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Landmarks as Navigation-Aids for Multiple Robots

Bibhya Sharma, Avinesh Prasad, Ritesh Chand, Sandeep Kumar, Jai Raj and Jito Vanualailai

Abstract—The paper presents selected landmarks as
navigation-aids or waypoints for multiple car-like robots in a
contained workspace cluttered with randomly fixed obstacles and
landmarks. A new metrics is designed to select specific landmarks
(which are treated as waypoints) falling in the robots’ field of view
and with a minimum distance away from each other and their
targets. A new metric is also defined to obtain the robot’s field of
view at every iteration. Using the Lyapunov-based control scheme
(LbCS) nonlinear acceleration-based stabilizing control laws are
derived for navigation amongst obstacles and landmarks en route
the final destination via selected landmarks or waypoints. The
proposed technique and the new control laws are verified via
interesting computer simulations.

Keywords: Motion control, landmark navigation, obstacle
avoidance , car-like robot, stability.

I. INTRODUCTION

Planning of feasible trajectories and control of robotic
systems have been active area of research for past decades.
Nowadays, the wheeled robots (vehicles) are playing vital roles
in human livelihood and endeavours, and found in most indus-
tries that require automation and repetition. Under this category
the robots with nonholonomic constraints have been researched
and utilized more although their nonholonomic constraints
make the problem quite demanding and challenging [1]. Major
applications such as sea and space exploration, surveillance,
rescue missions, pursuit-evasion, surveying, pedestrian navi-
gation, waste management, foraging and multi-robot recon-
naissance utilises such robotic systems [2],[3], [4], [5]. For
surveillance and exploration purposes mostly, the presence of
cues (natural or artificial) landmarks will be of an advantage
as the robot can move from a destination to another destination
easily with the added guidance. In the field of robotics, a signif-
icant amount of work has been carried out with landmarks for
navigation of autonomous robots. Landmarks are mainly used
to guide the robot to a desired goal [6], [7], [8], [9], [10], [7],
and to allow the robots to determine their position with respect
to the landmarks (mapping and localization) ([11], [12], [13]).
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In literature, the concept of waypoints is linked to landmarks
where the waypoints can be those landmarks selected for a
specific task. In addition, waypoints can also include physical
objects, devices or coordinates that hold navigation details for
robot navigation or human movements [6], [14].

Landmarks that already exist naturally in the environment

and may have purpose outside of robot navigation are known
as natural landmarks, whereas special features or objects
designed and added to the environment are known as artificial
landmarks. The seminal purpose of artificial landmarks is to
enable autonomous robot navigation [15]. For instance, beacon
floaters are being particularly used to guide dispatches securely
into wharf field. Together with this, street signs, activity lights
and passerby intersections are additionally utilised as historic
points for route purposes.
The issue of discovering an ideal arrangement of landmarks
positions has been tended to from a few perspectives in the
past [7], [8], [OL[11], [12], [13]. Work that has being carried
out in the theoretical framework of landmarks in the recent
past has been contained mainly to selection, detection and
learning of the landmarks. This paper will extend the obstacle
avoidance schemes together with path planning of car-like
robots developed before in [16], [17], [3], by the utilisation
of landmarks in the workspace which will aid the robots to
navigate to their respective targets. The literature on landmarks
for navigation focusses on mapping and localization which is
basically determining the position of the robot and selecting
the best route for the robot to reach its goal autonomously [7].
However, there is growing interest in utilizing landmarks as
navigation-aids for robots in known/unknown environments
where the landmarks act as active waypoints. We will consider
such a complex workspace which will consist of multiple
landmarks (treated as waypoints) and obstacles. However,
factors such as cost and time make navigation via all landmarks
unimaginative, impractical and tedious [18]. Hence, in this
paper, the car-like robots will select a set of landmarks from
all scattered landmarks in the workspace via which each robot
can explore the workspace and converge to its target. The
stability of the system will be analysed using the Direct
Method of Lyapunov. Simulations will be used to show that
the extracted controllers guarantee, for some initial conditions,
point stabilities.

The nonlinear controllers have been incorporated in the
kinodynamic model by means of a energy like Lyapunov
function or total potentials developed from the artificial po-
tential field method known as the Lyapunov-based Control
Scheme (LbCS). This method offers a greater degree of
flexibility in taking into account all the system and dynamic
constraints, boundary restrictions, waypoints and obstacles
within the robotic workspace and finally attaining the desired
goal [16], [17], [3].

This paper is organized as follows: In Section II, the
kinodynamic model of a car-like robot is detailed. Section III
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defines landmarks, field of view and target and gives the land-
mark changing rule and its attraction function. In Section 1V,
we include various types of obstacles and their repulsive func-
tions. A tentative Lyapunov function is proposed in Section V
from which the control laws are extracted. Section VII looks at
a simulation result. Finally, in Section VIII the paper concludes
with a discussion on its contributions and potential future work.

II. SYSTEM MODELLING

We consider n rear wheel driven car-like robots, the ODEs
governing their motion adopted from [3]. As seen in Figure 1,
the (x;,v;) denotes the center of mass (CoM) of the ith car-
like robot, its orientation with respect to the z;-axis is given
by 6;, while its steering angle with respect to the longitudinal
axis is given as ¢; gives . The L is the distance between two
axles, while [ the length of each axle. The configuration of
the ith car is given as (x;,;,0;, ;) € R, and its position is
given as the point (z;,1;) € R2. The kinodynamic model of

A

S

Fig. 1.
angle ¢;.

A rear wheel driven vehicle with front wheel steering and steering

the ith car-like robot is given as (adopted from [3]):

. L
T; = v; cosb; — §wi sind; ,

ey

L
Ui = v;sinf; + EWi cosb; ,

0; = wi, U; =04, W= 04,

where v; and w; are the translational and rotational veloc-
ities, and o;; and o;2 are the translational and rotational
accelerations. ¢;; and o2 are are known as the controllers
of the robotic system. We assume in the model that there
is no slippage, that is, @;.sinf; — ¢;.cos; = 0 and
&if sin(0; +¢i) — i cos(6;+¢;) = 0 and pure rolling, that is,
&; cos 0; +9; sin 0; = v; where (4, yir) and (x5, y;r) are the
coordinates of the centers of the rear and front axles, respec-
tively. Hereafter, the vector notation x; = (z;,y;, 0;, v;,w;) €
R® will be used to describe the variables in (1). Without loss
of generality, we let x = (x1,Xa,,...,X,) € R,

The principal objective of the research paper is to design
new controllers o;; and ;5 so that the ith car-like robots can

maneuver through a set of landmarks and obstacles and finally
reach the designated targets. We adopt the following definition
of a circular target from [16]:

Definition 1: The target for the ith vehicle is a disk of
center (p;1,pi2) and radius r;7 which is described as the set

Ty = {(21,22) €R?: (21 — pir)® + (22 — pi2)* < 1y}

III. LANDMARKS

Definition 2: The kth landmark with the rectangular posi-
tion (lzy,lyx) in the z;29-plane is given by

LM, = {(21,22) € R? : (21 — la)® + (22 — ly)* = 0}
fork=1,2,...,r.

Assumtion 1: The position of the landmarks are priori
known.

Assumtion 2: The vehicle goes through each of the se-
lected landmarks (waypoints) and finally converges to the
center of the predetermined target.

We further denote
die(t) = V/(wi(t) — l2k)? + (ya(t) — lyx)?,

for k = 1,2,...,r as the distance between the center of the
ith car-like robot and the kth landmark.

A. Selection of Landmarks

A workspace may contain many landmarks; however, fac-
tors such as cost and time make navigation via all landmarks
unimaginative, impractical and tedious [18]. Instead only those
landmarks will be selected and navigated that lie in a given
field of view of the robot and also only existing between the
robot’s initial and target positions. The field of view is defined
as follows:

Definition 3: Given a predetermined scalar ¢ € (0, ), the
set

FVi = {(21,22) € R?: |atan2(z2 — y;, 21 — 7;) — atan2(p;»
—Yi,Di1 — Il)‘ < CU 27 — |atan2(z2 —Yi, 21 — 1‘1)
—atan2(pi2 — ¥, pi1 — xi)| < (}

is the ith robot’s field of view.

We define a metric for the selection of the landmarks as
follows:

1) The selected landmark should lie within the F'V;.

2) The selected landmark should be sufficiently away from
the target.

3) The selected landmark should lie between the robot’s
initial (x;,y;) and their target (p;1,ps2) positions.

4) No two selected landmarks should be close to each other
(minimum distance between landmarks defined by user).

We now develop an algorithm for the selection of landmark
based on the above metric. Let S = {1,2,3,...,7} such that
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di1 < djg < -++ < d; and define the kth subsets, S;, C S,
for k=1,2,...,r, as

(k}, if (lag, lyr) € FV;, dy, > D* and
Sik = { [tz — pir, lyk — pi2) || > D*
{},  otherwise

where D* > 0 is the minimum distance between any two
selected landmarks. Then consider set M;, a subset of S, as

M; = LTJ Sik € 8.
k=1

We can easily see that the set //; will contain only those values
of k whose landmarks lie in F'V;. Letting s; = |M;| be the
cardinality of the set M;, M; contains a total of s; < r values
in ascending order. Let M;[u] be the uth entry of M;.

B. Navigation via the Selected Landmarks

For the ith vehicle to navigate through the selected land-
marks, the following landmark attraction potential function is
considered which will appear in a Lyapunov function to be
proposed in Section V:

1
Viu(x) = o Piu (i = loaw)? + (Wi — Wag ) + 0 + w7 ]
for v = 1,2,...,s; + 1. This function is a measure of
the distance between the center of the vehicle and the uth
landmark. Note that p;, is an updating rule for changing of
landmarks and is obtained from the pseudo-code below:

fori=1ton
(ll’Ml[sl]-s-la lyMi[si]+1> = (pi17pi2)§
dingyjo) = || (i (t),wi(t)) — (2i(0), % (0)) 15
forv=1tos;
if dipgju—11 =0
foru=1to s;

ifu=v
Piv = 1;
else pi, = 0;
end
end
end
end
end

IV. AVOIDANCE OF OBSTACLES

In this section, we consider possible forms of obstacles
the car-like robots may encounter en route their targets. These
include workspace restrictions, fixed obstacles and dynamic
constraints. Also for the entire body of a robot to safely steer
past an obstacle, we enclose it by the smallest circle possible.
Given the clearance parameters €; and e, we can enclose
the robot in a circular protective region which is centered at
(zi,y;) and has radius of 7y = /(L + 2€1)2 + (I + 262)2.

A. Workspace Restrictions

We want the car-like robots to operate in a closed
workspace. We therefore adopt the following definition of a
rectangular workspace from [3].

Definition 4: The workspace WS is a fixed, closed and
bounded rectangular region which is precisely the set

WS ={(21,22) ER?:0 < 2; <11,0< 20 <1}

These boundaries will be considered as fixed obstacles, and
they have to be avoided by the robots. For avoidance, we shall
adopt the following obstacle avoidance functions from [16],
for the left, right, lower and upper boundaries, respectively:

Wi (X) =m — (TV =+ J}i)7 (3a-b)
Wia(x) =n2 — (rv +v:). (3c-d)

Wi (x) =a; — v,
Wis(x) = yi — v,

B. Moving Obstacles

We note that the jth robot becomes a moving obstacle for
the 7th robot. Hence, for the inter-robot avoidance, we consider
the potential function

1
MOy (x) = 5 [(zi —2)* + (4 — ;)" = 217] @
for j # 4.
C. Fixed Elliptic Obstacles
We fix ¢ > 0 elliptic obstacles in workspace W.S. The

(zlth obstacle (for | = 1,2,...,¢q) is assumed to be an ellipse

centered at (0;1,0;2) and is defined as the set

_ _ 3 2
O = {(zl,zZ) eR?; L on)cosput (2 — on)singl

aj

N [(z2 — 012) cos @ — (21 — o11) sin )2 - 1} ’

2
b

for some constants a;, b; and ;. For its avoidance we consider
12

1 [[(z; — o11) cos @ + (y; — 012) sin gy
FO: ——
Ozl(x) 9 |: (TV +al)2
[(yz - 012) COS @ — (l‘z — 011) sin 99[]2 :|
+ —1 5
(Tv + bl)2 )

D. Unselected Landmarks as Fixed Obstacles

For simplicity, The landmarks which do not lie in the field
of view of the robots are not considered in the avoidance
scheme in this research. The robots will not encounter them
during their journey to their targets. However, those landmarks
that lie within F'V; but were not selected due to the rules
of the metrics are considered here as point obstacles, which
the robots must avoid. Define the kth subsets, S, C S, for
k=1,2,...,r, as

{k}, if (lzg,lyg) € FV; and d, < D*
= or [[(lz — pi1, lyx — piz)|| < D*
1, otherwise

Note that the the subset .S}, will be calculated at ¢ = 0 and will
be updated when the robot reaches each selected landmark. we
now define set M, also a subset of S, as follows:

-
k=1

Set M will include the unselected landmarks that lie in F'V;

but are within the distance D* from the previous landmark or
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within the distance D* from the target. Say that M contains
a total of s7 < r values in ascending order and we let M [v]
be the vth entry of M. For the robot to avoid these unselected
landmarks, we consider the potential function

1
Hiy(x) = B [(@; — liUM;[u])Q + (i — lyM;[v])2 -y (6

— *
forv=1,2,...,s}.

E. Artificial Obstacles

The instantaneous velocities of the vehicle are restricted
due to safety considerations. Firstly, we impose a maximum
velocity vpyax Of the robot to operate within, and secondly,
the steering angle of the front wheel is also bounded. In
accordance with LbCS, we construct artificial obstacles for
these constraints:

AOil = {Uz’ eR: v; < —Upax O ¥; = Umax};
AOiQ = {w ceR: Wi S _'Umax/|pmin| or w; Z Umax/|pmin|}a

where pmin = £1/tan(dmax), Gmax iS the maximal steering
angle. The following functions are adopted for the avoidance
of the aforementioned artificial obstacles:

1
Uil(x) = 5 (vr2nax - /Uz2) ’ (53.)

2
Uin(x) = % (”f;éx - w?) . (5b)

V. THE LYAPUNOV FUNCTION AND CONTROLLER DESIGN

We will utilize the LbCS to derive acceleration-based
controllers of the group of car-like robots. The total potentials
will consist of attractive potential field functions for target
attraction and repulsive potential field functions for obstacle
avoidance and obeying system constraints and limitations.
while the distance-based avoidance functions are treated as
attractive potential field functions, the repulsive potential field
functions are rational functions constructed using positive
tuning parameters populating the numerator with obstacle
avoidance functions encoded in the denominators. An example
of total potentials is illustration via a 3D visualization in
Figure 2 and a contour plot in Figure 3.

A. Auxiliary Function

To make sure of the fact that the controllers of the car-
like robots vanish at their targets, we design a new potential
function and multiply it to the inverse of each avoidance
functions designed above:

1

Fiu(x) = o Piu (@ = leanw)® + W — Wi )] (8)

foru=1,2,...,s; + 1 as an auxiliary function.

B. Lyapunov Candidate Function

Combining all the attractive and avoidance functions and
introducing control parameters, oy, > 0, B;; > 0, v > 0,

Total Potentials

Fig. 2. 3D Visualization

0 10 20 30 40 50 60 70

Fig. 3. Contour Plot: The total potentials generated for target attraction and
obstacle avoidance. The target is located at (30,45) with radius of 1 and
the obstacles are fixed at (25,60) and (35,35) with radius of 2 and /6
respectively.

&wv > 0 and k;, > 0, where 4,5, m,l,v,p € N, a Lyapunov
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function for system (1) is defined as

n s;+1 4
L(x 2; Zl Viu (%) + Fiu(x) ( Wam( )
+ z": M(?J-'(x) + zq: o
it ij -1 i1(x)
S: fiu 2 KRip
F L Tyt )| ©

The Lyapunov function L(x), is defined, piecewise continuous
and positive over the domain

D = {x€R™:Win(x)>0, m=1,...4
MO;;(x)>0,4,j=1,...,n, j #1;

FO;(x)>0,1l=1,...,q;U;pp(x) >0,p=1,2

Hiv(x) >0, v= 1,...,8:}\U U LMJVIi[u]~

i=1lu=1

C. Controller Design

The various components of L(x) are differentiated sepa-
rately with respect to ¢ to extract the nonlinear controllers for
system (1)

L(x) = Z {[fi1 cosb; + fiosinb; + fizoi]v;

L
i — Efil sin 6; + fi40'i2:| wi} .

where the functions f to f; are deﬁned as

n s;+1
fir(x) =

> 2 Pirgifu] [<1+ Z oy

i=1 u=1

) (@i — @ ag,(u))
+ UZ i,“(]x) + Z FO l(x) + Z ) (IZ - lle[“])

=1
+ Z] ! Fj g, (X )(Mﬁg,,-,j +Mﬁ3,i)> (i
_ Z] 1 FzM [u] (X) iM; [u] (x) (Bz‘j(xlgjzj) _ 5;1]5/9;6;11))

Jji

— 1 ar, ()

M [u] Wz 0412 + Z H2 (x) ZIZW* ['U])

g S5 28U —otz) cos vi(ws—on) sin i)
WMilu] 24 FO2 (%) (riv+b1)?

1 i ZTi—O Yi—o0 sin 1
_ FiMi[u] ZZ: it cos iy (( FO%ZI()XC)O(S’I‘TZ-TZE‘SJZ 12) w))]’

fia(x) :;:: 2:: Pin [(1"‘ Z Wi:y(Lx)>( ),
+ j; H,iffx) + Z Fooe T Z K”’) (i — Ly, pu)
+ (S0 B (385 + kfgﬁ)) (
72]; Fanta (919 (B — ufyow )
_Fiwll[u] <5{}3 - (M + Z H2, (x)( lyM*:[D]))
(P 3 sttt

_ , Eq: it cos i ((zi—o11) cos P +(yi —oi2) sin ¢y )
1M [u] - FO? (x)(ry+a;)? ’

— Y, fu])

fzS =1+ Zs i+1 Fin, [u]le and

f4_1+zs+l M[uMQ

4= —ur

Introducing convergence parameters &;1, §;2 > 0, we define the
acceleration-based controllers as:

oi1 = — (010 + fir cosb; + fiosin®;) / fis,
L L
- <5i2wi + §fi2 cosf; — Efil Sin@i) / fia-

042

(10)

VI. STABILITY ANALYSIS

The acceleration controllers o;; and o;2 given by (10)
above would vanish at the center of the target and hence the
vehicle will come to a complete rest at the goal position. Thus
Xe = (p117p125 915 Oa 0»]72171722, 62a 07 07 <3 Pnly, Pn2; 9n7 07 0)
is an equilibrium point of system (1). Moreover, on the domain
D

1) L(x) >0V x€ D\ x. and L(x.) = 0;
2) L(x) <0 and L(x.) = 0;

3) L = —(5,-11),? — (5,’2&)1-2 S 0.

This implies that x, is a stable equilibrium point.

VII. SIMULATION

In this section, we demonstrate the simulation results
for the movements of the car-like robots in a constrained
workspace cluttered with obstacles via the landmarks. We
numerically verify stability of the system via the Lyapunov
function. Values of the parameters used in the simulation are
given in Table I. The fixed obstacles and landmarks were
generated randomly.

In Fig. 4 and Fig. 5, we notice that the car-like robots
starts from their initial positions, move towards their targets
via selected landmarks that are in their field of view. The car-
like robots simultaneously avoided any obstacles along their
path.
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TABLE L VALUES OF PARAMETERS UTILIZED IN THE SIMULATIONS.
Figure 4 Figure 5 or 1
Initial Positions (m) (10, 15),(10, 70) and (30,5),(10,4)
(70, 70) (70, 70)
‘Workspace Dimension 0 <2z <80, 0 <z <60, B
0< 2o < 80 0< 2 < 60 -
Number of Landmarks 20 15
Number of Obstacles 15 10 “
Maximum radius of obstacles (m) a; =3,b; =3 a; = 3,b; =3
Field of view (rad) /10 /10
Initial velocities (m/s) 5 5 B
Final Positions (m) (70, 30),(40,60) and | (50,30),(30,12)
(10, 30) (10, 7)
Convergence Parameters di1 = di2 = 15, i1 = di2 = 15, v
fori=1,2,3. fori =1, 2,3.
Minimum distance D* (m) 10 10
10
a ‘. ! nﬂ‘ 1 20 3 4 50 ‘H
0 0 0 2,(m) &
ni@ Unselected andmark |
zy(m) ® asmsmegm?l \j Fig. 5. Trajectory of the car-like robots via selected landmarks.
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