
 

 

  
Abstract—This research paper designs a unique motion planner 

of multiple platoons of nonholonomic car-like robots as a feasible 
solution to the lane changing/merging maneuvers. The decentralized 
planner with a leaderless approach and a path-guidance principle 
derived from the Lyapunov-based control scheme generates collision 
free avoidance and safe merging maneuvers from multiple lanes to a 
single lane by deploying a split/merge strategy. The fixed obstacles 
are the markings and boundaries of the road lanes, while the moving 
obstacles are the robots themselves. Real and virtual road lane 
markings and the boundaries of road lanes are incorporated into a 
workspace to achieve the desired formation and configuration of the 
robots. Convergence of the robots to goal configurations and the 
repulsion of the robots from specified obstacles are achieved by 
suitable attractive and repulsive potential field functions, 
respectively. The results can be viewed as a significant contribution 
to the avoidance algorithm of the intelligent vehicle systems (IVS). 
Computer simulations highlight the effectiveness of the split/merge 
strategy and the acceleration-based controllers. 
 

Keywords—Lane merging, Lyapunov-based control scheme, 
path-guidance principle, split/merge strategy.  

I. INTRODUCTION 

RIVING on congested motorways and highways is a 
laborious task given the possibility of accidents and 

mishaps, which can be compounded by the difficult and 
sometimes illegal maneuvers such as the lane 
changing/merging maneuvers[1-9]. The inclusion of the lane 
change/merge maneuver in the motion planning and control 
problem is still a challenging and open problem made difficult 
further with the inclusion of obstacle and collision avoidances. 

This paper focuses on lane changing and lane merging of 
car-like mobile robots in platoon formations maneuvering in 
multiple lanes when encountering a merging lane, via 
split/merge [10] strategy and forming a new single platoon 
formation in the single lane taking safety into account. The 
lane merge occurs when multiple lanes collapse to form a 
single lane resulting in a lane change. The leaderless approach 
is deployed that is more robust in such situations where 
individual robots have their own destination. Hence, it is 
assumed that during lane changing/merging maneuvers, the 
robots form a platoon where the collaborative behavior of the 
robots in the platoon advocates safe and collision 
maneuverance. The paper encompasses the kinodynamic path 

 
Bibhya Sharma and Jito Vanualailai are Associate Professors at the 

University of the South Pacific.  
 

Ravindra Rai is currently pursuing a Masters Degree in the School of 
Computing, Information & Mathematical Sciences, University of the South 
Pacific, Suva, Fiji (e-mail: rai.ravin@yahoo.com).  

planning and control problem seen in literature using potential 
field functions [11]-[19]. 

The nonholonomic virtually connected convoy of car-like 
mobile robots form platoons and are established by specific 
selection of initial conditions and the prescribed formations 
are maintained by employing the path-guidance principle. The 
process of path formation and path following is known as 
path-guidance principle. The path formation comprises of real 
and virtual linear and curved segments forming road lanes. Its 
avoidance functions maintain the prescribed formations, act as 
platoon avoidance and facilitate the desired path. The platoons 
split when moving out of the multiple lanes and merge while 
entering the single lane forming a new single platoon 
formation. The split/merge maneuver is activated by the 
appropriate choice of tuning parameters for virtual 
linear/curved segments of road lanes avoidance functions in 
accordance with the new Lyapunov-based Control Scheme. 
The user defined new single platoon formation is 
accomplished by adopting individual targets for the car-like 
mobile robots known as a leaderless approach. 

II. BACKGROUND: ARTIFICIAL POTENTIAL FIELD FUNCTIONS 
The pioneer work on motion planning and control of robots 

via artificial potential fields was carried out by Khatib in [20] 
and this was followed by an abundance of work within the 
potential field framework [18], [21-25]. The governing 
principle behind the method is to attach an attractive field to 
the target and a repulsive field to each obstacle. The 
workspace is inundated with positive and negative fields, with 
the direction of motion facilitated via the notion of steepest 
descent [20]. We have adopted an artificial potential field 
method known as the Lyapunov-based control scheme (LbCS) 
from [26]. The scheme has been recently applied to motion 
planning and control of various robotic systems, including 
ones tagged with holonomic or nonholonomic constraints [23], 
[24], [27]. The seminal idea behind this control scheme is to 
design the attractive and repulsive potential functions which 
are summed to form a suitable Lyapunov function that acts as 
an artificial potential field function or total potentials. From 
this, the nonlinear controllers, centralized or decentralized, 
velocity or acceleration-based, are extracted. The method is 
favored due to an easier analytic representation of system 
singularities and inequalities, increased processing speed and 
its simplicity and elegance of the design, although it inherently 
involves the problem of local minima [24], [25]. The reader is 
referred to [23], [25] for a detailed overview of the LbCS.  
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III. PLATOON MODEL 
Definition 1: A platoon consists of a convoy of virtually 

connected nonholonomic car-like mobile robots. The ith 
mobile robot is a circular disk with radius 

bivr  and is 

positioned at ( ), .i ix y  Precisely, the ith robot of the bth 

platoon is the set ( ){ }2 2 2 2
1 2, :

bibi bi bi vA z z x y r= ∈ + ≤R , for

{ }1,2, ,b m∈ … , { }0,1, ,i n∈ … ,  and ,m n ∈ N , where biA  is 
rear-wheel driven. 

With reference to Fig. 1, [ ], T
bi bix y  denotes the center of 

mass, CoM, of ,biA biφ gives its steering wheel’s angle with 
respect to the longitudinal axis, 1l  is the distance between the 
centre of the rear and front axles, while 2l  is the length of each 
axel. The configuration of biA  is given by

[ ] 3, , T
bi bi bi bix y θ= ∈q R , where [ ] 2, T

bi bi bix y= ∈d R  is its 
position and biθ ∈ R  its angle of orientation with respect to  

1z -axis in the invariant frame ∑. If we let bim  be the mass of 
the robot, biF  the force along the axis of the robot, biΓ  the 

torque about a vertical axis at [ ], T
bi bix y  and biI  the moment 

of inertia of the robot, then the dynamic model of biA  is 
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where biυ  and biω  are respectively, the instantaneous 
translational and rotational velocities of biA . The translational 
and rotational accelerations are given as biσ  and biη , 
respectively. The state of robot biA is described by the vector

[ ] 5, , , , T
bi bi bi bi bi bix y θ υ ω= ∈x R . We collect the states of all 

the ( )1m n +  robots in the vector
5 ( 1)

10 ( 1), ,T T m n
m n

× +
+⎡ ⎤= ∈⎣ ⎦x x x R… .  

For simplicity, we assume that the radius of every biA  is the 
same, that is, :

biv vr r= , for all ,b i ∈ N . Now, consider the 
following definition. 

Definition 2: The platoon’s width is equivalent to the width 
of the car-like mobile robots ( 2 vr ) and is denoted as pw . The 
number of aligned platoons in the multiple lanes is denoted by
e . Also, pmw  is the combined width of the platoons while the 
clearance between any two platoons in the multiple lanes is 
denoted by μ , wherein,  both measures are with respect to  

1z -axis or 2z -axis, depending on the final orientations. 
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Fig. 1 Kinematic model of car-like mobile robot in the inert frame Σ 

(re-constructed from [23]) 

IV. DEVISING THE LANE CHANGING/MERGING PROBLEM 
This paper aims to drive m platoons of n car-like mobile 

robots fixed in a platoon formation from designated lanes in 
the workspace. After reaching the end of their designated 
lanes, the platoons split, change lanes and merge into a single 
lane. The robots from the platoons combine and get into a 
single pre-defined platoon formation, see Fig. 2.  
 

pmw
pw
μ

SI

SF

sw
sw

Fig. 2 Schematic diagram of lane change/merge maneuvers of 
platoons 

 
We now outline the problem by stipulating following 

definitions and assumptions with reference to Fig. 2.  
 

Definition 3: The workspace is a fixed and bounded 2D 
region for some 1 2, 0ϖ ϖ ≥ . Precisely, the workspace is the set

( ){ }2
1 2 1 1 2 2, : 0 ,0WS z z z zϖ ϖ= ∈ ≤ ≤ ≤ ≤R . 

 

Definition 4: A lane change is a scenario where a robot 
detours to a neighboring lane upon encountering or sensing 
(fixed or moving) obstacle(s) in its current path.  
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Definition 5: Lane merge is the result of two or more lanes 
collapsing to form a single lane.  

Assumption 1: The platoons will be required to be confined 
to their designated lanes in the prescribed formation, at least, 
before reaching the single lane.  
 

Remark 1: This allows a distortion of the formation to 
facilitate lane merging maneuver when the platoons encounter 
the bending lanes and when the size of the merging lane does 
not allow platoons to continue in their original formation. 

A. Regions In-front and Inside of the Single Lane 
The boundaries of the single lane in the 1 2z z -plane are 

treated as straight line segments. The initial and the final 
coordinates of the kth linear segment are denoted as ( )1 1,k kq r

and ( )2 2,k kq r , respectively. For safe and collision free 
split/merge maneuvers, we design the following vertical 
regions. 

 

1d 2d

pmw

1d

2d

pwpmw ∗
pw

pmw

pmw ∗

1d
2d

 
Fig. 3 A schematic representation of a new split/merge scheme for 

lane changing and lane merging maneuvers 
 
As illustrated in Fig. 2 and Fig. 3, let 1d be a measured 

distance in front of the single lane then the region in front of 
the single lane is defined as  
 

( ) ( ){ }2
1 2 11 1 21 1 1 2 1, : ,s k kF z z q z q r d z r= ∈ ≤ < − ≤ <R  

 
and the region inside the single lane is defined  
 

( ){ }2
1 2 11 1 21 1 2 2, : , .s k kI z z q z q r z r= ∈ < < < <R  

 
Definition 6: A point z 2∈ R is said to be in-front of the 

single lane if sF∈z and is said to be inside the single lane if

sI∈z . The width (assumed to be uniform throughout) of the 
vertically orientated single lane entrance is denoted by sw and 
it is a measure with respect to 1z -axis.  

Similar definitions can be stipulated for the case where the 
single lane compromises of vertical regions.  

B. Strategy: Split/Merge of the Platoons 
Definition 7: Split/merge is a strategy where multiple car-

like robots initially fixed in specific platoons in different lanes 
split before encountering the single lane, merge in the single 
lane and join in a single platoon with a convoy-like formation.  

As illustrated in Fig. 3, within a distance of 1d  the split 
maneuver takes place, that is, when pm sw w+ ε > , the spread 
of the formation is greater than the size of the single lane 
entrance, within a safety of ε . Within a distance 2d , there has 
to be a successful merging of the robots resulting in the new 
formation *pm pmw w⇒ , such that *pm sw w+ ε > . It means that 
the spread of the formation is less than the size of the single 
lane entrance, within a safety of ε . A single platoon 
formation is formed when * .pm pw w⇒  

V.   CONTROL OBJECTIVE 

The acceleration-based controls, biσ and biη , of ,biA

{ }1, 2, ,b m∈ … , { }0,1, ,i n∈ … , where ,m n ∈ N , are derived 
from the LbCS to navigate platoons safely from multiple lanes 
to a single lane in a new single platoon formation, within a 
finite period of time. A combination of specific initial 
conditions, inter-robot avoidances, path-guidance principle 
and strategically positioned targets achieve lane 
changing/merging maneuvers via a split/merge strategy.  

VI. POTENTIAL FIELD FUNCTIONS 
The split/merge maneuvers are activated by appropriate 

choice of tuning parameters tagged to repulsive functions for 
the avoidance of real and virtual linear/curved segments of the 
road lanes. The sub-tasks related to the split/merge strategy 
and the resulting potential field functions, for { }1,2 ,b m∈ … , 

{ }0,...,i n∈ , where ,m n ∈ N , are carefully considered in the 
following subsections. 

A. Sub-task 1: Drive Platoons into Prescribed Formations  
For each ,biA  a target is designated as

( ) ( ) ( ){ }2 22 2
1 2, :bi bi bi bi bi bi bi biT x y x y rt= ∈ − τ + − τ ≤R , with 

center ( )1 2bi biτ , τ  and radius birt . With strategic positioning of 
the targets, prescribed formations of platoons will be 
accomplished. The preferred order of each car-like mobile 
robot is achieved via appropriate selection of numerical values 
for the center ( )1 2bi biτ , τ of each biT , where ( )1 2bi bi

+τ , τ ∈ R . For 
each robot to be attracted to its target an attractive potential 
field is defined by

1

4:
biattU +→R R with 

    

 ( ) ( )
1

1 0

,
bi bi

m n

att N
b i

U H
= =

= ∑∑x x  (2) 

where 
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 ( ) ( )( )1 ln 1 ,
2biN biH H= +x x

  
 (3) 

 
and the associated target attractive function is of the form 
 

 ( ) ( ) ( )2 2 2 2
1 2

1 .
2bi bi bi bi bi bi biH x y υ ω⎡ ⎤= − τ + − τ + +⎣ ⎦x  (4) 

 
The role of

1biattU  is to establish positive potential fields 
around each target and to engender maneuvers of the 
designated car-like vehicle towards it. In the LbCS, ( )biH x
ensures that the system trajectories remain close to the final 
configuration of biA . 

B. Sub-task 2: Maintain the Platoon Formation and 
Platoons in their Designated Lanes  

Sub-task 2 is achieved with the inter-robot avoidances and 
the path-guidance principle. Inter-robot avoidance prevents 
each robot in the platoon from getting very close to (or 
colliding with) each other. The path formation comprises of 
piece-wise integration of real and virtual linear/curved 
segments forming the road lanes. The associated avoidance 
functions maintain the prescribed formations, act as platoon 
avoidance and help attain the desired path.  

1) Inter-Robot Avoidance 
Each robot is treated as a moving obstacle for all the other 

robots. To prevent inter-robot collisions, the bound 
2 2

bi cj bicjd d N− > is included, where bicjN is the minimum 

Euclidean distance between every biA  and cjA , and is given as 

( )2 24
bi cjv v vr r r+ = on 2 ,R assuming that 

bi cjv vr r= .To consider 

this bound within the LbCS, we consider the artificial obstacle

( ) ( ){ }2 22 2 2: 4bicj bi cj bi cj bicj vAO x x y y N r= ∈ − + − ≤ =x R . For 

avoidance by ,biA  a tuning parameter 0bicjγ >  is introduced, 
and the repulsive potential field function is defined by

1

2:
birepU +→R R

 
with  

 

 ( ) ( )1
1 0

,
bi

m n
bicj

rep
c j bicj
c b j i

U
V= =

≠ ≠

γ
= ∑∑x

x
 (5) 

 
where the obstacle avoidance function is of the form  
 

 ( ) ( ) ( )2 2 21 4 ,
2bicj bi cj bi cj vV x x y y r⎡ ⎤= − + − −⎢ ⎥⎣ ⎦

x  (6) 

 
for { } { }1,2, , /c m b∈ … and { } { }0,1,..., /j n i∈ . This ensures 
the maintenance of the prescribed platoon formation, at least, 
before reaching the single (merging) lane. It also prevents 
possible collisions during merging and while aligning in the 
new single final platoon formation in the single lane.  
 

2) Path Guidance Principle 
The path formation comprises of real and virtual 

linear/curved segments representing road lane markings and 
boundaries of road lanes. A road lane consists of normally 
white painted distinct segments which guide the vehicles 
while the boundaries of road lanes are called edge lines which 
outline and separate the outside edge of the pavement from the 
road lanes. The repulsive potential field functions designed for 
the linear/curved segments enable the path following of 
platoons in prescribed formations from the initial position to 
the activation of split/merge strategy to the target. This path-
guidance principle also contributes to split/merge maneuver 
by strategic use of tuning parameters.  
 

3) Linear Segments 
 

Definition 8: The kth linear segment of road lane markings 
and boundaries of road lanes, either real or virtual, is collapsed 
into a straight line segment in the 1 2z z -plane with initial 
coordinates ( )1 1,k kq r and final coordinates ( )2 2, .k kq r The 
parametric representation of the segment can be given as

( )1 2 1k k bik k kx q q qλ= + −  and ( )1 2 1k k bik k ky r r rλ= + − , where

[ ]: 0,1kλ →R . 
We will adopt the minimum distance technique (MDT) 

from [23-24], and the associated nomenclature to facilitate the 
avoidance of these linear segments. The minimum distance 
from the center of biA to the kth line segment is calculated and 
the resultant point on the segment located. From geometry, the 
coordinates of this point can be given as

( )1 2 1bik k bik k kx q q qλ= + − and ( )1 2 1bik k bik k ky r r rλ= + − , where

( ) ( )1 1bik bi k k bi k kx q c y r dλ = − + − , with 

( )
( ) ( )

( )
( ) ( )

2 1 2 1
2 2 2 2

2 1 2 1 2 1 2 1

,k k k k
k k

k k k k k k k k

q q r r
c d

q q r r q q r r

− −
= =

− + − − + −

 
 
and the saturation function bikλ ∈ R  is 
 

( )
0

, , if 0

0,

1

1, if 1

if bik

bik bi bi bik bik

bik

x y

λ

λ λ λ

λ

⎧ <
⎪⎪= ≤ ≤⎨
⎪

>⎪⎩

. 

  
The form of ( ),bik bi bix yλ guarantees that there is an 

avoidance of the kth segment at every iteration 0t ≥ . For 
avoidance by each biA , the tuning parameter 0bikα > is 
introduced and the repulsive potential field function is defined 
by

2

2:
birepU +→R R with 

( ) ( )2
1

,
bi

p
bik

rep
k bik

U
L

α
=

= ∑x
x                             (7) 

 
where the associated avoidance function is 

  ( ) ( ) ( )2 2 21 ,
2bik bi bik bi bik vL x x y y r⎡ ⎤= − + − −⎣ ⎦x  (8) 
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for { }1,2,...,k p∈  

4) Curved Segments 
 

Definition 9: The lth curved segment of road lane markings 
and boundaries of road lanes is collapsed into an arc in the 

1 2z z -plane with initial coordinates ( )1 1,l lp s  and final 

coordinates ( )2 2,l lp s , which is extended from a center

( )1 1,ca cb . The parametric representation of the lth curved 
segment can be given as cosl l l lx ca ra κ= + and

sinl l l ly cb rb κ= + , where ( ),l lra rb is the radius and

[ ]min max,l l lκ κ κ∈ , with reference to the positive 1z -axis.  
 

Again, utilizing the MDT the coordinates of the point that 
provides the minimum distance from biA can be given as 

cos ,bil l l bilx ca ra κ= + sin ,bil l l bily cb rb κ= + where  
 

arctan ,l bi l
bil

l bi l

ra y cb
rb x ca

κ
⎡ ⎤⎛ ⎞−

= ⎢ ⎥⎜ ⎟−⎝ ⎠⎣ ⎦
 

 
and the saturation function bilκ ∈ R is  
 

( )

  

  

  

, i

, , if

,

.

if

fl min bil l min

bil bi bi bil l min bil l max

l max bil l max

x y

κ κ κ

κ κ κ κ κ

κ κ κ

⎧ <
⎪
⎪= ≤ ≤⎨
⎪
⎪ >
⎩

 

 
The form of ( ),bil bi bix yκ guarantees the avoidance of the lth 

curved segment at every iteration 0.t ≥ For avoidance, we 
introduce the tuning parameter 0bil >  and consider repulsive 
potential field function defined by

3

2:
birepU +→R R with 

   

 ( ) ( )3
1

,
bi

f
bil

rep
l bil

U
C=

= ∑x
x

    (9) 

 
where the associated obstacle avoidance function is 
 

 ( ) ( ) ( )2 2 21 ,
2bil bi bil bi bil vC x x y y r⎡ ⎤= − + − −⎣ ⎦x  (10) 

for { }1,2,..., .l f∈  
This avoidance function caters for the curved segments with 

radius ,l lra rb< l lra rb=  and l lra rb> . This allows us to 
mimic the traffic path more accurately. 
 

 
(a) 

 
(b) 

Fig. 4 (a) 3D visualization (b) Contour plot 
 

The total potentials ( -axis) and the corresponding contour 
plot generated from the attractive function governed by (2) 
and the repulsive potential function designed from (7) and (9). 
For better 3D visualization, the target is fixed at ( )101 102,τ τ . 

C. Sub-task 3: Split Maneuver   
 Sub-task 3 involves steering the platoons to the front 
entrance of the single lane. For this, we ensure that bi sT F∈ . 
Hence, biA  is driven into the region .sF  The split strategy is 
activated within the distanced1, when the platoons move out of 
the multiple lanes. This is accomplished by assigning a value 
of zero to the tuning parameters in (7) and (9). The zero value 
of the tuning parameters disengages the virtual linear/curved 
segments as an obstacle to the robots in the path-guidance 
principle.  

D.  Sub-task 4: Drive the Cars into a Single Lane  
This sub-task deals with the lane merging maneuver and 

ensures that all bodies drive safely into the single lane. It also 
confines the motion of the robots within the boundaries of the 
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single lane. Since ,bi sT I∈  the target attractive functions 
constructed in subsection VI-A are sufficient to drive the 
robots into the single lane. For the overall success, obstacle 
and collision avoidances will now be addressed.  

1) Fixed Obstacles: Real/Virtual Segments 
The real segments are the visible road markings while the 

virtual segments are the invisible road markings incorporated 
with real/curved segments (designed in section VI-B) which 
accomplish path formation, maintain platoon formation and 
act as platoon avoidance. The virtual segments also facilitate 
the split/merge strategy. Since each segment becomes an 
obstacle for the robots, the collision avoidance issue is tackled 
for the entire trajectory by setting out the repulsive potential 
field functions given by (7) and (9). 

2) Moving Obstacles: Car-like Mobile Robots 
 While the inter-robot bounds designed in section VI-B1 

govern the merge strategy of the robots, they will also prevent 
collisions between robots within the platoons.  

Once the platoon members are split there is a possibility 
that they can collide with each other, that is, each robot 
potentially becomes a moving obstacle for all the other robots. 
For this the repulsive potential field function governed by (5) 
in section VI-B1 applies.  

E. Sub-task 5: Merge Maneuver 
Within the distance 2 ,d the merge strategy is activated. A 

positive real value is assigned to the tuning parameters given 
above. This makes the real linear/curved segments act as 
obstacles forcing the car-like mobile robots to align in the 
single lane (merging lane) forming a new single platoon 
formation. The individual position of the robots in the new 
single platoon formation is dependent on the specific selection 
of the individual target of each robot (refer to section VI-A).  

F. Other Requirements  
1) Auxiliary Function 
An auxiliary function is introduced to ensure that the 

Lyapunov function vanishes when all the robots converge to 
their designated target configurations: 
 

 ( ) ( ) ( ) ( ){ }2 2 2
1 2 3

1 ,
2bi bi bi bi bi bi biG x y θ= − τ + − τ + − τx  (11) 

 
where 3biτ  is the desired final orientation of .biA  

2) Artificial Obstacles: Dynamic Constraints 
The dynamic constraints are on the velocity components of 

the robotic system. The following artificial obstacles are 
adopted from [23] to observe the constraints:  
 

{ }1 max max:bi bi bi biAO orυ υ υ υ υ= ∈ ≤ − ≥R and 

{ }2 max min max min: / /bi bi bi biAO orω ω υ ρ ω υ ρ= ∈ ≤ − ≥R . 

 
For the avoidance, we introduce the tuning parameter

0bisβ > and consider there pulsive potential field given by

4

2:
birepU +→R R with  

 ( ) ( )4

2

1

,
bi

bis
rep

s bis

U
U

β
=

= ∑x
x

 (12) 

 
where the associated obstacle avoidance functions are of the 
form 
 

 ( ) ( ) ( )1 max max
1 ,
2bi bi biU υ υ υ υ= − +x  (13) 

 ( ) max max
2

min min

1 .
2bi bi biU υ υω ω

ρ ρ
⎛ ⎞⎛ ⎞

= − +⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

x  (14) 

VII. CONTROLLER DESIGN 

Utilizing the tuning parameters bikα , bil , bisβ , and bicjγ ,we 
define a tentative Lyapunov function for system (1) as: 
 

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

1
1 0 1

2

1 1 1 0

.

bi

pm n
bik

N bi
b i k bik

f m n
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l s c jbik bis bicj
c b j i

L H G
L

C U V

α

β

= = =

= = = =
≠ ≠

= +

γ
+ +

⎛
⎡ ⎜⎣ ⎜

⎝
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∑∑ ∑
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x x x
x

x x x

(15) 

 
 The time-derivative of L  along every solution of system 
(1) is the dot product of the gradient of L, given by 
 

10 10 10 10 10

, , , , ,.. ,., , , , ,
mn mn mn mn mn

L L L L L L L L L LL
x y x yθ υ ω θ υ ω
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∇ =
∂ ∂ ∂ ∂ ∂ ∂ ∂

⎛ ⎞
⎜
⎝ ∂ ∂ ⎟

⎠∂
 

 
and the time-derivative of the vector

10 10 10 10 10( , , , , ,..., , , , , )mn mn mn mn mnx y x yθ υ ω θ υ ω=x . Finding the 
dot product, ( )( )(1) 1: LL∇ =x x��i , along a particular trajectory of 

system (1), and upon collecting terms with biυ  and biω
separately, gives: 
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where the functions 1bif  to 5bif , for 1,2,..., ,b m= 0,1,..., ,i n=  
are defined as (on suppressing the variable ): 
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Introducing the constants 1 0biδ >  and 2 0biδ > , denoted as 

convergence parameters, we get 
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and utilizing the following theorem, the controllers of system 
(1) are introduced: 

Theorem 1: To establish and maintain the prescribed 
platoon formation into multiple lanes, facilitate lane 
changing/merging maneuvers forming a new single platoon 
formation in the single lane, the following decentralized 
nonlinear acceleration control laws can be generated for biA  
from the Lyapunov function:  
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where 1,2,..., ,b m= 0,1,...,i n= . 
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VIII.   PROOF OF SYSTEM STABILITY 
We assume that 

( )

( )( )( )

5 ( 1)
101 102 103 1 2 3

1

, , ,0,0,..., , , 0

:

, ,0mn mn mn
m n

D L D

∗ × +τ τ τ τ τ ∈

∈ =

τ=x R

x
 

is an equilibrium point of system (1). 

Remark 2: If ( ) ( )(1) ,L f∗ =x x� then ( ) 0f ∗ =x  making ∗x a 
feasible equilibrium point, at least, in a small neighborhood of 
the target configuration.  
The following can be easily verified: 

1) ( )(1)L x�  is continuous and positive in domain D ; 

2) ( )(1) 0,L D∗ ∗= ∈x x ; 

3) ( )(1) 0, ,L D ∗> ∀ ∈ ≠x x x x . 
Substituting the controllers given in Theorem 1 and the 

governing ODEs for system (1) in equation (16), we secure 
the semi-negative definite function 

( ) ( )2 2
(1) 1 2

1 0

0
m n

bi bi bi bi
b i

L δ υ δ ω
= =

= − + ≤∑∑x�
 
along the trajectory of 

system (1). Hence, L  is the Lyapunov function on ( )D L  that 
guarantees the stability of system (1). The following theorem 
concludes the discussions on system stability:  

 

Theorem 2: The equilibrium point ∗x  of system (1) is, at 
least, stable provided that the controllers 1biσ  and ,biη for

1,2,..., ,b m= 0,1,..., ,i n=  are defined as in Theorem 1. 

IX. COMPUTER SIMULATIONS 

This section illustrates the effectiveness of the LbCS and 
the resulting continuous invariant control laws by simulating 
virtual traffic scenarios. Scenario 1 depicts a lane merge 
resulting in a lane change, whereas Scenario 2 shows platoons 
experiencing a lane merge due to a lane change. Scenario 3 
combines the simulations of Scenarios 1 and 2. This leaderless 
platoon formation avoids each other by avoiding real/virtual 
lanes comprised of piece-wise integration of linear/curved 
segments (known as path guidance principle) before merging 
into a single lane. These car-like robots achieve safe and 
collision free trajectories. For simplicity, the maximum speed 

maxν  and the maximum steering angle maxφ  of the car-like 
robots are kept the same. The stability of the system and the 
convergence results obtained from the control scheme are 
numerically verified.  

A. Scenario 1: Vertical Final Orientation  
Scenario 1 witnesses the leaderless maneuvers of platoons 

of car-like robots in linear (real and virtual) lanes where the 
final orientation of the new single platoon formation is 

vertical, that is, 3 2bi
πτ = , for 1, 2b =  and 0,1i = .With the 

lane changing/merging maneuvers, the cars move from 
multiple lanes into a single lane forming a new single platoon 
formation within a pre-defined distance (see Fig. 5). Collision 
free lane changing and lane merging maneuvers of the 

platoons can be observed, which is accomplished via inter-
robot avoidance and split/merge strategy.  

B. Scenario 2: Horizontal Final Orientation  
Scenario 2 sees the implementation of the nonlinear control 

laws to generate feasible split/merge maneuvers of the 
platoons to facilitate lane changing/merging, see Fig. 6. The 
repulsive functions of the path formation ensure that the 
prescribed platoon formations are maintained and collision 
free inter-platoon maneuverance is accomplished.  

The platoons maneuver in multiple lanes, split while 
moving out of the multiple lanes and merge while 
encountering the single lane. Hence, a new single platoon 
formation evolves in the single lane. 

C. Scenario 3: Combination of Horizontal and Vertical 
Final Orientations 

Scenario 3 shows the use of acceleration controllers to 
generate feasible split/merge maneuvers of the platoons to 
facilitate lane changing/merging while combining both 
horizontal and vertical final orientations, see Fig.7. The 
repulsive potential field functions of path formation ensure 
that the leaderless platoons maintain the prescribed formation 
while in multiple lanes and forming a new single platoon 
formation while encountering the single lane, establishing a 
collision free maneuver via split/merge strategy. This shows a 
single set of controllers performing two different final 
configurations. 
 

 

Fig. 5(a) Scenario with individual target order 10 20 11 21,  ,  ,  A A A A  
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Fig. 5(b) Scenario with individual target order 20 10 11 21,  ,  ,  A A A A  
Fig. 5 Scenario 1 showing maneuverance in linear lanes 

accomplishing vertical final orientation 
 

 

Fig. 6(a) Scenario with individual target order 20 10 21 11,  ,  ,  A A A A  
 

 
Fig. 6(b) Scenario with individual target order 20 10 11 21,  ,  ,  A A A A  

Fig. 6Scenario 2 depicting horizontal final orientation 
 

 
 

Fig. 7 Scenario 3 illustrating combination of horizontal and vertical 
final orientations 

X. CONCLUDING REMARKS 

In this paper, the LbCS provides a decentralized planning 
architecture which stands poised to tackle the lane 
changing/merging problem of the IVS in more than one 
possible way with its nonlinear acceleration controllers. The 
controllers enable platoons of nonholonomic car-like robots of 
leaderless formations to obtain collision free lane 
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changing/merging maneuvers via path-guidance principle, 
forming a pre-defined new single platoon formation by 
deploying split/merge strategy.  
 

The split/merge maneuver is activated by the appropriate 
choice of tuning parameters for virtual linear/curved segments 
of road lanes avoidance functions in the LbCS. To the authors’ 
knowledge, this is the first time piece-wise integration of real 
and virtual road lane markings and boundaries of road lane 
markings with linear/curved segments united with formation 
control has been considered via the LbCS. The Lyapunov 
function also guarantees stability of the system. With the 
successful application, the new control scheme has formed a 
fitting theoretical basis of lane changing/merging problems of 
IVS.  
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