufficient for both charging and dis-
charging data due to the considered initial voltage. Moreover,

all the previously reported operational matrix approaches for
linear systems were developed with zero initial conditions
but, the presented approach is the extended form of the oper-
ational matrix approach, with zero and non-zero initial condi-

tions. Hence, expression (28) is the generalized formulation of
an R-C series SC impedance model that handles all kinds of
the initial state of charge with different charging-discharging

profiles. It is to note that this relation can represent the tran-
sient characteristics in all charge situations and thus allow to
estimate fractional impedance parameters that are independent

of the state of charge. Unlike in the previous method, the pro-
posed solution is likely to give a better result for charging and
discharging of SC through the same fractional-order equiva-
lent model.

It is always essential to optimize parameter estimation with
the minimum error between actual and simulated data. In this
work, the non-linear least squares (NLS) data fitting is utilized

that allows the identification of parameters for charging and
discharging voltage profiles. The NLS is characterized as
Fig. 2 Experimental setup for supercapac
minxjjfðxÞjj22 ¼ min
x

X
i

ðfðxÞiÞ2;

where; fðxÞ ¼ vdata � vðxÞ
ð29Þ

where x is the vector of unknown parameters, vðxÞ is the sim-
ulated time-domain output and vdata is the real-time output

data, whereby the subscript i indicates the ith data point at
the sampled time ti. The constrained NLS problem is solved
using the Trust Region Reflective (TRR) algorithm, which aims

to minimize the NLS problem to substantially zero. We have
implemented this routine in MATLAB using the lsqcurvefit
function to identify the unknown parameter vector x. The

algorithm is restricted with positive values for the SC’s model
to avoid negative results. To note the basic fact that the real-
ization of negative impedance is practically not possible for

the supercapacitor, and �k represents the inductor.

5. Experimental study

An experimental setup with SC and measurement DSpace
module is depicted in Fig. 2 which was utilized to collect input
and output test data. The proposed technique has been vali-
dated using real SC data of 1:5 F, 1F and 0:47F values with

three different brands: AVX, Kemet, and Eaton as detailed
in Table 1. To obtain experimental data, R ¼ 270 X, charging
voltage vin ¼ 5 V, and discharging voltage vin ¼ 0 V, were uti-

lized for all experiments. Collection of data for every input
applied and following responses from SCs were recorded for
10 s to 50 s time-frames. In this work, the short transient

response is considered that resembles the real-world applica-
tions whereby SCs handle the abrupt change in potential.
DSpace DS2004ADC module was utilized to collect the data

at a sampling rate of 1000 points per second.
itor with measurement DSpace module.



Table 1 Supercapacitors examined.

Brand Capacitance Manufacturer part number

Avx 0.47F SCMR14F474MRBA0

1F SCMR18F105MRBA0

1.5F SCMR22F155MRBA0

Kemet 0.47F FGR0H474ZF

1F FR0H105ZF

1.5F FE0H155ZF

Eaton 0.47F KR-5R5C474-R

1F KR-5R5V105-R

1.5F KR-5R5C155-R

5856 K. Kothari et al.
5.1. Analysis with zero initial conditions

Firstly, the impedance parameters have been identified, for
fractional and integer-order model considering zero initial con-
ditions, as shown in Table 2. It is to note that the ESR value is

very high for both cases.

5.2. Analysis with non-zero initial conditions

The impedance parameters of SC have been estimated for frac-
tional and integer models considering non-zero initial condi-
Table 2 Identified model parameters from charging data with zero

Supercapacitors Fractional order model

Brand Capacitance CkðF=s1�kÞ Rs (X) k

AVX 0.47F 0.251 187.37 0.8

1F 0.419 217.97 0.8

1.5F 0.669 189.71 0.9

Kemet 0.47F 0.041 256.11 0.5

1F 0.390 167.84 0.8

1.5F 0.542 184.90 0.9

Eaton 0.47F 0.018 179.26 0.4

1F 0.039 257.62 0.4

1.5F 0.045 197.16 0.3

Table 3 Identified model parameters from charging data with non-

Supercapacitors Fractional order model

Brand Capacitance CkðF=s1�kÞ Rs (X) k

AVX 0.47F 0.476 0.000 0.9

1F 0.765 0.000 0.8

1.5F 1.147 0.000 0.9

Kemet 0.47F 0.079 8.918 0.5

1F 0.626 2.742 0.8

1.5F 0.914 0.069 0.9

Eaton 0.47F 0.037 0.000 0.4

1F 0.081 0.000 0.4

1.5F 0.103 0.000 0.4
tions. Table 3 and Table 4 show identified fractional and
integer impedance parameters from charging and discharging
data respectively with non-zero initial conditions. Further-

more, Fig. 3 (a) shows curve fitting of identified fractional
and integer order charging models for Eaton 0:47F and
Fig. 3 (b) shows curve fitting of identified fractional and inte-

ger order discharging models for Eaton 1:5F. The curve fitting
of charging-discharging cycles for AVX 1F is depicted in
Fig. 4.

Remark 1. The output voltage Eq. (28) is sufficient for both

charging and discharging phase data, unlike the MLF based
method [11] wherein two different expressions were derived for
charging and discharging phases. Moreover, the proposed

method performs calculations without complex programming.

Remark 2. In case of zero initial conditions, the ESR value is
very high as shown in Table 2. In contrast to this, the ESR
value is very low whenever initial conditions are non-zero

and incorporated in modeling equations, as shown in Table 3.
According to SC datasheets, ideally, ESR should be very low.
Therefore, accurate modeling can be accomplished by consid-

ering non-zero initial conditions.

Remark 3. It is clear from Fig. 3 that the fractional models are
more accurate than integer-order models to represent and esti-
mate the SC impedance model.
initial condition.

Integer order model (k ¼ 1)

Et Ck (F) Rs (X) Et

71 2.70E�06 0.381 191.21 4.48E�05

95 1.33E�06 0.586 219.95 1.03E�05

07 3.35E�07 0.900 190.84 4.11E�06

94 1.33E�04 0.172 295.54 1.20E�03

73 1.01E�05 0.587 170.30 2.95E�05

22 5.21E�07 0.696 186.11 5.16E�06

35 1.71E�05 0.152 264.89 4.40E�03

13 1.23E�05 0.357 297.33 6.50E�04

91 2.04E�06 0.456 231.13 7.31E�04

zero initial condition.

Integer order model (k ¼ 1)

Et Ck (F) Rs (X) Et

02 6.18E�06 0.648 1.484 4.48E�05

98 1.34E�06 1.060 1.056 1.03E�05

09 3.37E�07 1.533 0.643 4.11E�06

94 1.33E�04 0.325 29.82 1.20E�03

73 1.01E�05 0.942 4.273 2.95E�05

22 5.21E�07 1.172 0.789 5.16E�06

71 5.39E�05 0.259 43.15 4.40E�03

22 1.26E�05 0.701 19.52 6.50E�04

43 1.27E�05 0.801 15.49 7.31E�04



Table 4 Identified model parameters from discharging data with non-zero initial condition.

Supercapacitors Fractional order model Integer order model (k ¼ 1)

Brand Capacitance CkðF=s1�kÞ Rs (X) k Et Ck (F) Rs (X) Et

AVX 0.47F 0.457 0.000 0.933 2.60E�06 0.562 1.125 1.85E�05

1F 0.744 0.000 0.935 1.32E�06 0.914 0.733 5.60E�06

1.5F 1.056 0.000 0.935 3.77E�07 1.295 0.514 2.16E�06

Kemet 0.47F 0.092 7.911 0.619 1.34E�04 0.344 25.70 1.14E�03

1F 0.507 3.481 0.839 9.11E�06 0.855 5.713 2.76E�05

1.5F 0.804 0.156 0.927 3.81E�07 1.014 0.929 3.59E�06

Eaton 0.47F 0.038 0.000 0.473 5.98E�05 0.259 42.75 4.49E�03

1F 0.095 0.205 0.448 1.50E�05 0.727 17.09 6.45E�04

1.5F 0.093 0.000 0.439 1.71E�05 0.737 17.10 7.31E�04

Fig. 3 Identified supercapacitor models with non-zero initial conditions: (a) Eaton 0:47F charging model (b) Eaton 1:5F discharging

model.

Fig. 4 RC models with long data of charging-discharging cycles:

AVX 1F.
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5.3. Analysis for different time-frame data with zero and non-
zero initial conditions

Further investigation is presented in Table 5, with only charg-

ing model parameters. The result is obtained from SC AVX
1:5F with zero and non-zero initial voltages and different
time-frame data. When initial voltage is considered, there is
a very small variation in parameter values. However, that is
not because of initial voltage dependency, but due to the chem-
ical properties of a material, external environmental condition,

and other internal phenomena of SCs. Furthermore, the iden-
tified parameters in Table 5 reflect that the internal series resis-
tance ðRsÞ is very small, which is justified as per value in

datasheet by manufacturers.
Moreover, when we used AVX 1:5F charging model (with

non-zero initial conditions as shown in Table 3) to curve fit

with other data of different initial state of charges and time-
frames, it shows good accuracy for different datasets with
the same parametric model, as shown in Fig. 5 (a). Similarly,
for Kemet 1:5F discharging model, again it shows good agree-

ment. However, in case of zero initial conditions for AVX 1:5F
charging model (as shown in Table 2), the same parametric
model is not sufficient to represent different datasets. It is

clearly depicted in Fig. 6. Hence, the model parameters are
necessary to update for different datasets, even for the same
SC value and that was the demerit from previously reported

approaches.

Remark 4. The standard parametric model can be estimated
using the proposed scheme with non-zero initial conditions for
any SC with acceptable slight variation in parameter values,



Fig. 6 Same model performance with initial voltages and time

span: AVX 1:5F.

Fig. 5 Supercapacitor models (non-zero initial condition) with different initial voltages and time duration: (a) AVX 1:5F charging model

(b) Kemet 1:5F discharging model.
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irrespective of charging, discharging, different initial condi-

tion, and time-frame of experimental data.
Fig. 7 Comparison with MLF method [20] for charging-

discharging cycles: AVX 1F supercapacitor.
5.4. Comparison with existing methods

One more investigation was carried out with the charging
model parameters obtained from the supercapacitor AVX 1F

as in Table 3. Fig. 7 (a) and (b) depict the accurate curve fitting
with the real data, though different initial state of charges and
Table 5 Identified model parameters from charging data (zero/non-zero initial conditions and different time-frame).

Supercapacitor Time-frame zero initial conditions non-zero initial conditions

AVX 1.5 (F) T (sec) CkðF=s1�kÞ RsðXÞ k Et CkðF=s1�kÞ RsðXÞ k Et

10 0.771 158.93 0.922 2.92E�07 1.275 0.00 0.939 3.17E�07

20 0.737 174.44 0.918 3.05E�07 1.219 0.00 0.919 3.06E�07

30 0.669 189.71 0.907 3.35E�07 1.147 0.00 0.909 3.37E�07

40 0.603 212.74 0.894 3.81E�07 1.101 0.00 0.899 4.10E�07

50 0.541 242.01 0.885 5.40E�07 1.138 0.00 0.911 1.42E�06



Generalized formulation to estimate the Supercapacitor’s 5859
time span, using the same estimated model parameters. For
fair comparison MLF method with non-zero initial conditions
[20] was considered in Fig. 7. For the first charging phase, the

MLF method and the proposed method show similar accu-
racy. However, the MLF method could not follow real data
after the first charging phase due to its time dependency. It

clearly indicates that the proposed method is accurate and able
to extract standard parametric model independent of time span
and initial voltages. Unlike MLF based methods, with zero ini-

tial conditions [11] and with non-zero initial conditions [15],
the proposed method works closely with real-time varying
charging-discharging values.

6. Conclusions

In this paper, the primary objective is kept to estimate the SC’s

fractional impedance without direct measurement from the
impedance analyzer. Generally, such equipment is very costly,
therefore, the proposed technique helps to measure the frac-
tional impedance from simple test data. The presented idea

facilitates to identify the SC fractional impedance model accu-
rately without adding computational complexity of fractional
derivatives. An operational matrix approach has been opted

using the Haar wavelet that resulted the more generalized out-
put expression to represent the charging and discharging pro-
files. More importantly, it has been shown from results that the

estimated parameter values can fit with any initial voltage and
timeframe data. The experimental study has proven the merits
of the presented scheme. In future, considering non-zero initial
conditions, the study could be extended for other complex

models instead of the RC series model.
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